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Proof of Lemma 1: We first show the unbiasedness of the estimator. We define the
vector I = (111, ..., Iinn,i = 1,...,b) which represents the membership of rows to set type 1

and 2. By conditioning on I, we can express the following
E(Ai) = B{E(T\|I)} + E{E(T5|I)}.

We now consider

n

b
E{E(T1’I>} - F ZZE{mtJ:’l)tht’ ij_l}]
7j=1

Li=1

(g 1
= F {Dl } (p1 — po + 0 (dpy — <z5[2])] = 5(#1 — pig + 06Y),
L t,t

where [; = 1 if the set type 1 is not empty and zero otherwise.

In a similar fashion, we can show that

p1 — o + 003
—
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E{E(Tx|I)} =




Putting two conditional expectations together, we have
E(Avppy) = E{E(TWI)} + E{E(Ty|T) = ji — pia = A

which shows that the estimator Al(t,t’) is unbiased for A .

To prove the variance, we use total variance formula
Var(Al(t,t/)) = E{Var(Al(t,t/ﬂI)} + Var{E(Al(t,t,ﬂI)}.
We first consider

Var{E(Al(t,t/ﬂI)} = Var{E(TW|I)} + Var{E(T5|I)}

+2Cov {B(Ty|I), E(T|I)} . (1)

The first term in the right side of the above equation equals

I
Var{E(T;|I)} = Var(—Dl Vs — po + o61]?
t,t

Using the part (iii) of Lemma 2 in Ozturk (2014), we obtain Var(l;/D;y) = (1/2)"*! and

write

Var(B(TID} = gyl — o + 0011 )

In a similar fashion, we can show

Var{B(T\D)} = sl — i+ 002 Q



We now consider the covariance between the conditional expected values of T} and T3 given I

I 1
Cov{E(Ti|I), E(To[I)} = COU(TIM T:) {1 = p2) + 061)} {(p1 — p2) — 061)}
_ Lo L R I
- CO/U(Dt,t/’ Dt’t/)[(l’l’l #’2) 9 61]7

where I, = 1 if the set type 2 is not empty and zero otherwise. The part (iv) of Lemma 2

in Ozturk (2014) gives that Cov(Dl;lt/, let/) = —(1/2)"**1, Using this expression in the above

equation we obtain
Cov{E(T\|I), E(T,[1)} = —(1/2)" " (1 — p2)* — 0*67}. (4)

Combining equations (2), (3) and (4) in equation (1), we have

0.2

Var{E(A;ps|I)} = W{%] — P}’ (5)

We now consider
E{Var(Ayum|I)} = E{Var(Ty|I)} + E{Var(Ty|I)}.

By conditioning on I, we compute

2

I
E{VCLT(T[|I)} = E{—IQ}{U[QH + 0'[22] - 20'[1,2]}

My Dy

— C’ib{aﬁ} + 0'[22] — 20’[172}}.

2 we have

For a set of random variable {o€;, o€y} with mean zero and variance o

20 = Var(oe, + 0e)) = Var(oey + oep) = oy + oty + 2071.9),

where €] and €);) the first and second judgment order statistics in a sample of size 2. The



solution of the above equation for 2 oy o) yields

20019) = 207 — 0[21} — 0[22}.
Using this expression, we write
E{Var(T;|1)} = C; {207 + 207 — 20°} .

The part v of Lemma 2 in Ozturk (2014) provides an analytic expression for C2.

_ nb
[12 B 1 1 nb—2+1 <n1>

C? =FB{——1=— | =
nb {mtyt/th,} 2nb nb + T;

Using the equality 0[21} + 0[22} = 20?% — o2 232:1 [2j], we write

2
E{Var(T;|T1)} = 2C50*{(1 = Y _ oy}
j=1
In a similar fashion, we can show that
2
E{Var(TolI)} = 2C2,0°{1-) ¢%}.
j=1
Combining these two terms, we have
2
E{Var(Dien| D)} = 4Ch0*{1 = of}.
j=1

The variance of Al(m/) is then given by

2
0_2

VCLT(Au,t,t')) = W(Gf)m - ¢[2])2 + 407211702{1 - Z ¢[2j]}

j=1



which completes the proof.
Proof of Lemma 2: We first consider the expected values of U?, i=1,2,3. The expected

value of U can be constructed by conditioning on I

I(myp > 1)my g (myy —

E(UY) = E{E(UII)} = E( 1))E {(dvir — di22)* 111, 1o }

My (mt,t' - 1)

= B{I(mye > DYE {[(1 + exy) — p2 — oe11z) — ( + ooy — iz — oeapy)]*}
= E{I(myy > 1)}o*E {[(e1p) — €1p27) — (eap] — €22)]° }
= E{l(myy > 1)}o? {E(ein) — e12)® + Eeap) — €2p2)’
—2E(e1p) — e12)) (€apy — €212)) }
= E{I(mys > 1)} {2(0%) + 0y = 2071.2) + 20° (d) — dp2))” — 20°(6p) — 1)’}

= 2B{I(my > 1)}(of) + oty — 2071,2)).
Using similar argument, we can show that
E(U3) = E{E(U3|T)} = 2E{I(nz > 1)}(0fy + 0y — 2071.9),
where ng = nb — m; . We now consider the expected value of U2

E(U3) = E{E(UD)} .



For the conditional expectation E(UZ|I) we write

I(0 < myy < nb)myyn
E(UII) = ( - ) °E {(di11 — di22)?[I1y = 1, L1220 = 0}

My 12

= I(O <My < nb) {E<d%11‘1111 = 1) + E(d%22|[122 = O)
_2E(d111d122‘]—111 = 17[122 = O)}

= [(O < mt,t/ < nb) {2(0’[21} + 0[22] — 20[172}) + 402(¢[1] — ¢[2])2} .
Using the above conditional expectation we have
E(U3) = E(0 < myp < nb) {2(0fy) + oy — 2071,2) + 4™ (dp) — dp)* } -

We now first consider the expected value of S?

U +U3)

) + I(myy = 1) (U3 —U3) + I(ny = 1) (U — Uf)}
= E((1 <mp <nb)) {2(0[21] + 0[22] —20712) + 402(¢[1] - ¢[2]>2
—2(op) + 0[22} — 20719)) }
+ E(I(myy = 1)) {2(0fy + oty — 2071,9)) + 40° () — d121)°}
+ E(I(ny = 1)) {2(cfy) + oty — 20711.9) + 40 () — ¢p2))° }
= 40”((¢p) — d2)* {EI(1 < myp < nb) + E(I(myp = 1)) + E(I(ny = 1))} .
Since myy and ny have a binomial distribution with success probability 1/2 and sample size

nb, expected value of S? reduces to following form

2 2nb  2nb 2
E(SY) = 40%(¢n) — dp2))” {1 9w " gm T W} = 40™(¢p) — b))’ {1 - ﬁ} .



Since K,;; = 1 , we have

1
(Z(nb—l))(l_g—(nb—l))

2 o?
E(KwS7) = 4Kuwo” (dp) — p1)’ {1 - ﬁ} = W(ﬁbm — dp)*

We now consider E(S%)

U? + U2

E(S3) = E {1(1 <My < nb— 1)[ 5 + I(myp < 1)Us + I(myp >nb—1 )Uf}

= 292 (BE{I(1 <myy <nb—1)} + E{I(myy < 1)} + E{I(mp >nb—1)})

= 29° = 2(0[21} + 0[22] — 2071,9)).

It is now clear that
2
E(CanS) = QCnb {0'[21} + 0'[22] — 20’[1,2}} = 4Cnb02 (1 - Z (bf]])
j=1

which completes the proof.
Proof of Theorem 1: The sample size m;y in type 1 set is random variable. This
requires to consider joint distribution of sample m, and difference of treatment and control

group Sample averages. Let
Vij = (Iz'jjdijj7 (1 — Iz‘jj>dijja ]ijja 1-— ]Z‘jj)—r,i = 1, Ce ,b,j = 1, o,

be a four dimentional random vector. Expected value and variance of the vector V;; can be

established

E(Vy) = E{E(VlLij)} = (0ur/2,00/2,1/2,1/2)7 = (61, 05,065,04)"

Var(Vi;) = E{Var(V|lij;)} + Var{ E(V|L;;)} = A+ B,



where

v 0 0 O 63 —Odw2 01 —Oww
1 0 00 1 — 01441 09t 62 —Oopss Ooppr
A— - Y and B — ~ 16t/ 02t 2 2tt 2tt
0000 4 Suapr — oy 1 —1
O 0 0 O —(Sltt/ 52tt’ —1 1

and 7 = 0[21] + 0[22] — 20719 Let Vo = % Zle Z?Zl V. Since V; is the average of in-
dependent identically distributed variables, v/2nb {an - F (an)} converges to multivariate
normal distribution with mean 0 and variance 2(A + B). Let * = (x1,29,73,74)" be a

four-dimensional vector. We define a function

1 I )
2 Z3 T4 .

It is clear that

H(an> =

(Zle > i ijsdis N >y Y (1 Ii,i)dijj)

My nb — my g

N | =

and
H(O0) = piy — pr = Dy
Using first order Taylor expansion of function H(.) around 6, we have
H(V,)~ H(0)+ H'(0)(V,—8),
where
H'(0) = _<6_ + === )= (1,1, =014, — o)

For large sample sizes we then conclude that v2nb{H(V,) — H(8)} converges to a normal



distribution with mean zero and variance 2H'(0) {A + B} (H'(0))". It can be shown that

2HK0»@4+1ﬂ(H%®)T:27:402{1—§:¢@}

which completes the proof.

Proof of Theorem 2: Using the generalized U-statistics (Lee, 1990), we can write

b ng b e
Y Y EWICy) = bint Z > 7y

=1 j=1 i=1 j=1

b ny 1 b Ny
ZZE<W|LM> = b_ZZZsz
i=1 k=1 [

We note that Z, ;;, and Z,;;, are independent. It follows that

b nt 2
Var (m{zzE<W|@j>—9>}> = ﬁ—z

i=1 j=1

b ny k‘%
Var (M{ZZEWM—@}) - L5

i=1 k=1

putting these two expression together we have that /Ny (U — @) converges in distribution to

a multivariate normal distribution with mean 0 and variance

k3 k?
Y=1% 2

— >,
\ PV

Using the function G(x) = %(z—; + #2) along with Delta method we have

VNAGW) = G(0)} = V/Nur(Agyw — Ary) 3 N(0,G(0)SG (6)),



where G'(0) = (1,2, =014/, —027). Applying Slutsky’s theorem we have

tht'(Azt,t/ - At,t/) g
NCEICRbEa

N(0,1),

where

bntnt/ 1 1 _5ltt’ _52tt’

G'(0%) =

Y ) ) *
2 my bngny — My My bngny — my

We now derive explicit expressions for the entries of 37 and X9

2L,1)  _2(1,2)  _2(1,3)  _2(1,4) G2 202) 2013)  2(14)

01,0 01,0 010 01,0 0p,1 0p,1 0p,1 0p,1
2(2,2)  _2(2,3)  _2(24) 222)  223) 2(24)

o 910 %10 © %10 v Op1 ~ Oo1  Oou

1= ) 2= ’

2(3,3) _2(3,4) 5233 ;234

gy, 01,0 09,1 00,1
2(4,4) 2(4,4)

010 0o,1

where

010 = Cov{y)™ (Cyj, L), v " (Cij, L)}, Uofr) Cov{p™ (Cyj, L), v " (Cijr, L)},

Using definition of ¥, C;; and L, we write

Uf(ol Vo= E {@D Cma sz)w (Cw sz’ } E {@b(l) va le }E{w Czyv sz’)}
= E{(p + o€nj — pty — o€pin) (e + 0€rij — pr — o€pipy) Lijelijw } — 51tt/
* * * 1 2
= FE {(Y;‘/LJ t/zk)(Y;,z] t’ik/)Iijinjk/} o 451tt’
1
= Dw — 45%@:’7
where Yi;; = ji; + 0é€y; is the response variable after the block effect is removed. We partition

10



D,y as follows

Dy = B{Y, LjpLijir} — 2B{Y; Yy Lije Lo} + By Yo L Tijw }-

tig tij
Using conditional expectation we have
x2 x2 1 * *
EXYy Lijeligw } = E{Lijplijiw } E {ij \fijkfijk'} =3 {ofg + 1t }

where I3 and afﬁzg] are the mean and variance of the smallest observation of Y;?. in a set

tig

of size 3. In a similar fashion, we obtain

* * * * 1 * * *
E{Y;tij}/t’z’k’]ijkjijk/} = E{liplij} E {Ytint’ik’|Iijinjk'} = 3 {Ott’[1,2:3] + Ht[1:3]ﬂt'[2;2]}

* * * * ]' *
E{Y a0 Yow Lipeliw Y = E{Lyelijiw } E{Y3 Yo Ligelijiw } = 5(/%’2[2:2})'
Putting all these expression in Dy, we obtain

1,1 1 * * * * 1
UJ(L,O ) = 3 {Ut[21:3] - 2‘7tt'[1,2:3] + (Nt[l::s] - Nt'[2:2})2} - Z_l(sftt"

We now consider
o = Cov{vW(Cyj, Lin), b (Cyj, Liw)}
* * * * * 1
= kB {(Y;sij — Y7 )( tij Y;’ikz’)[ijk[ijk’} - Z5ltt/52tt/

*2 * * * *
= B{Y; LjIiw} — E{Y Yo Il

tij tij

1
—E{Y Yo Ll e Y + LY Yo Lie L b — Z5ltt'52tt'-

We note that I I7;, = I(€eij < €rip)l (€rigr < €145) implies that ey < €4 < €. Conditioning

11



on this ordering, we obtain

#2 * 1 * *
E{Ym [ijk[z'jk'} = E{Ut[%::a] + :U't[22:3]}
* * * 1 * * *
E{Y;ijy;f’ik’jijk’[z‘jk’} = g{att’[l,Q:Z’;} + Nt[2:3}ﬂt/[1:3}}
* * * 1 * * *
E{}/t’iky;ij]ijk]ijk’} = é{at’t[2,3:3} + Mt'[3:3}ﬂt[2:3}}

* * * 1 * * *
E{Yyu Yo lipLiwt = E{Ut/t/u,s::ﬂ+Nt/[1:3]ﬂt/[3:3]}-

.. . . 1,2 .
combining these expressions in o—§ 0 ) we obtain

(12) _ 1 *2 * * * *2 * * * * * *
010 = 6 {‘%[2:3] — Oy[1,2:3] — Opr[2,3:3) T Oprer1,3:3) T Me[2:3) — Ha2:3]He[1:3] — Hir[3:3)Me[2:3) T Nt’[1:3]ﬂt’[3:3]}
1
— =014/ 0047
o O 02t

L 13
For the derivation 0§ 0 )| we have

o'y = Cov{yV(Cy, L), v (Cij. L)}
= E{(Yy; = You) Lijelig } — E{(Yey; — Yeia) Liju } E{Lijie }
1., . 1
-3 {Mtu;s] - Mt/[zzz]} - 151#'-

The expression for 057163) follows from

‘7864) = COU{¢(1)(Cij7 Li), 10(4)(0@'7 L)}
= b {(Y;zky B Y;Tik)jijka?kjk’} - E{<Y;Z - Y;t;kik)jijk}E{I;jk/}

1., . 1
- 6 {ﬂt[2:3] - Ht/[g::ﬂ} - 1511%/-

12



(2,2)
0

The entry 0,7} is computed as follows

o) = E{®(Cy, L)@ (Cyj, Liv) } — E {0 (Cyj, L)} E{w®(Cyj, Liw)}

*2 * * * * * *

tij “ijktijk’ tij

—E{Y Yo L Ly + EXY Y L L,

tijrijk"i

1 * * * * * *
= 3 {Jt[%:?)] + Mt[23:3] — 2(04y(1 3 T Higsaionzy) + Mt/2[1:2]} - 152&/

1 * * * *
= 3 {oliaa — 205un33 + (Wiza) — Hipg)? )
For the crf(’)?’), we evaluate

0863) = Cov{y®(Cyj, Lix), P (Cij, L)}

1

2
ijk zjk’} - 1621%’

Lo

Lo

4 52ttl .

= E {(Yt;kg - Y;ik)];jk]ijk’} - E{(}/t?j - Yz:z'k)]:jk}E{Iijk'}

1., . 1
- 6 {:“t[z:s] - Mt’[l:S]} - 152#/-

(2,4)

The entry oy is computed from

0864) = COU{w(Q)(Cm L), ¢(4)(Cz'j7 L)}
= E{(Y,

1., . 1
3 {Nt[3:3] - #t'[1:2]} - 152&'-

We also have af’ég) = 05?‘64) =1/12 and 0%?[’)4) =—1/12.

13
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In a similar fashion, we can compute the entries of 3

U((),lil) = COU{w(I) (Cz'ja L), w(l) (Cz'j/ L)}

* ok * ok * * 1
= BV, YiiLiplipn} — 2B{Y,; Y Lin iy + E{Y Yo LieLijn } — Zéftt’

tig * tig tig

1 * * * * * * 1
= E{I‘Ltﬁﬂ} - 2(Utt'[1,3;3] + Mt[1;2]ﬂt/[3;3]) + Ut'2[3:3] + Mt'[3:3]} - Z(Sftt’

1 * * * * 1
= E{UtIQ[g;g] — 2051135 + (Mo — Mt’[3:3}>2} - ;léfttu

U((),liZ) = Cov{w“) (Cija Lik)a w(Q(Cij', sz)}

* * * * * * * * 1
= E ({Y;ijy;fij’ - Y;fz‘jy;’ik - Y;f’z‘kY;ij’ + K’Ek}jijk’jz‘j’k) - Zéltt’(sm’

1 * * * * * *
= 5 {Utt[1,3:3} Tt Hg[1:31H43:3) — Oear[1,2:3] — Me[1:3]Her[2:3]

* * * * * 1
—Opi[2,3:3) — Hyj2:31M3:3) T Ut/2[2:3] + Mt/2[2:3]} - 151&'52&'7
U((),lig) = COU{WD(C@', Li), w(g(cij’; L)}

* * 1
= E({Yy; - Yo} Lielijn) — 15115#

1 ., . 1
= g{ﬂt[hm - :U’t’[3:3]} - Z5ltt';

U((),llA) = COU{"@D(D (C’ij7 Lik)a ¢(4(Cij', sz)}

* 3 * 1
= B — You} Linlin) — Zéltt’

1, . 1
= E{Mt[lzi’)} - Mt/[2;3]} - 151%7

‘7(()?12) = Cov{w@) (Cij, Lir,), ¢(2<Cij’; L)}

* * * * * * * * * * * * 1
({Y Y Ll iy — 2E{Y 5 Yia i d it + E{Y;’iky;’ik[ijklz‘j’k}) - 152#/

tig * tig’ tijkTig tij

* * * * * k 1
{Nt[22:2] — 204p11,2:3) — 22 Mg T Cth’2[1:3] + Mt/2[1:3}} - 152tt’

* * * * 1
{Ut'2[1:3} - 2Utt'[1,2;3] + (Nt[zzz] - :U’t’[1:3])2} - 152&'7

Wl Wl Wl
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U((),Zis) = Cov{y®(Cyj, L), w3 (Cijr, Li)}

1., 1
= 6 {Mt[&s] - Mt'[zzs}} - 152&/7
Uc()?i4) = C’ov{w@)(Cij, L), ¢(4<Cz’j', Lix)}

= E{(}/;ij ijk*ij

1
- YtTik)ﬁ [?k"k} - 152#/

1., . 1
= g{ﬂt[m] - Mt/[1;3]} - 15%&’7

Ué?ig) = Cov{y®(Cij, Lip), v (Cijr, Lix)} = 1/12,
oY = Cov{ts®(Cyy, L), W (Cigr, L)} = —1/12,
0'071 = COU{¢<4)(Cij, le), w(4(CZ-j/, sz>} = 1/12

We have that ¥y = Var(Z,,;) and Xy = Var(Z,,). It then follows that /Ny (U — 0)

converges to a normal distribution with mean 0 and covariance matrix

k’2 2
n- g B

= 3.
)\t )\t/ 2
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