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1 Proofs of Theorems [3.1] and 3.2

In this Section we present proofs of Theorems and and some additional in-
teresting facts. The proofs are similar to each other on certain level. Therefore we
organize them in a way that in authors opinion will be the most convenient to the
reader. We would like to start with presenting some facts showing a specific connec-
tion between the score vector U;(b) and the estimator b.

Straightforward, from the proof of the Theorem [3.2] we obtain following fact:

Corollary S.1.1. Suppose assumptions of the Theorem. holds. When b; # 0 then
U;(b) and b; have the same sign (see mequallty

Proposition S.1.2. Consider optimization problem giwen by generalized SLOPE
(see: in the Article) with an arbitrary sequence \y = Ay = ... = A\, = 0 and
assume that 1(b) is a convex and differentiable function.
Under above assumptions if |b;| > |bg| then |U;(b)| = |Ux(b)].

Above Proposition enable further specification of the (|b1],...,|b,|)" ordering in
case when [b|(;) = [b|(j41) for some j. Let’s introduce a notation U (b) and b;#
on the score statistic and element of the vector b associated with the element |b|;

Of course when [b|(j) = |b](j+1) the indexing is ambiguous and therefore we define it
in a way that associated statistics have a following property:

UGy (D) = Uy (b))



Remark S.1.3. By the above ordering and the Proposition we know that the
vector (|[Ugy# (b)], ..., [Uyy# (b)]) associated with ([b|qy, ..., |bl )" is ordered (|Uy# ()| =
= |U(p)#(2))|) and in consequence we can write |U(j)#(2))| = |U(5)|(]~).

Corollary S.1.4. Consider optimization problem given by generalized SLOPE (see:
in the Article) with an arbitrary sequence \y = Ay = ... = Ap = 0 and assume
that 1(b) is a convexr and differentiable function. Then for any arbitrary a > 0 and
Jg=1,...,p, it holds:

Uy (0) + abgy#| = [U (D) + ablyy = |T(a)l g
Proof. Observe that:
Uiy (B) +abgjye| = |Ugyw (0)|+ |abgyx| = [UB)| )+ ablyy = |U (D) +ably = |T(a)|

The first equality is a consequence of Corollary [S.1.1] The second results from the
Remark [S.1.3] The third one comes from a fact that sum of two positive ordered

sequences is also ordered and the last is simply a consequence of the T'(a) definition.
|

Through out this section we shall denote the objective function of generalized
SLOPE (see: in the Article) by:

£ = 10)+ > Albl)

Proof. The proof of the Theorem 3.2
We will start the proof by showing that:

(i £0) = (Ta)| > A)

and

(b £ 0) = (JUB)] > A)

From the optimality of b we have following inequality for any vector b:

0> f(0) = f(b) =1B) = 10) + D Nslbliy = D_Mslbliy — (S.1.1)



In the first step we will prove that for a vector b = b+h(0, ..., 0, (—=1)sgn(b;), 0, ..., 0)T =
—_——

i—th pos.
b+ hL; and small enough, positive h we have:
P R p
D Ailblgy = D Al = b (S.1.2)
j=1 j=1

Let’s consider first the simplest scenario where |b;| # |b;| for any i # j. In this
situation if we take )

then the ordering of an absolute value of the elements in the vector b and b will be
the same. Furthermore these vectors differ only in the i-th position and from the
form of a vector b we know that the absolute value of an i-th element in vector b is
smaller then in vector b. In consequence we obtain for certain index & that:

h < min ()|13,-| 1Bl
Js #j

p p
> Nilblgy = > Ailblgy = hAx = R,
j=1 j=1

The last inequality is a consequence of assumptions #{i : Z)Z #0} =r and ZA)Z # 0 and
a fact that A, is the smallest element of vector A\ associated with non-zero elements
of the vector b.

Let’s consider now more general scenario where two or more elements of the vector
b have the same absolute value as |l§z| The reasoning is analogous, however in this
situation value ]lA)z| will be associated with a set of elements of vector A. Of course the
power of associated set will be the same as the number of elements of vector b with
absolute value the same as |ZA71| Moreover the associated set of lambdas will contain
consecutive elements of whole sequence. It is also straightforward that the indexing
in a group of clements of vector b with the same module as |ZA)1| is ambiguous. For
such situation if we take

n< min (|ir] - fisl|)
gy [bi|#1b;1

we obtain for certain index k that:

p p
> Nilblgy = > Ailblgy = hAx = R,
=1 =1

however this time \j is the smallest element associated with |BZ| The justification
for the last inequality is analogous to the previously discussed situation.



Using proven relation (S.1.2)) in the inequality (S.1.1)) we obtain:

A

A < L) —1h)

h
Via transformation of an expression on the right side we obtain:
1(b) —1(b)  U(b+hL;)—1(b S
A< W ; (b) _ b+ h> ®) , son(Uh) (S.1.3)

for h — 0. By adding to both sides factor a|b;| we obtain:
A < A+ albi] < sgn(bi)(Ui(b) + ab;) < |Ui(b) + ab|
Naturally if a = 0 then: R
Ar < [U (D))

This ends the proof in one direction.
It remains to show that

(i £0) <= (Ta)] > A)

and that when A\; > ... > A, > 0 then

(i £ 0) < (JUB)] = A)

The proof of implications will be shown via contradiction. Let’s assume that

b; = 0 and X, < |U;(b)+ab;| and consider vector b = b+h(0, ..., 0, L0 0)7 =
i—th pos.

b+ hL;. Let’s recall that Ary1 is the largest element of the sequence A\ associated

with the elements of the vector b with value 0. It is easy to notice that for small

enough, positive h (b < min;{|b;|, b; # 0}) we obtain:

p p
D Nilblgy = D Ailblgy = —hArs
p =1

and in consequence following inequality holds:

~

0> f(b) = f(b) = U(b) = U(b) — hAri
Transforming above inequality we obtain:

1(b+ hL;) — (D)
h

Arp1 = — — Uy(b)
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Analogical reasoning for vector b = b+ h(0,...,0, —1 ,0,...,0)T provides us:

In consequence we obtain that |U;(5)| < Ar41. On the other hand we assumed that
Ay < |Ui(b) + ab;| = |Us(b)| (assumpt. b; = 0) which leads to contradiction and ends
the proof of first equivalence.

It is easy to notice that we used the assumption A, < |U;(b) + ab;| = |U;(b)| at
the end of the above reasoning. Therefore in the case of the second equivalence the
calculation are the same and in consequence we can again use condition |U;(b)| <
Ar41. On the other hand we assume that A\, < A, < |U1(ZA))| which again leads to
contradiction and ends the proof. [ |

Proof. The proof of Proposition [S.1.2]
The proof is analogical to a proof of the Theorem [3.2] )
Let’s consider a vector b = b+ h(0,...,0,(—=1)sgn(b;),0,...,0, sgn(bx), 0, ...,0)" =
——— S——
Jj—th pos. k—th pos.
b+ hL. For small enough positive h:

0> f(b) = f(b) = 1(b) = L(b) + P\, — hA,

where \; and )\, are the smallest and the largest element of the sequence A associated
with the elements |13j| and |l;k], respectively. This is a consequence of the vector b
form. By its definition the j —th element is pulled towards 0 and the k—th element is
pushed away from zero. Now, from the assumption |b;| > |bx| we know that X > Ap.
Therefore, after transformation we obtain:

~

1(b) — 1(b) )

0N = An < = = VLl(b) = sgn(b;)U;(b) — sgn(by)Uy(b)

for h — 0. The last equation is a consequence of differentiability of function 1(b).
Using relation sgn(b;)U;(b) = |U;()| (see corollary [S.1.1) we obtain:

0 < |U;(b)] — [Un ()]
This ends the proof. |

Proof. The proof of the Theorem [3.1]
Recall that T'(a) = U(b) 4+ ab and that from the definition of the set H, we know that



(U (l;) + aI;) € H, is fulfilled if and only if both following condition are satisfied:
)

Vi<r Z Ai < Z ‘U(B) + aj)’(i)
i=j i=j

i)

]>r+1 Z )\ Z |U +CL(A)|(1)

i=r+1 i=r+1

Let’s assume #{i : b; # 0} = r and determine j <

Furthermore, let I be a set of indexes for which the rank of absolute value of the
element of a vector b is between j and r. Similarly to the proof of Theorem |3 . 2l we
consider vector b defined in a following way:

b b —hsgn(b;) i€l
) b otherwise

Again, for h positive and small enough we obtain:
0> f(b) = f(b) = 1(0) = U(b) +h ) A

Above is a consequence of a construction of the vector b. It is obtained via pulling

r — (j — 1) smallest nonzero elements in the vector b towards zero by the same factor
h.
Transforming above inequality we obtain:

ZA e ngn(b< #) U Zw OGS

for h — 0. By adding to both sides of the inequality > ;_; |ab| ;) we obtain:

DA< it lable) < (\U( ) + lablg ) = |U(b) + abl
i=j i=j i=j i—j

which ends the proof that #{i : b; # 0} = r ensure (i).
Now let’s determine 7 > r + 1 and introduce set J of indexes for which the rank of
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an absolute value of the element of a vector b is between r + 1 and 7. Let’s consider
following set of vectors b:
) { hE;, i€J

b; otherwise

where F;, = £1 and h > 0.
For small enough h and for any vector b we obtain:

0> f(b) = f(b) =1(b) = 1(b) =D > A\

i=r+1

Again it is associated with a form of vector b. However this time j —r elements with
value 0 in the vector b are pushed away from 0 by a factor h.
By transformation of the above inequality we obtain:

~

! 1(b) — 1(b) ! .
Z Ai = g Z Eay# Ugy# ()

i=r+1 i=r+1

for h — 0. This inequality is valid for any sequence of { E;}. Therefore:

J J J J
SNz D WUae®) =D UD)w =D |U®D) + ablg
i=r+1 i=r+1 i=r+1 i=r+1

The last equality is a consequence of a fact that l;(i) =0 fori>r.

This ends the proof that #{i : b; # 0} = r ensure (ii).

To prove the equivalence in other direction we will show that there are at least and
at most r nonzero elements in b.

Suppose that conditions (i) and (i) are fulfilled and that #{i : b; # 0} = j < r.
From the first part of the proof we know that when #{i : b; # 0} = j then for m > j

we have |l;|(m) =0 and:
> Az Y UG
i=j+1 i=j+1

On the other hand from (i) we have:

Z Ai < Z |U(8)|(i)

i=j+1 i=j+1



which leads to a contradictiop.
Now let’s assume that #{i : b; # 0} = 7 > r. This implies that:

J J

On the other hand from (ii) we obtain:

J J

i=r i=r

which again leads to a contradiction and ends the proof of the Theorem. |

2 Results used in the proof of the Theorem 2.1

In this section we present theoretical results that are used to prove the Theorem

Definition S.2.1 (Resolvent set). Fiz S = supp(b®) of cardinality k, and an integer
k* obeying k < k* < p. The set S* = S*(S,k*) is said to be a resolvent set if it
is the union of S and the k* — k indexes with the largest values of | Xe| among all

ie{l,..p}\8S.

Lemma S.2.2 (Su and Candes (2016), Lemma 4.4). Suppose we consider the se-
quence of linear models where p — o0, k/p — 0,(klogp)/n — 0. Moreover,

let

1
k*}max(1+

Ck,k:+d> (S.2.1)
—dq

for an arbitrary small constant ¢ > 0, and where d is a deterministic sequence di-
verging to infinity in such a way that k*/p — 0 and (k*logp)/n — 0. Then

P({Supp(b®) U Supp(b) C S*}) — 1. (S.2.2)

Proof. Proof of Corollary

Naturally, it is easy to notice that assumptions of the main Theorem in Article
are stronger than those of the Lemma [S.2.2] In consequence under assumptions of
the Theorem [2.1 we can choose a sequence d and k* in such a way that holds,
k*/p — 0 and ((k*)*logp)/n — 0. [ |



Definition S.2.3. Given two metric spaces (X, dx) and (Y, dy ), where dx denotes
the metric on the set X and dy is the metric on set Y, a function f : X — Y 1is
called L - lipschitz continuous if there exists a real constant L > 0 such that, for all
x1 and xo in X,

dy (f(x1), f(z2)) < Ldx(z1, x2)

Theorem S.2.4. (Vershynin, 2012) Let ( ~ N(0,1,,) and f be a L-lipschitz conti-
nous function in R™. Then

+2

P(f(Q) S Ef(Q)+t)>1—e 222
for allt > 0.

We shall denote by X [,B[,b(l) a submatrix (subvector) of X, 13, b consisted of
columns (vector elements) with indexes in a set I.

Lemma S.2.5 (Su and Candes (2016)), Lemma A.12). Under assumptions of the
Theorem (in original paper the assumptions where less stringent) there exist a
constant Cy only depending on q such that for all j we have:

k*+j

S

i=k*+1

k* log D

Z | X {geye X5+ (bse — b%.)]a

with probability tending to 1.

Proof. The proof of the Corollary
Directly from the Lemma for j = 1 we obtain:

k*logp
) <O\ ———— " —==2\0H

(S.2.3)
with probability tending to 1. |

Lemma S.2.6. (Su and Candes (2010), Lemma A.11) Let k < k* < min{n,p} be
any (deterministic) integer. Denote by Opmar and O, the largest and the smallest
singular value of Xg«. Then for any t > 0,

Omin > V1 —1/n—/k*/n —t

holds with probability at least 1 — e~™/2. Furthermore,

Omaz < /1 — 1/n+ /k*/n+ /8k* log(p/k*) /n +

holds with probability at least 1 — e~ "/ — (\/2ek* /p)*"




Proof. The proof of relations and
Recall the form of [6.16t

k*

> Fp@plir—k—1,1)—0 (S.2.4)
r=k+2
Furthermore, recall that
m—1 1 00 1
Fr(x,m,1) =1 — exp(— Zﬁ = exp(— Zﬁ
1=0 l=m
Therefore
k:*
ZFE2p r—k—1,1) =exp(—2p~° Z Z
r=k+2 rk+2lrk1'
— 1 -5 —6)1
exp(— (Zl_ +Zl' + +lk*z_kl' )

= exp(—2p~?) k*i:k:_ll <ll!(2p_6)l) - i (K — & — ( )

[e.o]

exp(=27)(2) Y () = (207 0
=1 ’

which we wanted to show. Now, recall the form of the [6.17}

k* 1 p—k 1 p—k
7j=1

r=k+2

To see that above is also valid observe that:



Therefore do to the Chebyshev’s inequality we obtain that

1 X 1 2k
7j=1

=1

N

which ends the proof. |
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