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Proof of Lemma 1: We first show the unbiasedness of the estimator. We define the

vector I = (Ii11, . . . , Iinn, i = 1, . . . , b) which represents the membership of rows to set type 1

and 2. By conditioning on I, we can express the following

E(∆̃1(t,t′)) = E{E(T1|I)}+ E{E(T2|I)}.

We now consider

E{E(T1|I)} = E

[
b∑

i=1

n∑
j=1

E

{
Iijjdijj
mt,t′Dt,t′

|Iijj = 1

}]

= E

[{
I1
Dt,t′

}
(µ1 − µ2 + σ(ϕ[1] − ϕ[2])

]
=

1

2
(µ1 − µ2 + σδ1),

where I1 = 1 if the set type 1 is not empty and zero otherwise.

In a similar fashion, we can show that

E{E(T2|I)} =
µ1 − µ2 + σδ2

2
.
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Putting two conditional expectations together, we have

E(∆̃1(t,t′)) = E{E(T1|I)}+ E{E(T2|I) = µ1 − µ2 = ∆

which shows that the estimator ∆̃1(t,t′) is unbiased for ∆t,t′ .

To prove the variance, we use total variance formula

V ar(∆̃1(t,t′)) = E{V ar(∆̃1(t,t′)|I)}+ V ar{E(∆̃1(t,t′)|I)}.

We first consider

V ar{E(∆̃1(t,t′)|I)} = V ar{E(T1|I)}+ V ar{E(T2|I)}

+2Cov {E(T1|I), E(T2|I)} . (1)

The first term in the right side of the above equation equals

V ar{E(TI |I)} = V ar(
I1
Dt,t′

)[µ1 − µ2 + σδ1]
2

Using the part (iii) of Lemma 2 in Ozturk (2014), we obtain V ar(I1/Dt,t′) = (1/2)nb+1 and

write

V ar{E(TI |I)} =
1

2nb+1
[µ1 − µ2 + σδ1]

2. (2)

In a similar fashion, we can show

V ar{E(T2|I)} =
1

2nb+1
[µ1 − µ2 + σδ2]

2. (3)
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We now consider the covariance between the conditional expected values of T1 and T2 given I

Cov {E(T1|I), E(T2|I)} = Cov(
I1
Dt,t′

,
I2
Dt,t′

) {(µ1 − µ2) + σδ1)} {(µ1 − µ2)− σδ1)}

= Cov(
I1
Dt,t′

,
I2
Dt,t′

)[(µ1 − µ2)
2 − σ2δ21],

where I2 = 1 if the set type 2 is not empty and zero otherwise. The part (iv) of Lemma 2

in Ozturk (2014) gives that Cov( I1
Dt,t′

, I2
Dt,t′

) = −(1/2)nb+1. Using this expression in the above

equation we obtain

Cov {E(T1|I), E(T2|I)} = −(1/2)nb+1{(µ1 − µ2)
2 − σ2δ21}. (4)

Combining equations (2), (3) and (4) in equation (1), we have

V ar{E(∆̂JPS|I)} =
σ2

2nb−1
{ϕ[1] − ϕ[2]}2. (5)

We now consider

E{V ar(∆̂1(t,t′)|I)} = E{V ar(T1|I)}+ E{V ar(T2|I)}.

By conditioning on I, we compute

E{V ar(TI |I)} = E{ I21
mt,t′D2

t,t′
}{σ2

[1] + σ2
[2] − 2σ[1,2]}

= C2
nb{σ2

[1] + σ2
[2] − 2σ[1,2]}.

For a set of random variable {σϵ1, σϵ2} with mean zero and variance σ2, we have

2σ2 = V ar(σϵ1 + σϵ2) = V ar(σϵ[1] + σϵ[2]) = σ2
[1] + σ2

[2] + 2σ[1,2],

where ϵ[1] and ϵ[1] the first and second judgment order statistics in a sample of size 2. The
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solution of the above equation for 2 σ[1,2] yields

2σ[1,2] = 2σ2 − σ2
[1] − σ2

[2].

Using this expression, we write

E{V ar(TI |I)} = C2
n

{
2σ2

[1] + 2σ2
[2] − 2σ2

}
.

The part v of Lemma 2 in Ozturk (2014) provides an analytic expression for C2
n.

C2
nb = E{ I21

mt,t′D2
t,t′

} =
1

2nb

 1

nb
+

nb−2+1∑
n1=1

(
nb
n1

)
22n1

 .
Using the equality σ2

[1] + σ2
[2] = 2σ2 − σ2

∑2
j=1 ϕ

2
[j], we write

E{V ar(TI |I)} = 2C2
nbσ

2{1−
2∑

j=1

ϕ[j]}.

In a similar fashion, we can show that

E{V ar(T2|I)} = 2C2
nbσ

2{1−
2∑

j=1

ϕ2
[j]}.

Combining these two terms, we have

E{V ar(∆̃1(t,t′)|I)} = 4C2
nbσ

2{1−
2∑

j=1

ϕ2
[j]}.

The variance of ∆̃1(,t,t′) is then given by

V ar(∆̃1(,t,t′)) =
σ2

2nb−1
(ϕ[1] − ϕ[2])

2 + 4C2
nbσ

2{1−
2∑

j=1

ϕ2
[j]}
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which completes the proof.

Proof of Lemma 2: We first consider the expected values of U2
i , i=1,2,3. The expected

value of U2
1 can be constructed by conditioning on I

E(U2
1 ) = E{E(U2

1 |I)} = E(
I(mt,t′ > 1)mt,t′(mt,t′ − 1)

mt,t′(mt,t′ − 1)
)E
{
(d111 − d122)

2|I111, I122
}

= E{I(mt,t′ > 1)}E
{
[(µ1 + ϵ1[1] − µ2 − σϵ1[2])− (µ1 + σϵ2[1] − µ2 − σϵ2[2])]

2
}

= E{I(mt,t′ > 1)}σ2E
{
[(ϵ1[1] − ϵ1[2])− (ϵ2[1] − ϵ2[2])]

2
}

= E{I(mt,t′ > 1)}σ2
{
E(ϵ1[1] − ϵ1[2])

2 + E(ϵ2[1] − ϵ2[2])
2

−2E(ϵ1[1] − ϵ1[2])(ϵ2[1] − ϵ2[2])
}

= E{I(mt,t′ > 1)}
{
2(σ2

[1] + σ2
[2] − 2σ[1,2]) + 2σ2(ϕ[1] − ϕ[2])

2 − 2σ2(ϕ[1] − ϕ[2])
2
}

= 2E{I(mt,t′ > 1)}(σ2
[1] + σ2

[2] − 2σ[1,2]).

Using similar argument, we can show that

E(U2
2 ) = E{E(U2

2 |I)} = 2E{I(n2 > 1)}(σ2
[1] + σ2

[2] − 2σ[1,2]),

where n2 = nb−mt,t′ . We now consider the expected value of U2
3

E(U2
3 ) = E

{
E(U2

3 |I)
}
.
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For the conditional expectation E(U2
3 |I) we write

E(U2
3 |I) =

I(0 < mt,t′ < nb)mt,t′n2

mt,t′n2

E
{
(d111 − d122)

2|I111 = 1, I122 = 0
}

= I(0 < mt,t′ < nb)
{
E(d2111|I111 = 1) + E(d2122|I122 = 0)

−2E(d111d122|I111 = 1, I122 = 0)}

= I(0 < mt,t′ < nb)
{
2(σ2

[1] + σ2
[2] − 2σ[1,2]) + 4σ2(ϕ[1] − ϕ[2])

2
}
.

Using the above conditional expectation we have

E(U2
3 ) = E(0 < mt,t′ < nb)

{
2(σ2

[1] + σ2
[2] − 2σ[1,2]) + 4σ2(ϕ[1] − ϕ[2])

2
}
.

We now first consider the expected value of S2
1

E(S2
1) = E

{
(1 < mt,t′ < nb)

(
U2
3 − U2

1 + U2
2 )

2

)
+ I(mt,t′ = 1)

(
U2
3 − U2

2

)
+ I(n2 = 1)

(
U2
3 − U2

1

)}
= E(I(1 < mt,t′ < nb))

{
2(σ2

[1] + σ2
[2] − 2σ[1,2]) + 4σ2(ϕ[1] − ϕ[2])

2

−2(σ[1] + σ2
[2] − 2σ[1,2])

}
+ E(I(mt,t′ = 1))

{
2(σ2

[1] + σ2
[2] − 2σ[1,2]) + 4σ2(ϕ[1] − ϕ[2])

2
}

+ E(I(n2 = 1))
{
2(σ2

[1] + σ2
[2] − 2σ[1,2]) + 4σ2(ϕ[1] − ϕ[2])

2
}

= 4σ2((ϕ[1] − ϕ[2])
2 {EI(1 < mt,t′ < nb) + E(I(mt,t′ = 1)) + E(I(n2 = 1))} .

Since mt,t′ and n2 have a binomial distribution with success probability 1/2 and sample size

nb, expected value of S2
1 reduces to following form

E(S2
1) = 4σ2(ϕ[1] − ϕ[2])

2

{
1− 2

2nb
− 2nb

2nb
+

2nb

2nb

}
= 4σ2(ϕ[1] − ϕ[2])

2

{
1− 2

2nb

}
.
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Since Knb =
1

4(2(nb−1))(1−2−(nb−1))
, we have

E(KnbS
2
1) = 4Knbσ

2(ϕ[1] − ϕ[2])
2

{
1− 2

2nb

}
=

σ2

2(nb−1)
(ϕ[1] − ϕ[2])

2.

We now consider E(S2
2)

E(S2
2) = E

{
I(1 < mt,t′ < nb− 1)

[U2
1 + U2

2 ]

2
+ I(mt,t′ ≤ 1)U2

2 + I(mt,t′ ≥ nb− 1 )U2
1

}
= 2γ2 (E{I(1 < mt,t′ < nb− 1)}+ E{I(mt,t′ ≤ 1)}+ E{I(mt,t′ ≥ nb− 1)})

= 2γ2 = 2(σ2
[1] + σ2

[2] − 2σ[1,2]).

It is now clear that

E(CnbS
2
2) = 2Cnb

{
σ2
[1] + σ2

[2] − 2σ[1,2]
}
= 4Cnbσ

2

(
1−

2∑
j=1

ϕ2
[j]

)

which completes the proof.

Proof of Theorem 1: The sample size mt,t′ in type 1 set is random variable. This

requires to consider joint distribution of sample mt,t′ and difference of treatment and control

group sample averages. Let

V ij = (Iijjdijj, (1− Iijj)dijj, Iijj, 1− Iijj)
⊤, i = 1, . . . , b, j = 1, . . . , n

be a four dimentional random vector. Expected value and variance of the vector V ij can be

established

E(V ij) = E{E(V ij|Iijj)} = (δ1tt′/2, δ2tt′/2, 1/2, 1/2)
⊤ = (θ1, θ2, θ3, θ4)

⊤

V ar(V ij) = E{V ar(V ij|Iijj)}+ V ar{E(V ij|Iijj)} = A+B,
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where

A =
1

2


γ 0 0 0

0 γ 0 0

0 0 0 0

0 0 0 0

 and B =
1

4


δ21tt′ −δ1tt′δtt′2 δ1 −δ1tt′

−δ1tt′δ2tt′ δ22 −δ2tt′ δ2tt′

δ1tt′ −δ2tt′ 1 −1

−δ1tt′ δ2tt′ −1 1


and γ = σ2

[1] + σ2
[2] − 2σ[1,2]. Let V̄ nb = 1

nb

∑b
i=1

∑n
j=1 V ij. Since V̄ nb is the average of in-

dependent identically distributed variables,
√
2nb

{
V̄ nb − E(V̄ nb)

}
converges to multivariate

normal distribution with mean 0 and variance 2(A + B). Let x = (x1, x2, x3, x4)
⊤ be a

four-dimensional vector. We define a function

H(x) =
1

2
(
x1
x3

+
x2
x4

).

It is clear that

H(V̄ nb) =
1

2

(∑b
i=1

∑n
j=1 Iijjdijj

mt,t′
+

∑b
i=1

∑n
j=1(1− Ii,i)dijj

nb−mt,t′

)

and

H(θ) = µt − µt′ = ∆t,t′ .

Using first order Taylor expansion of function H(.) around θ, we have

H(V̄ n) ≈ H(θ) +H ′(θ)(V̄ n − θ),

where

H ′(θ) =
1

2
(
1

θ3
+

1

θ4
− θ1
θ23

− θ2
θ24
) = (1, 1,−δ1tt′ ,−δ2tt′)

For large sample sizes we then conclude that
√
2nb

{
H(V̄ n)−H(θ)

}
converges to a normal
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distribution with mean zero and variance 2H ′(θ) {A+B} (H ′(θ))⊤. It can be shown that

2H ′(θ) {A+B} (H ′(θ))⊤ = 2γ = 4σ2

{
1−

2∑
i=1

ϕ2
[i]

}

which completes the proof.

Proof of Theorem 2: Using the generalized U-statistics (Lee, 1990), we can write

b∑
i=1

nt∑
j=1

E(W |Cij) =
1

bnt

b∑
i=1

nt∑
j=1

Z1,ij

b∑
i=1

nt′∑
k=1

E(W |Lik) =
1

bnt′

b∑
i=1

nt′∑
k=1

Z2,ik.

We note that Z1,ij, and Z2,ik are independent. It follows that

V ar

(√
Ntt′

{
b∑

i=1

nt∑
j=1

E(W |Cij)− θ)

})
=

k21
λt

Σ1

V ar

(√
Ntt′

{
b∑

i=1

nt′∑
k=1

E(W |Lik)− θ

})
=

k22
λt′

Σ2,

putting these two expression together we have that
√
Ntt′(U −θ) converges in distribution to

a multivariate normal distribution with mean 0 and variance

Σ =
k21
λt

Σ1 +
k22
λt′

Σ2.

Using the function G(x) = 1
2
(x1

x3
+ x2

x4
) along with Delta method we have

√
Ntt′{G(W )−G(θ)} =

√
Ntt′(∆̃2,t,t′ −∆t,t′)

D→ N(0, G′(θ)ΣG′⊤(θ)),
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where G′(θ) = (1, 2,−δ1tt′ ,−δ2tt′). Applying Slutsky’s theorem we have

√
Ntt′(∆̃2,t,t′ −∆t,t′)√
G′(θ∗)ΣG′⊤(θ∗)

D→ N(0, 1),

where

G′(θ∗) =
bntnt′

2
(

1

mt,t′
,

1

bntnt′ −mt,t′
,
−δ1tt′
mt,t′

,
−δ2tt′

bntnt′ −mt,t′
).

We now derive explicit expressions for the entries of Σ1 and Σ2

Σ1 =


σ
2(1,1)
1,0 σ

2(1,2)
1,0 σ

2(1,3)
1,0 σ

2(1,4)
1,0

σ
2(2,2)
1,0 σ

2(2,3)
1,0 σ

2(2,4)
1,0

σ
2(3,3)
1,0 σ

2(3,4)
1,0

σ
2(4,4)
1,0

 , Σ2 =


σ
2(1,1)
0,1 σ

2(1,2)
0,1 σ

2(1,3)
0,1 σ

2(1,4)
0,1

σ
2(2,2)
0,1 σ

2(2,3)
0,1 σ

2(2,4)
0,1

σ
2(3,3)
0,1 σ

2(3,4)
0,1

σ
2(4,4)
0,1

 ,

where

σ
2(r,r′)
1,0 = Cov{ψ(r)(Cij, Lik), ψ

(r′)(Cij, Lik′)}, σ
2(r,r′)
0,1 = Cov{ψ(r)(Cij, Lik), ψ

(r′)(Cij′ , Lik)},

Using definition of ψ(r), Cij and Lik, we write

σ
2(1,1)
1,0 = E

{
ψ(1)(Cij, Lik)ψ

(1)(Cij, Lik′)
}
− E

{
ψ(1)(Cij, Lik)

}
E{ψ(1)(Cij, Lik′)}

= E {(µt + σϵtij − µt′ − σϵt′ik) (µt + σϵtij − µt′ − σϵt′ik′) IijkIijk′} −
1

4
δ21tt′

= E
{
(Y ∗

tij − Y ∗
t′ik)(Y

∗
tij − Y ∗

t′ik′)IijkIijk′
}
− 1

4
δ21tt′

= Dtt′ −
1

4
δ21tt′ ,

where Y ∗
tij = µt + σϵtij is the response variable after the block effect is removed. We partition
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Dtt′ as follows

Dtt′ = E{Y ∗2
tij IijkIijk′} − 2E{Y ∗

tijY
∗
t′ik′IijkIijk′}+ E{Y ∗

t′ikY
∗
t′ik′IijkIijk′}.

Using conditional expectation we have

E{Y ∗2
tij IijkIijk′} = E {IijkIijk′}E

{
Y ∗2
tij |IijkIijk′

}
=

1

3

{
σ∗2
t[1:3] + µ∗2

t[1:3]

}
,

where µ∗
t[1:3] and σ

∗2
t[1:3] are the mean and variance of the smallest observation of Y ∗

tij in a set

of size 3. In a similar fashion, we obtain

E{Y ∗
tijY

∗
t′ik′IijkIijk′} = E {IijkIijk′}E

{
Y ∗
tijY

∗
t′ik′ |IijkIijk′

}
=

1

3

{
σ∗
tt′[1,2:3] + µ∗

t[1:3]µ
∗
t′[2:2]

}
E{Y ∗

t′ikY
∗
t′ik′IijkIijk′} = E {IijkIijk′}E{Y ∗

t′ikY
∗
t′ik′ |IijkIijk′} =

1

3
(µ∗2

t′[2:2]).

Putting all these expression in Dtt′ , we obtain

σ
(1,1)
1,0 =

1

3

{
σ∗2
t[1:3] − 2σ∗

tt′[1,2:3] + (µ∗
t[1:3] − µ∗

t′[2:2])
2
}
− 1

4
δ21tt′ .

We now consider

σ
(1,2)
1,0 = Cov{ψ(1)(Cij, Lik), ψ

(2)(Cij, Lik′)}

= E
{
(Y ∗

tij − Y ∗
t′ik)(Y

∗
tij − Y ∗

t′ik′)IijkI
∗
ijk′

}
− 1

4
δ1tt′δ2tt′

= E{Y ∗2
tij IijkI

∗
ijk′} − E{Y ∗

tijY
∗
t′ik′IijkI

∗
ijk′}

−E{Y ∗
t′ikY

∗
tijIijkI

∗
ijk′}+ E{Y ∗

t′ikY
∗
t′ik′IijkI

∗
ijk′} −

1

4
δ1tt′δ2tt′ .

We note that IijkI
∗
ijk′ = I(ϵtij < ϵtik)I(ϵtik′ < ϵtij) implies that ϵtik′ < ϵtij < ϵtik. Conditioning
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on this ordering, we obtain

E{Y ∗2
tij IijkI

∗
ijk′} =

1

6
{σ∗2

t[2:3] + µ∗2
t[2:3]}

E{Y ∗
tijY

∗
t′ik′IijkI

∗
ijk′} =

1

6
{σ∗

tt′[1,2:3] + µ∗
t[2:3]µ

∗
t′[1:3]}

E{Y ∗
t′ikY

∗
tijIijkI

∗
ijk′} =

1

6
{σ∗

t′t[2,3:3] + µ∗
t′[3:3]µ

∗
t[2:3]}

E{Y ∗
t′ikY

∗
t′ik′IijkI

∗
ijk′} =

1

6
{σ∗

t′t′[1,3:3] + µ∗
t′[1:3]µ

∗
t′[3:3]}.

combining these expressions in σ
(1,2)
1,0 we obtain

σ
(1,2)
1,0 =

1

6

{
σ∗2
t[2:3] − σ∗

tt′[1,2:3] − σ∗
t′t[2,3:3] + σ∗

t′t′[1,3:3] + µ∗2
t[2:3] − µ∗

t[2:3]µ
∗
t′[1:3] − µ∗

t′[3:3]µ
∗
t[2:3] + µ∗

t′[1:3]µ
∗
t′[3:3]

}
−1

4
δ1tt′δ2tt′ .

For the derivation σ
(1,3)
1,0 , we have

σ
(1,3)
1,0 = Cov{ψ(1)(Cij, Lik), ψ

(3)(Cij, Lik′)}

= E
{
(Y ∗

tij − Y ∗
t′ik)IijkIijk′

}
− E{(Y ∗

tij − Y ∗
t′ik)Iijk}E{Iijk′}

=
1

3

{
µ∗
t[1:3] − µ∗

t′[2:2]

}
− 1

4
δ1tt′ .

The expression for σ
(1,3)
1,0 follows from

σ
(1,4)
1,0 = Cov{ψ(1)(Cij, Lik), ψ

(4)(Cij, Lik′)}

= E
{
(Y ∗

tij − Y ∗
t′ik)IijkI

∗
ijk′

}
− E{(Y ∗

tij − Y ∗
t′ik)Iijk}E{I∗ijk′}

=
1

6

{
µ∗
t[2:3] − µ∗

t′[3:3]

}
− 1

4
δ1tt′ .
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The entry σ
(2,2)
1,0 is computed as follows

σ
(2,2)
1,0 = E

{
ψ(2)(Cij, Lik)ψ

(2)(Cij, Lik′)
}
− E

{
ψ(2)(Cij, Lik)

}
E{ψ(2)(Cij, Lik′)}

= E{Y ∗2
tij I

∗
ijkI

∗
ijk′} − E{Y ∗

tijY
∗
t′ik′I

∗
ijkI

∗
ijk′}

−E{Y ∗
t′ikY

∗
tijI

∗
ijkI

∗
ijk′}+ E{Y ∗

t′ikY
∗
t′ik′I

∗
ijkI

∗
ijk′} −

1

4
δ22tt′

=
1

3

{
σ∗2
t[3:3] + µ∗2

t[3:3] − 2(σ∗
tt′[1,3:3] + µ∗

t[3:3]µ
∗
t′[1:2]) + µ∗2

t′[1:2]

}
− 1

4
δ22tt′

=
1

3

{
σ∗2
t[3:3] − 2σ∗

tt′[1,3:3] + (µ∗
t[3:3] − µ∗

t′[1:2])
2
}
− 1

4
δ22tt′ .

For the σ
(2,3)
1,0 , we evaluate

σ
(2,3)
1,0 = Cov{ψ(2)(Cij, Lik), ψ

(3)(Cij, Lik′)}

= E
{
(Y ∗

tij − Y ∗
t′ik)I

∗
ijkIijk′

}
− E{(Y ∗

tij − Y ∗
t′ik)I

∗
ijk}E{Iijk′}

=
1

6

{
µ∗
t[2:3] − µ∗

t′[1:3]

}
− 1

4
δ2tt′ .

The entry σ
(2,4)
1,0 is computed from

σ
(2,4)
1,0 = Cov{ψ(2)(Cij, Lik), ψ

(4)(Cij, Lik′)}

= E
{
(Y ∗

tij − Y ∗
t′ik)I

∗
ijkI

∗
ijk′

}
− E{(Y ∗

tij − Y ∗
t′ik)I

∗
ijk}E{I∗ijk′}

=
1

3

{
µ∗
t[3:3] − µ∗

t′[1:2]

}
− 1

4
δ2tt′ .

We also have σ
(3,3)
1,0 = σ

(4,4)
1,0 = 1/12 and σ

(3,4)
1,0 = −1/12.
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In a similar fashion, we can compute the entries of Σ2

σ
(1,1)
0,1 = Cov{ψ(1)(Cij, Lik), ψ

(1)(Cij′ , Lik)}

= E{Y ∗
tijY

∗
tij′IijkIij′k} − 2E{Y ∗

tijY
∗
t′ikIijkIij′k}+ E{Y ∗

t′ikY
∗
t′ikIijkIij′k} −

1

4
δ21tt′

=
1

6
{µ∗2

t[1:2] − 2(σ∗
tt′[1,3:3] + µ∗

t[1:2]µ
∗
t′[3:3]) + σ∗2

t′[3:3] + µ∗
t′[3:3]} −

1

4
δ21tt′

=
1

6
{σ∗2

t′[3:3] − 2σ∗
tt′[1,3:3] + (µ∗

t[1:2] − µ∗
t′[3:3])

2} − 1

4
δ21tt′ ,

σ
(1,2)
0,1 = Cov{ψ(1)(Cij, Lik), ψ

(2(Cij′ , Lik)}

= E
(
{Y ∗

tijY
∗
tij′ − Y ∗

tijY
∗
t′ik − Y ∗

t′ikY
∗
tij′ + Y ∗2

t′ik}IijkI∗ij′k
)
− 1

4
δ1tt′δ2tt′

=
1

6

{
σ∗
tt[1,3:3] + µ∗

t[1:3]µ
∗
t[3:3] − σ∗

tt′[1,2:3] − µ∗
t[1:3]µ

∗
t′[2:3]

−σ∗
t′t[2,3:3] − µ∗

t′[2:3]µ
∗
t[3:3] + σ∗2

t′[2:3] + µ∗2
t′[2:3]

}
− 1

4
δ1tt′δ2tt′ ,

σ
(1,3)
0,1 = Cov{ψ(1)(Cij, Lik), ψ

(3(Cij′ , Lik)}

= E(
{
Y ∗
tij − Y ∗

t′ik

}
IijkIij′k)−

1

4
δ1tt′

=
1

3
{µ∗

t[1:2] − µ∗
t′[3:3]} −

1

4
δ1tt′ ,

σ
(1,4)
0,1 = Cov{ψ(1)(Cij, Lik), ψ

(4(Cij′ , Lik)}

= E(
{
Y ∗
tij − Y ∗

t′ik

}
IijkI

∗
ij′k)−

1

4
δ1tt′

=
1

6
{µ∗

t[1:3] − µ∗
t′[2:3]} −

1

4
δ1t′t,

σ
(2,2)
0,1 = Cov{ψ(2)(Cij, Lik), ψ

(2(Cij′ , Lik)}

=
1

3

(
{Y ∗

tijY
∗
tij′I

∗
ijkI

∗
ij′k} − 2E{Y ∗

tijY
∗
t′ikI

∗
ijkI

∗
ij′k}+ E{Y ∗

t′ikY
∗
t′ikI

∗
ijkI

∗
ij′k}

)
− 1

4
δ2tt′

=
1

3

{
µ∗2
t[2:2] − 2σ∗

tt′[1,2:3] − 2µ∗
t[2:2]µ

∗
t′[1:3] + σ∗2

t′[1:3] + µ∗2
t′[1:3]

}
− 1

4
δ2tt′

=
1

3

{
σ∗2
t′[1:3] − 2σ∗

tt′[1,2:3] + (µ∗
t[2:2] − µ∗

t′[1:3])
2
}
− 1

4
δ2tt′ ,
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σ
(2,3)
0,1 = Cov{ψ(2)(Cij, Lik), ψ

(3(Cij′ , Lik)}

=
1

6

{
µ∗
t[3:3] − µt′[2:3]

}
− 1

4
δ2tt′ ,

σ
(2,4)
0,1 = Cov{ψ(2)(Cij, Lik), ψ

(4(Cij′ , Lik)}

= E{(Y ∗
tij − Y ∗

t′ik)I
∗
ijkI

∗
ij′k} −

1

4
δ2tt′

=
1

3
{µ∗

t[2:2] − µ∗
t′[1:3]} −

1

4
δ2tt′ ,

σ
(3,3)
0,1 = Cov{ψ(3)(Cij, Lik), ψ

(3(Cij′ , Lik)} = 1/12,

σ
(3,4)
0,1 = Cov{ψ(3)(Cij, Lik), ψ

(4(Cij′ , Lik)} = −1/12,

σ
(4,4)
0,1 = Cov{ψ(4)(Cij, Lik), ψ

(4(Cij′ , Lik)} = 1/12.

We have that Σ1 = V ar(Z1,ij) and Σ2 = V ar(Z2,ik). It then follows that
√
Ntt′(U − θ)

converges to a normal distribution with mean 0 and covariance matrix

Σ =
k21
λt

Σ1 +
k22
λt′

Σ2.

Reference

Ozturk, O. (2014). Statistical inference for population quantiles and variance in judgment

post-stratified samples. Computational Statistics and Data Analysis, 77, 188–205.

Lee, A.J. (1990). U-Statistics Theory and Practice. Marcel and Deccer, New York.

15


