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G Adyvice on picking design 26

A Isotonic Regression

For a review of isotonic regression see e.g. Barlow et al. (1972). We recall here a few
well-known facts. Given w € (0, 00)* and W € IR”, the minimum of

k
> wi (W = 8;)° (A.1)

i=1
over the set M, of increasing vectors {3 € RF: B8 < ...< Bi} is achieved at a
unique point. Moreover, a vector 3 € M is the minimizer if and only if the values
B; (i = 1,...,k) are given by the left-hand slope of the greatest convex minorant of the

cumulative sum diagram defined by the set of points

{(0,0), (Zwl,Zwﬂ/Vl> (jzl,...,k)}.

=1

The unique minimizer can be found from the above graphical representation, or alterna-
tively using the pool adjacent violators algorithm. The latter is implemented, for example,
in the R package “Iso” (Turner, 2015).

The minimizer [ is piecewise constant and is given by weighted local averages on
random blocks. That is, there exist random indices i; < --- < iy, where L also is random
and i;, = k, such thatforall r € {1,...,L}andi € {i,_1 + 1,...,0},

i

Bi: Z sz/Vz/ 2 w.

l:irfl‘f'l l:i771+1

Here, 7o = 0. This means that we can write E = AW where W = (Wy,...,W;)T and A is
the block-wise diagonal k£ x k matrix such that

Ay = wj(2§;ir_1+1 wl)*.l, if (1,7) € {i,_.1+1,...,i,}* forsomer € {1,...,L} (A2)
0, otherwise.
In particular, A satisfies
S Ay=1, Ay;>0 foralli € {1,...,k},
A;; =0ifandonlyif A;; =0, forall (i,5) € {1,...,k}?% (A.3)
Ay =Ay;>0 for all (4,7, j) € {1,...,k}? such that 4;; # 0 and A;; # 0.

The last identity is a consequence of the fact that all non null entries in a given column of A
are equal to each other since the rows of A corresponding to a given block are all identical.
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Now, consider isotonic regression with equality constraints: instead of minimizing the
criterion in (A.1) over the whole set M, we minimize the criterion over the subset of
vectors 3 € IR such that

Br=c.=0m <Bmt1 = =By < . < Brnpe 41 = = By (A.4)
where my; < ... < mg = k are fixed integers. The minimizer is achieved at a unique B
such that

Bi=d;forallje{1,... KYandie {m;_y +1,...,m;}, (A.5)
where m = 0 and (c?l, ce d) &) is the unique minimizer of

forall j € {1,..., K}. This comes from the fact that with /5 satisfying (A.4) and d; = S,
forall j € {1,...,K}andi € {m;_1 +1,...,m;}, the difference

K k
Y owi (W —d)* = wi(Wi — B,)°
=1

j=1

does not depend on 3. Since we can write d = AW where 4 is defined in a similar way as
Ain (A.2) with w replaced by w, and [ statisfies (A.5), we can still write

g =AW
where A is a block-wise diagonal matrix that satisfies (A.3). Next, we apply Barlow et al.

(1972, Theorem 1.5) to conclude that

K

k
S wibi(Bi = W) = > wyd;(d; — W) =0. (A6)
=1

J=1

This property will be used in Section 3.2 of the main manuscript.



B Proofs for Section 2.1

Proof of Proposition 1. The proposition immediately follows from the assumed monotonic-
ity of f. [

Proof of Proposition 2. The likelihood [,,( f, «) is equal to

>on; e {flaTe)} = Botff@™a)}] = 30 D me{f()} - Bot{f(=)}

=1 j.oaTwj=2

= Zwi [m€ {f(zﬂ(i))} —Bolt {f(zﬂ(l))}}

= Zwi (Wil(B;) — Bol(B))

where 3; = f(2(;)). It follows from Silvapulle and Sen (2005, Proposition 2.4.3, page 51)
that the previous sum achieves its maximum over 8 = (34,..., %) € My at the unique
point iso(w, W). Moreover, 3 € M, for all f € M where 3; = f(2(;)) so Proposition 2
follows. [

Proof of Proposition 3. First, since fn|a(o¢Txi) (¢ =1,...,m) depends on « only through
the corresponding number &£ € {1,...,m} of distinct projections and the permutation T,
as described in Proposition 2, maximizing ln(ﬁ|a, «) in « is equivalent to maximizing an
appropriately reformulated likelihood over the possible values of k& and permutations 7.
Clearly, this is a finite set, and therefore a maximizer exists. In other words, {&,,} is non-
empty.

To prove the first claim of the proposition, we will prove that for arbitrary o € Sy
such that a”x; = o’z for some i # j, we can find & € S;_; such that &”z), # &’z for
all h # b/, and R R

ln(fola, @) = Lu(fola, ). (B.7)

Let a € S;_1 such that there exists 7 < j with o’ z; = a’x;. We can find a permutation 7,
and a sequence of vectors (v )seny in S~ such that

athW(l) < OZ?ZEW(Q) < < a?xﬁ(m) (B.8)
for all ¢, and oy converges to « as t — oo. Let iy, € {1,...,m} such thati = 7(i;) and

j = 7(iz). Letting t — oo yields

M aey < LAl Ty = = 0 Ty <0 <Al Ty, (B.9)



Rearranging the terms in (4) yields

m

(fy ) = > gy Va4 (0 2xy)} = B o L f(af 2r))}]

h=1

forall f € M and all t € IN. Maximizing over [ € M we get

bn(fala, ) = sup an(h) {Yamyl(nn) — Bo ()} (B.10)

m<e < 53

for all ¢ whereas because of (B.9),

m

Ln(Folas @) = sup > " ey { Yy l0m) — B o L) } -

M SNy = FNig S Snm

The above supremum is taken over a restricted set as compared to (B.10), so we con-
clude that (B.7) holds with & replace by o, for all ¢. Since o — 1,,(f|a, @) achieves its
maximum and «; satisfies (B.8), this implies that there exists a maximizer @, such that
alr; # alz; forall i # j, and the first claim follows.

Now, let @, € {@,} be such that &l z; # alz; forall i # j, and let 7 be the permutation
such that

&Zxﬂ(l) < ag;f[}ﬂ(g) <0 < @Zxﬂ(m).

Any oy € S,_1 that satisfies (B.8), also satisfies (B.10) and therefore, such an «; also
belongs to {a,, }. This means that {@,,} contains the set of all «;’s that satisfy (B.8). The
latter is the non-empty intersection of S; 1 and the intersection of the open half-spaces
{a e R o (2n@4) — Tn@_1y) > 0} foralli € {2,...,m} and therefore, it has a strictly
positive Lebesgue measure in S;_1. The last claim follows. [

C Proofs and additional results for Section 3.1

We give the details of the proofs under assumption (Al). To extend the result to also
hold under assumption (A2), we argue conditionally on Xy, ..., X,,. This suffices since
once the conditional result is proved, the unconditional result follows by application of the
dominated convergence theorem. Because n; is measurable with respect to X;,..., X, it
can be considered as fixed conditionally on X3, ..., X,,. It follows from the strong law of
large numbers that under the assumption (A2), n; /n converges to A; almost surely for all 1.
Hence, (A2) implies that (A1) holds under the conditional probability. Therefore, since all
results proved here hold under (A1), they also hold under (A2).



C.1 Proof of Proposition 4

Proof. Under assumption (Al), by the strong law of large numbers, Y; — po; (i =
1,...,m), almost surely. Fix n > 0. Therefore, almost surely, there exists an integer
N; > 0 such that for all n > Ny,

max i — pos| <, (C.11)
implying that the variables Y; (i = 1,...,m) are uniformly bounded for n > Nj. For
a fixed, the values of f,|, at the points a”x; (i = 1,...,m) are the components of the
maximizer fi, |, of {,,(5), where

_ m T

2(8) = D~ {Yil(B) = Bot(B)} (C.12)

i=1

over the set M, of vectors 3 € IR satisfying 5; < 3; whenever o’ z; < o'z, for all 4, j.
For instance, if a’z; = ooy < -+~ < alz,,then M, ={B: fi =L < - < B} It
follows from Silvapulle and Sen (2005, Proposition 2.4.3, page 51) that the maximizer is
unique and equal to the minimizer of

6HZ (Y; = B)? (C.13)

over M. All components of the minimizer clearly belong to [min;—; _,, ¥;, max;—y__, Yi.
From (C.11), we conclude that /i, |, is the unique minimizer of the criterion in (C.13) over
the set ﬂ of vectors in M, that are bounded below by min;— _,, /to; — 77 and above by
m Moi + 1, say. We also have

77777

,,,,,

i=1

almost surely as n — oo. Let j|, denote the unique minimizer over M, of the criterion
function given on the right-hand side in the display above. Furthermore, it follows from
Silvapulle and Sen (2005, Proposition 2.4.3, page 51) that 11|, is also the unique maximizer
of I[(3) over M,,, where

= Xi{uoil(B;) — Bol(B)} . (C.15)

In addition, y|, clearly belongs to M,. Since the space M, is bounded and closed,
hence compact, we conclude that with probablity one, /,, converges to [ uniformly over the
set M., which contains both 7, | and ji|.. Since fi,|, maximizes [,, over M, we have
Ly (Finla) > Ln(pola) = 1(1t0]a) + 0q.s.(1) and therefore,

0 < ?(NO‘O) - Z(_ﬁn|a)
< ln(ﬁnla) - l(ﬁn|a) + Oa.s-(l)



where from the above uniform convergence, the right hand term converges to zero almost
surely. Hence, [(Ji,|,) converges to I(ji|.) almost surely. Furthermore, the function 3 —
[(/3) is continuous on the compact set M., implying by unicity of the maximizer that for
all e > 0,

sup 1(B) < U(pola). (C.16)

BEMa s.t. [|B—polalZe

Hence, the almost sure convergence of [(fi,|o) to [(1o|«) implies that for fixed a,

Fnla = o] (C.17)

almost surely.
Note that the set of possible orders of the projections a’x;,i = 1,...,m as « spans
S84 is finite. Thus, S?~! can be written as the finite union of sets S, ..., S, say, where

each of these sets determines a unique ordering of the projections. Also, the functions
o + 1y(Tia]o) and its almost sure pointwise limit o — I(1|,) take a constant value on
S;,7 =1,...,k. It follows that the convergence occurs uniformly on S*~!. This implies
in particular that

lim ‘ sup I (Znla) — sup Z(/,L0|a)| =0

n—oo aGSd_l aesd—l
almost surely. Now, let a, be an arbitrary vector in the unit sphere that maximizes « >
L, (1in|o ). Existence is given in Proposition 3. Since by definition ,,(fi, |, ) = supaegi—1 ln(Finla)
it follows from the triangle inequality that

lim ‘Z(uo\an) — sup Z(Mo|a)‘ =0

n—o0 acSd-1

almost surely. Using again the fact that o — [(|,) takes constant values, we conclude
that we must have

U(pola,) = sup 1(uola)

aeld-1
almost surely for sufficiently large n, for any maximizer @,,. In other words, with probabil-
ity one and for n sufficiently large, any maximizer of the log-likelihood belongs to the set
Sy of vectors in S¢! that maximize the limiting criterion o — I(11]a ).
It remains to describe this set. Since / is strictly increasing with /=1 = B, it follows
that 5 — ug:l(8) — B o (B) achieves its maximum at the unique point 5 = pug;. Hence,
for all o we have

Wpola) < Z i {0il (o) — B o Lpioi)} = U(110)-

Equality occurs if and only if 1o € M., hence Sy is the set of all @ € S ! such that
Mo € M.,. O]



C.2 Proof of Proposition 5

Proof. By Proposition 4, a.s. there exists an Ny such that {a,} C Sy for all n > N,.
Assume then that n > N, and consider o € {@,, }. Furthermore, without loss of generality,
we can assume that the index j = 1,...,m is such that z; = o”z; is nondecreasing in j.
Since a € {a,} C Sy, it follows that s, is also increasing in j. It follows that

i, = argminge,,, Z n; (Y — Bj)Q-

J=1

Now, from Robertson et al. (1988, Theorem 1.6.1) follows that
D (g — o) <Y nU(Y; — o),
j=1 j=1
since [ is increasing, and the result follows. [

C.3 Simulations studying Proposition 5

Let us consider the following example with only 6 design points in IR*: z; = (1,2)7,
Ty = (—27 Q)T, T3 = (17 —3)T, Ty = (O, —]_)T, Ty = (]_, ].)T and T = (0, O)T Also,
assume that the response Y;; for 1 < ¢ < 6 and 1 < 5 < 100 is Gaussian with mean
fo(aoTxi) and variance equal to one. We consider two different settings for fy, ap and
compare the total relative risk of the MLE of the means under the isotonic single index
model with the MLE of the means under the naive model described after Proposition 5. In
the latter case, the estimator of the means is simply the naive estimator Y;,2 = 1,...,6
given by the empirical means.

In the first setting, o = (—1,1)7/v/2 and fy(2) = 0if z < 0.7 and fo(z) = 3
otherwise. Thus, the true mean in this setting takes only two distinct values: 0 (for i €
{3,4,5,6}) and 3 (for {1,2}). In the second setting, ag = (1,4)7/v/17 and fy(2) is
strictly increasing so that the true mean, after ordering, is equal to 0.1,0.2,...,0.6. For
each model, we consider three different values for n; = 10, 100, 1000 and each boxplot
is computed based on 200 replications. The total sample sizes considered are therefore
n = 60, 600 and 6000.

The plots of the boxplots of the quadratic risks are shown on the right in Figure 1.
The boxplots clearly indicate that estimation in the monotone single index model yields a
smaller risk than the one based on the empirical means for the first setting. In that example,
we have considered the case where the underlying link function has flat regions. In the
situation where this function is strictly increasing, we know that the MLE coincides with
the means Y; almost surely provided that n is large enough. This is the case for the second
setting, where for n; = 1000, the boxplots of the total risk of the single index and naive
estimators are found to be almost identical. Interestingly, for smaller sample sizes (n =
60, 600), we continue to observe improved performance for the single index model, even
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Figure 1: Boxplots comparing the quadratic risk of the single index model estimator with
the naive estimator for the first setting (top) and second setting (bottom). The boxplots
were produced on the basis of 200 replications.

in this setting. Similar behaviour was already observed for the Grenander estimator in
Jankowski and Wellner (2009).

D Proofs for Section 3.2

The proof of our asymptotic results is the most complicated part of the manuscript. For ease
of reading we we first state two technical lemmas, and then prove Theorem 1. The technical
lemmas are proved afterwards. As for the proofs given in Section C, we prove the results
under assumption (A1). The result under the assumption (A2) follows by application of the
dominated convergence theorem, as before, noting also that the limiting distribution under
(A1) does not depend on X, ..., X,,.

Throughout, we use the following notation. For fixed « € & d=1 Tet

linla = (FalalaTzy), . fula(aTz,))T, (D.18)

where f;\a is a maximizer of [,,(f,«) over f € M. Let i, be defined similarly with «
replaced by an arbitrary MLE &, of «,,. Hence, i,, is the MLE of 1.



D.1 Technical lemmas

Lemma 1. Under either assumption (Al) or (A2), the sequence of random variables
V1 (finla — o) is bounded in probability for all fixed o« € Sy. The same holds also for

V1 (Hn — po)-

Lemma 2. Let M be the process defined in (D.24) below. Then, the maximizer of M over
the set M(11o) is almost surely unique.

D.2 Proof of Theorem 1

Proof. With fixed Ay, ..., A\, for all & € Sy, g, depends only on the way the projections
alz;.i = 1,...,m are ordered (with ties allowed). As the number of ways is finite, this
implies that the function

¢ Z Xi((Gla)i — Zi)*

takes a finite number of values on Sy and therefore, it achieves its maximum over o € Sy.
This proves the first claim.

Below, we denote by oy, ..., «,, with some integer » > 1, some representative points
in S, of the finitely many ways the projections a’z;,7 = 1,...,m can be ordered (with
ties allowed). Fix € > 0. By Lemma 1, we can find K, > 0 such that

P (v [|fin = pol| ., S Ko) 21 —€ (D.19)

for all n > 1, where || - || denotes the supremum norm. Next, we recall that a subset
J € part(ju) is a set of indices in {1, ..., m} such that for all i € J we have that yi0; = p,
the common value that 1, takes on that set. Now, p; # fi; if and only if i € Jand j € J’
for some .J and J' such that .J # .J’, or equivalently J N .J’ = (). In the sequel, we use the
same notation [,, as in (C.12) and the notation [i,|, in (D.18). Hence, /1(fin|a — fo) is
the maximizer of 1, (1o + n~'/2h) over the set of all h = (hy, ..., h,,)" € IR™ such that
poi +nY2h; < g +n~Y/2h; whenever a’z; < o'z, for all i, j. Moreover, Proposition
4 ensures that
V(i = p10) = Vn(finla, — f10),

where for sufficiently large n, @, maximizes [, (fi,|,) over a € Sy. Hence, (D.19) implies
that with probability larger than 1 — €, \/n(fi, — po) maximizes h + 1, (1o + n~'/2h)
over the set M,,.(uo) of all h = (hy, ..., h,,)T € R™ such that ||h|| < K. and for some
k € {1,...,r} we have that ug; +n~Y2h; < pg; + n~/2h; whenever alz; < ol
forall 4,j. Fix k € {1,...,r} and leti,7 € {1,...,m}. Modulo a possible exchange
of the roles of i and j let us assume that of z; < «ofz;. Since a; € Sy we must have
poi < poj. If (4, 7) € J? for some J € part(uy), then po; = pug; so we have the equivalence
poi +n"Y2h; < poj +n~Y/2h; if and only if h; < h;. On the other hand if (i, j) € J x J'
such that J # J' then jug; < po;, implying that po; + n=Y2h; < pgj + n=2h; for all
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h € TR™ such that ||h|| < K. and n is taken sufficiently large. For all J € part(u) and
a € {ay,..., .} define

M ={h € R™: h; < h; whenever o’ z; < o z; for (i, j) € J*}.

It follows from the reasoning above that for sufficiently large n, the set M, (1) =
[— K, K™ N M(j10) where

M(po) = Uy {ﬂJEpart (po) MJ } ‘

We show now that v/n (i, — po) is equal to the maximizer of a certain process with proba-
bility tending to one. To this aim, let us define the process

M (h) = n (Ln(po +n~2h) = L (uo)) (D.20)

for h € M) defined above. It follows from Silvapulle and Sen (2005, Proposition 2.4.3,
page 51), combined with results on isotonic regression recalled in Section A, that M,
admits a maximizer, h over M (1), which can be shown to be bounded in probability. At

the cost of enlarging K. we have that P( ||/ﬁn loo < K.) > 1— e and we conclude that with
probability larger than 1 — 2¢ and sufficiently large n we have h,, = /n(f, — po). Letting
e — 0 we can conclude that

lim P (ﬁn = Vi, — uo)> — 1. (D.21)

n—oo

In the sequel we study the limiting behavior of ﬁn

Now, fix K > 0. Since the function ¢ is three times differentiable it follows from the
Taylor expansion that for all h € [—K, K|™, there exist §; and 0/ both lying between fig;
and j1o; + n~'/?h; such that

“ 1 1
ZRZY; {€/<M0i)n_l/2hi + 56”<M0i)n_1h? —+ 65”'(9i)n_3/2hf}
i=1

1 1
-2 { (B0 0) (uos)n™ i + 5 (B o ) (uos)n™ i + & (B o 6>"'<9;>n-3/2h?} |

Using the identities (B o £)'(x) = x¢'(x) and (B o ¢)"(x) = ¢'(x) + x¢"(x) for all x and

11



setting Z,,; = n1/2(Y; — J40;), We obtain

. " n; 1/2 1 - n; 1/2 1" 2, —1/2
1 & Ly B Uy B
-5 Z —t (pos )2 + Z YE’” n2hE =Y o(Bo 0" (@)n 2R3
i=1 =1
1 w— _
= _5 Zé (IUOz) (h - (nz/n) 1/2Zm Zél MO@ Zzi + Op(n 1/2)

= Z A :uo Z (h — (ni/n)” 1/2Zm Zél ) ZQz‘ + Op(n_l/Q)

JEpart (po) ieJ

(D.22)

where O,(n~%/?) does not depend on h (instead, only on K). By the multivariate cen-

tral limit theorem we have that Z,,;,7 = 1,. .., m converge jointly in distribution to Z, 1=
1,...,m. Here, Z = (Zl, ..., Zm)T is a Gaussian random vector with mean zero and diag-
onal covariance matrix whose i-th diagonal element is X;; = ¢B” o l(up;) (i = 1,...,m).
See for instance (Silvapulle and Sen, 2005, Page 50) for the computation of the variance.
Combining this with Assumption (A) we conclude that

M, =M (D.23)

in (>°([—-K, K]™) for all K > 0, where

M(h)_—% POERATIDIPY (h — A7 ) ZE’ poi) 22 (D.24)

Jéepart(uo) ieJ

We are now interested in maximizing M over M (pg). As the second sum in the display
above does not depend on h, maximizing M amounts to minimizing

My = > 0 Z)\( ”%)2 (D.25)

Jepart(po) ieJ

over M (). This can be done via a profiling approach as in Proposition 3 and Proposition
4 . First, we fix o € {ov,..., a,}. If we write h’ = {h;,j € J}, then it is clear that a

vector h|a minimizes M over N Jepart(uo)M if and only if for all J € part(uy), (/ht|a)‘]
minimizes

W= > Nilhe = A2 Z)? (D.26)
icJ
over the set of vectors h” = {h;,i € J} such that h; < h; whenever o’ z; < o'z, for

all (7,j) € J2 Existence and uniqueness of these minimizers follow from Barlow et al.
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(1972, Theorem 2.1). This proves existence and uniqueness of the minimizer /ﬁ|a of M
over N M and hence the maximizer of M over the same set.
Now, using the identity /~! = B’ it holds that

Sy _ ¢
var(Z;) = Z)

fori=1,...,m. Put Z; = ¢ V2(0' (o)) /2N Z; ~ N(0, A1), i = 1,...,m. Thus,
for J € part(p), we have

SN = N2 = YA (bl = 0 o)1)

= SN0 (67 o)) k) — 71)

Recalling that h|, is such that (h|,)” is the unique minimizer of the function in (D.26)
over the set of all b/ = {h;,i € J} such that h; < h; whenever a’z; < a’z;, for all
(i,4) € J?, and noting that ¢'(y;) = ¢ () takes the same (positive) value for all 7 € J, it
follows that

D Ail(hla)i = AP 27 = o€ () DN (Gl — Z)°
e ieJ

where g|, is such that for i € J,
(@lo): = 072 (1)) (hla): (D.27)

which means that (g|,)” is the unique minimizer of Zle s Ailgi — Z;)* over the set of all
7 = {g;,i € J} such that g; < g; whenever o’z; < a’x;, for all (i,j) € J2. Now we

can write
M) = ¢ > S M((@l)i— 2

Jéepart(po) 1€J
~ 2
= 6> (@) — 2)
i=1

and thereﬁore, using the same notation as in the first claim of the theorem, & maximizes
a +— M(h|,) over Sy. This imples that h| is a global maximizer of M over M (). By
Lemma 2, we know that this maximizer is almost surely unique.

Noting that M is continuous on IR and hence on M 1) we see that all assumptions
of van der Vaart (1998, Corollary 5.58) are met. This allows us to conclude that

/f;n =>/f;|a

Note that the asymptotic equivalence in (D.21) implies now that \/n(ji, — f10) —>4 /lﬂa This
finishes the proof, using the connection between h|; and g5 given in (D.27) for i € J, with
J € part(uo). O

13



D.3 Proofs of the technical lemmas

Proof of Lemma 1. For all a € S9!, let
M, ={h € R™: h; < h; whenever o’ z; < o’ z; for (i, j) € {1,...,m}}.

and note that there are finitely many such sets. We can find » > 1 representative points
a; € S forj =1,...,rsothat

L € {lin]a, a0 € {oq, -+, }} (D.28)

It follows from its definition that fi,|, is the unique minimizer of the criterion in (C.13)
over M,,. Hence, \/n(fin|o — f10) minimizes

2
h— an i MOZ +n 1/2h Z ( nz Y; MOZ) \/ %hz)

over the set of all b = (hy,...,h,)7" such that pug + n~Y2h € M,. Under assumption
(A1), the variance of Y; is B” o £( ;)¢ /n;, see e.g. Silvapulle and Sen (2005, Page 50), so
/1 (Y; — pto;) has mean zero and finite variance whence it is bounded in probability. This
proves that the term on the right hand side of the display above is bounded in probability
if and only if (n;/n)'/2h; is bounded for all 7. Under assumption (A1), this happens if and
only if h; are bounded for all 7. If for some 7, h; — oo along a subsequence, then the
term on the right hand side of the display above goes to infinity along that subsequence
with arbitrarily large probability. Hence, the minimum cannot be achieved for such a sub-
sequence, which proves that \/n(fi,|» — o) is bounded in probability for all fixed «. By
(D.28), ji,, takes the form fi,|,, for some « in a finite set {a, ..., ;. } so we conclude that
v/n(fin, — po) is bounded in probability. N

Proof of Lemma 2. Let Z = (Zl, .. .,Zm) with Z; = A 1/2Z As the second sum in
(D.24) does not depend on h, maximizing M/ amounts to minimizing M in (D.25), so
it suffices to show that the minimizer of M over M(uo) is almost surely unique. From

the proof of Theorem 1, there exists a minimizer 1 and any minimizer takes the form
h = h|a for some random « € {ay, ..., a,}. Hence, there exists a € {ay, ..., a,}, where
ag, k € {1,...,r}, are defined in proof of Theorem 1, such that for all J € part(uo),
n' = {/le,z € J } minimizes

W Y " Ni(hi — Z
eJ

over the set of vectors h’/ = {h;,i € J} such that h; < h; whenever o’ z; < a’z;, for all
(i,4) € J% Let 7 be any permutation of {1, ..., m} which arranges the values o’ x;,i € J
in an ascending order for each subset J € part(uo). The permutation is not unique if
there are ¢ # j in a given J € part(ug) such that a’z; = a’z;. Consider an arbitrary
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J € part(yo) and denote J = {ji,...,7s}, where j; < --- < jj;. By definition of 7,
there are indices m; < --- < mg = |J| such that

T

T T T T T
Q" Tr(jy) = -+ = QO Tr(jp,) <« Tr(jmy+1) = - = Q :E,T(jm2)<...<04 Tr( = ... =00 Ty

jmK,1+1) jmK)’

and the vector (ﬁﬁ(jl), . ,?Lﬁ(jl ,)" minimizes the rearranged sum

Bl

(lev S 76j|J\)T = Z /\W(ji)(ﬁji - Zﬂ(ji))2
=1

over the set of all vectors (5;,, ..., 3, ¥ such that

/lez"':/Bjml S/BjWL1+1:"':/Bj7rL2S"'§6j7nK71:"':/BjmK'

~

Hence, (hﬂ(jl), o ,ﬁﬂ(jl JI))T is the solution of an isotonic regression problem with equality
constraints, see Section A. This implies that it can be written in the form A J(Zﬂ—(jl)7 cee Zﬂ(ﬂ J‘))T
where A; is a |J| x |J|-matrix that satisfies the conditions in (A.3) with A and k are re-
placed by A; and |J| respectively. Putting together all possible J € part(ug), and using

that the permutation 7 only changes the order of indices in each subset J € part(ug), we

conclude that there exists an m x m matrix A such that

(hw(l)a sy hﬁ(k))T = A(Zﬂ'(l)a R Zﬂ(k))T

where A satisfies the conditions in (A.3) with A and £ replaced by Aandm respectively.
Now, let P be the permutation matrix such that P;; = 1 if 7(i) = j and P,; = 0 otherwise,
for (i,j) € {1,...,m}. Note that we can have P;; = 1 only if (i,5) € J? for some
J € part(u). Foralli € {1,...,m}, we have Zr(i) = P,Z and ?Lﬂ(i) = Piﬁ, with P; the
1-th row of P, whence Ph=APZ , implying that

~~

h=AZ (D.29)

where A = PTAP. Since P is a permutation matrix, A is obtained from A by permuting
the rows and the columns, so the conditions in (A.3) still hold with A and k replaced by A
and m respectively. R

On the other hand, it follows from the above characterisation of h”’ together with (A.6)
that for all J € part(uo),

implying that



Combining with (D.29) yields

M) = >0 (poi) MZi(Zi — hy)
=1
= Z'ANI-A)Z (D.30)

where A is the diagonal matrix with diagonal terms ¢'(10;)\;,@ = 1,..., m. Suppose that
there exist a minimizer h # h of M over M (). Similar to (D.29) and (D.30) above,

there exists a randorAn m X m-matrix B that satisfies the conditions in (A.3) with & and A
replaced by m and B respectively, such that

h=BZ and M(h)=Z"A(I - B)Z. (D.31)

Since h # 1, we have A # B. Since both  and h minimize M. , it follows from (D.30) and
(D.31) that

o~ ~

ZTAN(B - A)Z = 0.

Let C denote the finite collection of possible matrices C' # 0 which can be written in the
form C' = A(A — B), where A and B are fixed m x m matrices that satisfy the conditions
in (A.3). From what precedes we have

pr (The minimizer OfMiS not unique) < pr <ZT62 = 0 for some Ce C)

< > pr(Z"CZ =0). (D.32)
cec

Let G be a standard Gaussian vector in IR”™ and ¥ be the variance matrix of Z , that is the
diagonal matrix with diagonal terms A\, '¢B"” o £(ug;) > 0 (i = 1,...,m). Hence, the
Gaussian vector Z has the same distribution as $'/2G. Consider an arbitrary C' = A(A —
B) € Candlet S = (C + C7)/2. Since (Z7CZ)" = ZTCTZ we have Z7CZ = Z7SZ,
and hence o

pr(ZYCZ = 0) = pr(GTEY28812G = 0).

Furthermore, ¥.!/25%/2 is symmetric and therefore we can find an orthogonal matrix U
and a diagonal matrix A such that £'/25%Y/2 = UAUT. Since U” G has the same distri-
bution as G’ we can write

pr(Z7CZ =0) = pr(GTUAUTG =0) = pr(GTAG =0)

= pr <Z 6GT =) ](MG?),

3:0; >0 1:0; <0

where 9; (i = 1,...,m) are the eigenvalues of A. We next show that S # 0. This will
imply that at least one of the above eigenvalues is non-zero, from which it follows that the
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above probability is zero. Since C' € C was arbitrarily chosen, combining this with (D.32)
completes the proof of the lemma.

It remains to show that S # 0. Arguing by contradiction, suppose that S = 0. Then,
CT =—C;ie.

AB + BTA = AA 4+ ATA. (D.33)
Hence,
)\ZBU -+ )\iji = )\ZAAU + )\jAjia for all (Z,j) € {1, Ce ,m}Q.

For a giveni € {1,...,m}, let J; be the set of indices j € {1,...,m} such that A;; # 0.
Since A and B satisfy the conditions in (A.3), for all j & J; we have A;; = A;; = 0
so it follows from the equality in the above display that B;; = Bj; = 0. Exchanging the
roles of A and B we conclude that J; is also the set of indices j € {1,...,m} such that
Bj; # 0. Denoting by a; and b; the common value of the non null entries A;; and Bj;
for j € {1,...,m}, respectively, and summing up the equality in the above display over
j €{1,...,m}, we obtain
Jedi Jedi

But J; is non empty set since ¢ € J; and therefore, b; = a,. As ¢ was arbitrarily chosen, we
conclude that A = B and also C' = 0. As this is not true by assumption, this completes the
proof. [

E Additional notes and proofs for Section 3.3

E.1 Proofs

Proof of Proposition 6. We use the same notations g|,, @ and ﬁ\ & as in Theorem 1. Let
7 = (21, cee Zm)T be a Gaussian random vector with mean zero and diagonal covariance
matrix whose i-th diagonal element is ¥;; = ¢B” o {(pg;) = ¢/ (1o;) (1 = 1,...,m).
In the course of the proof of Theorem 1, it is proved that \/n; (Y — pio) =4 Z for all

i =1,....,mand \/n(ji, — po) —q ﬁ|a It can be seen from that proof that the weak
convergences happen jointly and therefore,

D2 =4 > Nl (not) (N2 Z; — (Rla)i)™.

i=1

Setting Z; = ¢~ 2(¢ (y10:))Y/2A; /2 Z; ~ N(0, A7) fori = 1,...,m, we see that
DNl (po) P2 = ()t = 6D NlZi — (@la)i)?
i=1 i=1
which completes the proof. U
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Figure 2: Plot showing the stochastic order of the distribution of D? for Example 1 in the
main paper and that of D? and the chi-square with m — 1 = 35 degrees of freedom.

Proof of Proposition 7. Recall that D? is the result of minimizing

Z Ni(gi — Zi)? = Z Z Nigi — Zi)*.

=1 Jepart(po) 1€J

This is done by minimizing each term ), _; \;(¢; — Z;)* over the set of vectors g; of length
| J| such that g; ; < g; ; whenever o’ z; < a’x;, forall (i, j) € Jx J, and then minimizing
over a € Sy. Define g such that g, = m™! Z;”:l Zi = Z foralli = 1,...,m. Since g
is a constant vector in ¢, any subvector g ; satisfies the condition that g; ; < g; ; whenever
afx; < alz;, forall (i,7) € J x J. Most importantly, this is true for any choice of ov. We
therefore have that D* < Y \;(g — Z;)*. Lastly, note that

S N@- 2z = Z"AuAA,Z,

i=1
whereA is the matrix with diagonal elements equal to \;, and {A,, }; ; = d;; —1/m. If \; is
constant (and hence equals \; = 1/m), we have that Z© A,,AA,,Z = (Z//m)T A,.(Z/\/m),
which is chi-squared with (m — 1) degrees of freedom. O

E.2 Estimating the dispersion parameter

There are several well-known options available to estimate the dispersion parameter, see for
example McCullagh and Nelder (1989). One option is by maximizing the full likelihood
function from (2) in the saturated model

Lo = 3 loge(Vi,6)+ 67 3OS (Vigblus) — Bo )},

i=1 j=1 i=1 j=1
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where for all i = 1,...,m, the variables Y;;, j = 1,...,n; correspond to the observa-
tions from group ¢ and = (p1,...,1n)" € IR™. This results in a maximum likelihood

estimator of ¢ given by ¢,, as the solution to the score equation

dgc(Yij, @) “
23S Vel _ SN i) - Borv
=1 j5=1 ZJ7¢") i=1
where Y; is the average of the variables Y;;, 7 = 1,...,n;. In the Gaussian setting, this
results in the standard estimate
bu=n"1) ) (Y=Y’
i=1 j=1

which converges in probability to ¢ = var(Y;;) in that case. This is just one option, and
we do not advocate for one method over another, and the user is free to use their favourite
consistent estimator. For the binomial and Poisson families, the dispersion parameter is
known and need not be estimated.

E.3 Histogram of distribution of D2.
See Figure 2.

F Additional simulations

F.1 For Section 4.1

Example 3

Our third example is similar to Example 2 in the main mansucript, except that now we take
Y;; to be independent Poisson variables, with rate

po(z;) = log (ho(aoTxi))

and consider three different cases of hy. As in Example 2, we will assume throughout that
x = (x1,25)7, and take o] = (1,1)/v/2. For the first variable z;, the design levels are
set to (0,0.01,0.1,0.25) and (0,0.01,0.1, 1.0) for the second variable 5. Each level for
x1 was combined with each level for x5, for a total of m = 16. This is the same design as
that in case study in Section 5, except that the levels have been rescaled. We take values
n; = 3,10, 100 as in Example 1 and consider the following four estimation methods. Note
that the samples 7n; in the data set of Section 5 are close to 100.

(A). Generalized linear model with po(x) = By + 5121 + Sox2. This yields the estimate

~

Mn(x) = Bn,O + ﬁn,lxl + 6n72x2 = ﬁn,() + BZ,LQ'I

19



Table 1: Estimation of oy in Example 3: mean values of estimated o across B = 200
simulations. Recall that of = (1,1)/v/2 = (0.707,0.707).

case n; method o 1e%)

(A) 0.618 0.692

3 B) 0.494 0.722

(D) 0.864 0.071

(A) 0.647 0.731

i 10 (B) 0.544 0.757

(D) 0.816 0.027

(A) 0.703  0.709

100 B) 0.697 0.683

(D) 0.846 -0.019

(A) 0914 0.252

3 (B) 0.718 0.576

(D) 0919 0.100

(A) 0977 0.207

@) 10 B) 0.740 0.573
(D) n/a n/a

(A) 0.980 0.200

100 (B) 0.722 0.648
(D) n/a n/a

(A) -0.476 -0.340

3 B) -0.282 -0.436

(D) 0.810 -0.054

(A) -0.794 -0.400

(i) 10 (B) -0.556 -0.609

©) 0.797 -0.028

(A) -0.924 -0.368

100 (B) -0.709 -0.660

(D) 0.841 -0.011
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Figure 3: Estimates of o for Example 3 for methods (A)-(C) over B = 200 simulations.
Boxplots of &, ; — ap; are shown, with i appearing on the z-axis. From top to bottom, the
plots show cases (i)-(iii) for n; = 100.
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Table 2: Estimation of the response surface in Example 3 mean values of sum of squared

errors at observed predictors across B = 200 simulations.

case  n; A B) (®) (D)
3 2984 6.005 1098 48.934
» 10 1.009 1.886 3.346 59.297
100 0.1 0.258 0.346 62.336
3 17.845 5.755 12.223 48.453
) 10 15.602 1.765 3.622 n/a
100 15.046 0.185 0.366 n/a
3 3.148 5429 11554 9971
(i) 10 1.57 1.667 3.378 15921
100 1.033 0.446 0.345 14.969

which we rewrite as i, (z) = Bmo + | Bml’g | &X'z to obtain the GLM estimate of v,
G = (Buts Bu2)T /| Buaall, with | B2l = 521 + B2,.

Monotone single index model with j1o(z) = fo(ad ) .

Empirical approach where p(z;) is estimated by Y;. Again, this yields no estimates
of o and cannot be used for making prediction.

A well-specified single index model with pio(x) = fo(ad'x) but with no assumptions
on fy. We use a kernel-based estimator calculated with the R package np (Hayfield

(B).
©).

(D).

Table 3: Prediction of the response surface in Example 3: mean values of sum of squared
errors at 100 randomly sampled new predictor values across B = 200 simulations.

case n; (A) B) (D)
3 15.224 55.861 281.336
1) 10 4.521  27.006 394.649
100 0485 11.969 420.416
3 127.356 43.574 511.517
i) 10 1142  20.744 n/a
100 115.157 7.512 n/a
3 42.663 47.589 135.109
(i) 10 33.696 25.801 213.349
100 32.046 17.548 193.921
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and Racine, 2008).
The three different cases for hy are chosen to consider a variety of scenarios.

(i). ho(z) = 2. With this choice of hy, models (A)-(C) are well-specified.
(i). ho(z) = 7.5 — max{(5r — 3)?6.25}. This function has both increasing and flat
regions. With this choice of Ay, models (B)-(C) are well-specified, but (A) is not.
(iii). ho(x) = |22 — 1| . With this choice of hg, only model (C) is well-specified.

The functions were modified slightly from those used in Example 2 so that the mean re-
sponses are better suited for a simulation under the Poisson model. The results of our
simulations follow, and are very similar to the results for Example 3, however, their shape
has been preserved. Notably, the package np did not return results in several of the it-
erations for case (ii), so these have been omitted. Figure 3 and Table 1 summarize the
results for estimation of ag. As before, the monotone SIM does a good job of estimating
o when well-specified; and shows a remarkably small loss of efficiency against the cor-
rectly specified linear model in case (i). Table 2 considers estimation of the response and
Table 3 considers prediction of the response surface. Again, we observe the monotone SIM
performing well when correctly specified.

F.2 For Section 4.2
F.2.1 Example 3

As in the main manuscript, we repeat the goodness-of-fit test for all settings of Example 3.
Results are given in Table 4 and show good performance of the test. Again, we added
an additional setting, case (iv), with flat response to show how the test behaves when in a
setting where it is not conservative, and the results are consistent with a level of 0.05.

F.2.2 More on goodness-of-fit

For our more detailed study of the effect of the true link function in the behavior of the
goodness-of-fit test, we focus on the Gaussian setting under fixed design with variance 0% =
1. In this case, ¢ = 1 need not to be estimated hence ¢,, = 1 in (10). Different scenarios
were considered for the true link function fy : (a) strictly monotone with fo1(z) = x3,
(b) constant with fy2(z) = 0, (c) monotone piecewise constant fj 3 and (d) non-monotone

foa(z) = 2?, and fo5, where

1, ifr < —1/2 0, ife<-—1/2
fos(x)=4¢ 0, if-1/2<x<0 fos(x) =9 -1, if-1/2<x<0
L, ifxz=>0, L, ifx=>0.

We consider three different sample sizes n € {100, 1000, 10000} with m = 10 unique
data points and n; = n/m (i = 1,...,m). For d = 2 and d = 5, the fixed design
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Table 4: Significance level or power estimates for goodness-of-fit test for Example 3. Re-
sults are based on 200 simulations for a maximal standard error of 0.035 for each level
estimate. Mean observed p-value is also reported.

D? chi-square

mean mean
n; level p-value level p-value

3 0.05 0.594 0.005 0.875
case (1) 10 0.015 0.643 0 0.904
100 0.05 0.861 0 0.977
3 0.015 0.669 0.005 00913
case (i) 10 0.025 0.669 0 0.908
Example 3 100 0.010 0.709 0.005 0.927
3 0.065 0.49 0 0.823
case (iii) 10 0.105 0.443 0 0.776
100 0.750  0.079 0.375 0.254

1000 1 0 1 0
3 0.045 0.511 0 0.843
case (iv) 10 0.060  0.490 0 0.832
100 0.025 0.486 0 0.836

matrices are given at the end of this section. Although we consider only the setting of
fixed design, in order to ensure that the design points are in general position, the values
were generated from the uniform distribution on [—1, 1]¢. The design matrices were then
fixed throughout the remaining simulations. The responses Y;; were drawn independently
from N (fo(alx;),1) (j = 1,...,n5;4 = 1,...,m). We also consider two different val-
ues for the true index in each dimension. For d = 2, we take " = (1,v/2)/v/3 and
ol = (1,0); ol = (=2,1,-1,3,-4)/v/31 and o} = (-1,0,1,0,0)/v?2 for d = 5.
The estimated probabilities of rejecting the null hypothesis were obtained using 100 repli-
cations. Throughout, the level is A = 0.05. The quantile g, 14, With ¢,, = 1, was esti-
mated based on 200 replications.

Table 5 gives simulation results for the estimated Type I error for f;; (¢ = 1,2,3) and
power of the hypothesis test for f;; (i = 4, 5). For the first two link functions fy; and fo o,
we know that asymptotically the test has level at most A = 0.05, and this is consistent with
the simulation results. The results are similar for fj 3, not contradicting our conjecture that
the constant case is least favourable. When the true link function is constant, the test is
asymptotically exact, which we also see in the simulation results since the estimates for the
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Table 5: Significance level and power estimates for Goodness-of-Fit test. The estimated
standard error is no larger than 0.037 for link functions fy 1, fo2 and fy3, and no larger
than 0.05 otherwise.

d= d=
True link runction Sample size n a(()l) a((f) 04(()1) 04(()2)
100 0.03 0.04 0.16 0.05
foa 1000 0.01 0.01 0.09 0.02
10000 0.00 0.00 0.02 0.04
100 0.09 0.03 0.11 0.07
Joz 1000 0.04 0.06 0.03 0.06
10000 0.04 0.05 0.07 0.06
100 0.07 0.09 0.06 0.03
fos 1000 0.10 0.06 0.09 0.00
10000 0.03 0.07 0.05 0.00
100 0.71 0.04 0.11 0.62
Joa 1000 1.00 0.34 0.65 1.00
10000 1.00 1.00 0.99 1.00
100 0.94 0.1 0.32 0.88
Jos 1000 1.00 1.00 0.29 1.00
10000 1.00 1.00 0.37 1.00

Type I error are reasonably close to the nominal level A. The link functions f 4 and fo 5
are not increasing, allowing us to study the power of the test. Indeed, the test appears to
be consistent, except for the setting fy5,d = 5, ozél). This happens since even though f 5
is not increasing, there exist many o such that f075(z(i)) is increasing, if z(;) denotes the
ordered values of &l z; (i = 1,...,m).

The design points z; (i = 1,...,10) used in the simulations correspond to the rows of
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Xy for d = 2 and X5 for d = 5, where

0.358  0.950
—-0.394 0972
0.666 —0.966
—-0.733  0.103
X, - —0.650 0.472
—-0.706  0.223 |’
—0.534 —0.597
—0.698 —0.794
0.083  0.906
—0.809 —0.270
0.732 —-0.804 0.570 —0.668 —0.595
—-0.395 0.641 —-0.356 —0.754 0.861
0.775 —0.780 0.430 0.306 —0.016
0.140  0.348 —0.396 —0.877 0.056
Xs — —-0.728 —0.719 0.870  0.514 —0.220
—-0.849 0.672  0.218 -0.851 -0.313
—-0.834 0.776 0.038 0.792  0.847
—0.528 —0.631 0.683 —0.160 0.342
0.762 —0.364 —0.718 —0.085 —0.697

—-0.724 0325 —-0.734 —-0.293 -0.571

G Advice on picking design

Proposition 3 in the main manuscript has important practical implications. It states that, for
a fixed sample size, only information up to the set {a,,} can possibly be learned about the
true index.

Naturally, the information we can learn is additionally brought by the response, and
asymptotically, this is the same as . However, if p is strictly increasing, the only limita-
tion on information comes from the design for larger sample sizes.

The most visible way through which the design reveals information about the index
would be the number of possible regions for {@, }. Roughly speaking, the more possi-
ble regions the more detailed the information one can gain, however, the shape and size
of the regions are also factors. Figure 4 gives an example with m = 5 unique design
points, which yields 20 possible regions for {@,} to choose from. On the other hand, the
leukemia example from Section 5, has m = 16 unique design points, which could yield up
to m(m — 1) = 240 possible regions for {@, }. However, the design points in this data set
are linearly dependent, and only 128 possible regions are provided by the design. This lim-
its the possible information about the index; see Figure 5. Similar examples with a linearly
dependent components to the design are discussed in Wan et al. (2017). Although popular
in practice, designs such as these with many linearly dependent points may not be optimal
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Figure 4: A graph showing m = 5 design points zy, . . ., 5 (solid dots). The index « (solid
arrow) is perpendicular to the vector 7y — xo. The m(m — 1) = 20 regions of all linearly
inducible permutations are separated by dashed lines, although only 16 regions are easily
distinguishable.

Figure 5: Left plot shows the 86 possible regions for {a,} for the original m = 16 data
points, and the arrow shows an element of the fitted {&,,}. The right plot shows the 240
possible regions when the original m = 16 data points are randomly perturbed, so that they
are no longer linearly dependent.

for the single index model. Additionally, the design informs not only about the number of
possible sets, but also their shape and size. These can be visualized apriori to conduct the
study as in Figure 4 or Figure 5. Alas, this is easiest when d = 2.

Our theoretical developments focus on discrete design, however, the relationship be-
tween the design and index estimates applies to the isotonic single index model MLE under
any design (such as the continuous setting considered in Chen and Samworth (2016)), as
this is a finite sample property.
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