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1. Example aircraft, helicopter, operational, and rotor trim data 

 
Table 1: Technical data of tanker aircraft and transport helicopter. (*) = estimated 

Tanker aircraft  Transport helicopter 
Parameter, symbol Value  Parameter, symbol Value 
Max. take-off mass, -, t 141  Max. take-off mass, -, t 19.5 
Min. speed, 𝑉𝑚𝑖𝑛, m/s 63.9 (*)  Max. speed, 𝑉𝑚𝑎𝑥, m/s 66.7 
   Never exceed speed, 𝑉𝑁𝐸, m/s 82.0 
Number of propellers, 𝑁𝑝, - 4  Number of rotors, 𝑁𝑅, - 1 
Number or propeller blades, 𝑁𝑏𝑝, - 8  Number of rotor blades, 𝑁𝑏, - 6 
Propeller radius, 𝑅𝑝, m 2.67  Rotor radius, 𝑅, m 11 
Blade chord length, 𝑐𝑝, m 0.5(*)  Blade chord length, 𝑐, m 0.74 
Propeller solidity, 𝜎𝑝, - 0.477(*)  Rotor solidity, 𝜎, - 0.128 
Propeller tilt angle, Δ𝛼𝑝, deg -2  Blade twist, Θ𝑡𝑤, deg/R -6.0 

 
Table 2: Operational condition for a representative air-to-air refueling situation. (*) = 
estimated. 

Parameter Symbol Unit Value 
Height above sea level ℎ m 2130 
Temperature 𝑇∞ °C 1.16 
Air density 𝜌∞ kg/m³ 0.9933 
Speed of sound 𝑎∞ m/s 332.6 
Flight speed 𝑉∞ m/s 65.71 
Flight Mach number 𝑀∞  0.1976 
Aircraft mass 𝑚𝑎𝑖𝑟𝑐 t 130.0 
Aircraft angle of attack 𝛼𝑎𝑖𝑟𝑐 deg 11.65 
Glide ratio w. flaps 𝜖  6.68(*) 
Propeller thrust 𝑇𝑝 kN 47.73 
Rotational speed Ω𝑝 rad/s 88.2 
Blade tip speed (ΩR)𝑝 m/s 235.5 
Tip Mach number 𝑀𝑡𝑖𝑝,𝑝  0.708 
Helicopter mass 𝑚ℎ𝑒𝑙 t 17.0 
Rotor disk tilt angle 𝛼𝑆 deg -12.0(*) 
Rotational speed  Ω rad/s 19.37 
Blade tip speed  Ω𝑅 m/s 213.1 
Tip Mach number 𝑀𝑡𝑖𝑝  0.641 
Flight speed ratio 𝜇∞  0.3084 
Rotor advance ratio 𝜇0  0.3017 
Rotor inflow ratio 𝜇𝑧0  0.0641 
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Table 3: Helicopter trim in undisturbed flow and propeller slipstream data. 

Parameter Symbol Unit Value 
Collective control angle Θ75 deg 12.31 
Longitudinal cyclic control angle Θ𝑆 deg -6.26 
Lateral cyclic control angle Θ𝐶  deg 0.0 
Slipstream contraction ratio 𝑅∞ 𝑅𝑝⁄   0.9228 
Slipstream width ratio 2 𝑅∞ 𝑅⁄   0.4480 
Slipstream velocity Δ𝑉∞ m/s 27.35 
Slipstream velocity rato Δ𝜇∞  0.1283 
Perturbation advance ratio Δ𝜇  0.1255 
Inflow ratio perturbation Δλ  0.0218 
Combined inflow & advance ratio perturbation Δμλ  0.0194 

 
2. Computation of the propeller slipstream velocity and contracted radius 

 
The propeller-induced velocity inside its slipstream 𝑣𝑖𝑝 at a given flight speed (aerodynamically 
equivalent to a rotor in axial climb) needs to be evaluated, based on momentum theory as out-
lined in the classical literature. Aerodynamically, the propeller is a rotor in axial climb. For the 
investigation performed here the propeller is considered as an actuator disk and the helicopter 
rotor is considered having rigid, pre-twisted blades with the blade pitch angle as sole degree of 
freedom, because the focus here is on the aerodynamic aspect of trim disturbance and the dis-
turbance rejection. First, the propeller’s thrust 𝑇𝑝 must be estimated, and this can roughly be 
based on the aircraft’s lift = weight = 𝑚𝑎𝑖𝑟𝑐𝑔, its glide ratio 𝜖, and the number of propellers 𝑁𝑝. 
Then, the hovering induced velocity 𝑣ℎ𝑝 and the associated induced inflow ratio 𝜆ℎ𝑝 of that 
thrust can be computed, with 𝑅𝑝 as the propeller radius, Ω𝑝 its rotational frequency, 𝑔 is the 
gravitational constant, and 𝜌 the air density. 
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Next, based on the axial inflow ratio 𝜆𝐶 of the propeller at the flight speed 𝑉∞ of the tanker 
aircraft, the induced velocity 𝑣𝑖𝑝 in the propeller’s disk at the speed of flight is resulting. The 

helicopter rotor, however, is subjected to the fully developed slipstream of the propeller, which 
has twice the induced velocity than within the propeller disk, leading to a perturbation tip speed 
ratio Δ𝜇∞. Following momentum theory, finally the perturbation advance ratio Δ𝜇 in the heli-
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Also, the propeller slipstream contraction can be estimated using momentum theory, and with 
it the maximum width of the strip subjected to the slipstream velocity in the helicopter rotor, 
which in this example amounts to 44.8 % of the rotor radius. 
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Using data from Table 1, Table 2 and the above equations, a slipstream contraction ratio of 
𝑅∞ 𝑅𝑝⁄ = 0.9228 can be computed, resulting in a slipstream width ratio of 2 𝑅∞ 𝑅⁄ = 0.448. 
Therein, the slipstream velocity amounts to Δ𝑉∞ = 27.35 m/s, or Δ𝜇∞ = 0.1283. 
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3. Introduction to the perturbation integrals 
 

Basis of the derivation is the blade element momentum theory with the usual simplifications, 
i.e. constant inflow, no tip or root losses, steady incompressible 2D aerodynamics without stall, 
etc. Starting point are the disturbance thrust and moment coefficient equations Eq. (8) of the 
main paper  
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with the section thrust computation from Eq. (9) of the main paper. 
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In the following sections, Cases I to V in Fig. 2 of the main paper are individually derived 
for the results needed in the disturbance rejection equations. All the upper and lower bounds of 
the different regions for all Cases 0 to V are listed in Table 4. 

 
Table 4: Radial and azimuthal integration bounds for all regions of all cases. 
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The following integrals are needed: 
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The final results include several terms of zero value, as are: 
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4. Case I: The slipstream overlaps with the advancing side edge of the rotor 
 

This case represents the overlap with the rotor advancing side’s edge of the disk, which 

reduces the number of regions to integrate to one only: “Region 1”. The results for Case II (see 
there) can be used by modifying the upper end of the azimuthal integration from 𝜓2 to 𝜋 2⁄ . 

 
2.1. Contributions to the thrust coefficient 
 
For the second term, from Eq. (17) 
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For the third term, from Eq. (22) 
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Finally, the fourth term, from Eq. (27) 
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2.2. Contributions to the rolling moment coefficient 
 
The moment coefficient results are treated in the same manner as the thrust coefficient re-

sults. For the second term, from Eq. (32) 
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 The third term, from Eq. (37) 
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 (12) 
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5

2
1

7

2

p

co
2

art 2

s
c

y 

= 

1 1
sin1cos

3 2


 
   

− −   
 

−

+ 1

co

sin 2
2

2 2
s

c





 −
 
 

−

3

1

cos
2cos




 

− 
 

−

3

3
1

1

cos

3

2 ln tan
3 4

y





 
− 

 
 
 
 

−

2
1 1
3

1

1

1

ln tan
2

sin2
3 2 4 2

S

c
y y



 
 

 
 
 
 
 
 
 
 
 
 

  
−   

  

   
− − −   

   

+

− −



1sin 2
2

2
3 2

cos





 −
 
 

−

3

1

cos
2cos




 

− 
 

−

3
1

1
3

cos

3

sin
4 24
c






 
− 

 
 
 
 

 


−+ − 



1 sins n 2
2

2i  
+

− 1sin 4
16



 
 
 
 
 
 
 
 
 
 

 − 
  
  

 

And the fourth term, from Eq. (42): 

 

( )4 1 cos
3 2

2
l

Mx

C
C











=  3

1 1
1cos cot

23
y 


 

− 
 

− 1

2
1 1 1

sin1
2 4

c

2

ot

1
2

y



 
 

−
 
 
  

   
+  − −   

  

 
 







− − 1sin 2
2





 −
 
  






 (13) 
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5. Case II: The slipstream is within the advancing side of the rotor 
 

Now 0 ≤ 𝑦1 < 𝑦2 ≤ 1 and there is no overlap with the center of the rotor or the advancing 
side end of the disk. Two regions need to be integrated separately: “Region 1” ranging from 

𝜓1 ≥ 0 to 𝜓2 < 𝜋 2⁄  and “Region 2” ranging from 𝜓2 to 𝜋 2⁄  with a different upper radial 
integration bound. 
 

3.1. Contributions to the thrust coefficient 
 
From Eqs. (4) and (5): 

 

( ) ( ) ( )

( ) ( ) ( )

2

1 11

2

2

sin/2

sin sin

2 2 3

1
2 2 2

2
75

2 2

2

1
2

2 2sin sin sin sin

T T T

T l S

y

y y

d d

d C dr

C C C d

C r r

 

 

 






       

 
 

= + 
 
 

  

    + 


=


+ +

   
 (14) 

Performing the radial integration and substitution of the radial integration bounds, the azi-
muthal integration needs to be performed. This is more complicated, because the radial bounds 
introduce additional terms including the azimuth. For convenience, the integrals are sorted for 
the control perturbations. 

 

( )

2

2

1

2

1

2
21 1

75 2

2
2 31 1

2

/2 2 2
21 2 1

75 2

2

2

1 sin 2 1 sin
sin sin

2

1 sin 2 1 sin
sin sin

sin 2 sin
sin sin

T

l

S

S

C y y d

y y d

y y y y d

C



 









   
  




   
 

   
 

   
=  − + −   

  

   
+  − −   

  





  
+  +

 
 
 

 
+

 

 −


 

−
  
  

+ 







2

/2 2 2
2 31 12

2
2 sin 2 sin

sin sin
y y y y d





   
 

 − −
+



   
   




 


 (15) 

Sorting for powers of the Sine function, 

 

( )

( )

( )

( ) ( )

( ) ( )

2

1

2

1

2

2

2 2
75 1 1

2 2
1 1

/2
2 2

75 2 1 2 1

/2
2 2

2

2 2

3

1 1
2

1 2 sin 2 sin
sin

2

1 2 sin 2 sin

2 sin
sin

2 sin

1

1

T

l

S

S

C d

d

d

y yC

y y

y y y y

y dy y y



 













    
 




    

  


  

 
 
 

  


=  − + −



+  − + −

+  − −

+  − + −

 
+ 

 

 
 









 (16) 

Solving the remaining integrals results in 
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( )

( )( ) ( )

( ) ( )

( )

2 1
1 2 1 2 1

2 2
75 1

2 2
1 2 1

2 1
2

2
1

2

1

2

1

2

sin 2 sin 21 2 cos cos

ln tan ln tan
2 2

2
2 cos cos ln tan ln tan

2 4 2

sin 2 sin
2

2

21

T

l

S

y

yC

y y

y

C

y y



 
     

 




  
 

 
  

−
− − + − −

  
=  − − 

 

  
− − + − −   

   

−





 
−  

  
 
 
 
 
 −



− − − 

 





+



 ( ) ( )

( ) ( )

1

3 3
22

2 1 2 1
1

2
2 2

2
2 1 1 2
2

2

cos cos2 cos cos

sin sin
2

3

2
2 2

y y

y

y y

 
    

  
  

 
 
 
  
 − − − 
  
 

−    + − − + − − −    

 
 



 



−
− −

 

   

 (17) 

The result can formally be written as 

 
75(2) (2) (2)

211 1
S

TC a a
 
 
 


  =   

 (18) 

Note that ln tan 𝜋 4⁄ = cos 𝜋 2⁄ = sin 𝜋 = 0. Now the third term is treated the same way. 
First, the term Δ𝑑𝐿(3) from Eq. (5) is inserted into Eq. (4). 

 

( ) ( ) ( )

( )

( ) ( )

( )

( )

2

1 1

2

1 2

3
s

s

1 in/2

in sin

2 2

2
7

2

3

3
5

3

3

1
2

2

2 2

sin sin0

2

.75

sin sin

2 si n

0.75

2

n si

T T T

tw

S

y

y

T l

y

C C C d

r r r

C r dr

d d

c

d C c

r c

 

 

 



 






 

   

 



 
 

= + 
 
 

−

 

   +
  

    +
 
 

=

+ +

+



−



   

 (19) 

Performing the radial integration and substitution of the radial integration bounds, the azi-
muthal integration is performed and terms are sorted for the basic control angles. 

 

( ) 2

1

2

1

2
1 1

2

2
21 1

2

2
21 1

75 2

3

33
sin

sin sin

sin2 sin sin

sin sin
sin si

2 1 0.75 1
3

1 1 0.75 1
2

1 1

1

n

T
tw

l

S

y y

C d
y yc

y

C

yc d



 










 




   

  
 

    
− − −    

    
 

     − − −         

    
+ − −



   


 



 





= 

 +




+
 

+





2

1

2
2 31 1

2 sin sin
sin sin

part 2

1y yc d






  
 

    
− + −



+

   
  



 (20) 
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2

2

2

3 3

3

2 2
2 1 2 1

2/2

2 2
22 1 1

2

/2 2 2
22 1 1

7
2

5

2

2 0.75
3

1 0.75

sin
sin sin

part 2

sin
sin sin

sin sin
s si

2

in n

tw

y y y y

d
y y y y

y y y y

c

c














 




 

 
 

    − −
−    

    
 

   

 
 
 

= 

+ −



− − 
         

    − −
+     

   
+







2

/2 2 2
2 32 1 1

2
2sin sin

sin sinS

d

y y yc y d








  
 

    − −
+ +    




  


 

Sorting for powers of the Sine function, 

 

( ) ( )

( )

( )

2

1

2

1

2

1

2
1

2 2
1 1 1 2

2 2
75 1 1

2 2

3

3

3
1 1

sin sin

2 sin sin

1si

2 10.75 1 0.75
3 2

1 2 10.75
3

n sin
s

2

in

sin

1

1

2

sin

T
tw

l

S

tw

c y
C d

y y y

y d

y d

y

c

C c

c y c

c y c

c

 

 



 





 





 





  

  


  

  
− − −  

  
 
− + − 






 
+ − − 

 

 + − + −

 
+ 

 
= 



 +



+









( ) ( )

( ) ( )

( ) ( )

( ) ( )

2

2

2

2 2
/2 2 1 1

2 2
2 1 2 1 2

/2
2 2

75 1 2 1

/2
2 2 2

1 2 1

2

3 3

2

2

0.75 sin

1
3

1
s

5
in sin

1sin
sin

sin

20.7

S

y y y
d

y y y y

y y y

y

c

c

y d

y y d

c

y

 



















 

 


 

 
− − − 

 
 

− + −





 

 
+ − + − 

 

 + − −
 

−

 +





  (21) 

Solving the remaining integrals results in 
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( ) ( ) ( )
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( ) ( )

2 1
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2
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2 2
1 1 2

2

1

3
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1

2
2
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sin 2
2

cos cos

sin 21 0.75
2 2
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3

20.75

2
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2 2

2
0.75 cos cos
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3
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l

c

c
c
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c y
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C y y

y y y




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





 
 

   

 
 




  
 

  
− −   

   

− − − − −

+

   
+ − + −   

−
−

 
− 

 





 
=  − + −



 




− −




( ) ( )22 2
2 1 2 1

3 3
2ln tan ln tan cot c

2

20.75 ot
4

a
2 23

p rt 

y y y y 


 
 
 
 
 
 
 
 
 
 
 
 
 

  −


 
− − − − −     

+

 (22) 
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2
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cos ln tan ln tan
2

s
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1
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2

S

c yy

c

c y y y

y y y

y

y
c









 
 

 
 

 



  

 
− − − − 
 
 − 

− 

+

 
− 

 

=  
  

 
  − − − − 

   

 
− +  

 

−

+



−

+

 +

 
− 

 

− − −
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( )
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2
2 1

2
2
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1
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1

1

2

sin 2 sin 2

cos coscos cos

sin s

2

3

n 2
2

i
22

c
y y

c



 
 

 
 

 


 
 
 
   − 

−    
   

 
 − − − − 

  
 

−  
+ −  


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 
− − 

    
The result can formally be written as 

 (3) (3) (3) (3
1

)
12 7511 3

S

tw

TC b b b
 
 

  =   
  

 (23) 

Note that cot 𝜋 4⁄ = 1. At last, the fourth term is treated the same way. First, the term Δ𝑑𝐿(4) 
from Eq. (5) is inserted into Eq. (4) and then the radial integration is performed. 

 

( ) ( ) ( )

( )

( )

2

1 11

2

1

2

2

sin/2

sin sin

2

1
4 4

2
1 1

2 2
2 1 2 1

2

4

4

4

2 2

2 sin

sin
sin sin

2
1 sin

sin si

1
2

1 1 1
2

n2

T T T

T l

T

l

y

y y

C C C d

C

C y y d

d

y

d

y y

d

r

y

d

C r

C

 

 

 

 




 






  

  
  



 
 

 
 

= + 
 
 

= −

    
− + −    

   

 
+

 

  

   +  


= −  

− −
−  

   



2

/2

d






 (24) 

Sorting for powers of the Sine function, 

 

( )

( ) ( )

2

1

2

2
1 1 2

/2
2 2

1

4

2 2 1 2

1sin
si2 n

2
1

sin

2

2

T

l

C y y d

y y y y

C

d



 
 







 
 

 








 
−

   


 

 
− −

= −  +  − 
 


− 


 +






 (25) 

Solving the remaining integrals results in 
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( ) ( ) ( ) ( )

( ) ( )

24

2

2
1 1 2 1 1 2 1

2 2
1 12 2 2

2 2

2 2 2

cos cos cot cot

cot cot2

T

l

y y
C

y y
C

y y

 





 
     

   
 



  
− − + −  

  
    

− − − 

 
 − −


= −


+    


−

  
 −



 (26) 

Putting the contributions together and sorting for the perturbations, 

 

( )

( ) ( ) ( )

( ) ( ) ( )

2 2 2
2 1 1 2 21 2 1

1 2 1

4

2 22 1 1

cot cot
2

2

cos s

1 1 1cot cot
2 2

c
2

2

o

T

l

C y y

y y

C

y

y





     






    

  
− − +   

  

  
+ + − − −   


=  − −

−
 

−

 −


−

 (27) 

The result can formally be written as 

 (4) (4) (4)
14 15TC b b



 
  =     

 (28) 

Note that cot 𝜋 2⁄ = 0. 
 

3.2. Contributions to the rolling moment coefficient 
 

The derivation of the moment expressions is given next. First, Δ𝑑𝑀(2) from Eq. (5) is in-
serted into Eq. (4), 

 

( ) ( ) ( )

( )
( )

( )

2

2

2

1 11

1
2 2 2

sin/2

sin sin

2 2
75

42

3
2

3

2 2 sin

sin sin
2 si

2
n

sin s

1
2

2 in

T T

y

Mx
y y

T l

S

C C C

r

d

r r
C

r

d

r

r d r

r d C d

 

 

 



 


  
  

  

 




 

 
=


= + 

 

 +
  
 
 

 

+ +

   
 (29) 

Performing the radial integration and 
  

substitution of the radial integration bounds, the azimuthal integration needs to be per-
formed. For convenience, the integrals are sorted for the control perturbations. 

 

( ) 2

1

2

1

2 3
3

3

3
3 4

3

3 3 2

2
21 1

75 2

2
1 1

2

2
21 1

75
32 2

3 2

2 1 sin 1 sin
3 sin sin

2
2 1 sin 1 sin
3 sin sin

2 sin sin
3 sin sin

S

Mx

l

C y y d

y y d

y y y y

C



 





   
  




   
 

  
 

 
 
 

 
+ 

 

 − −

 

   
=  − + −   

   

   
+  − −   

   

   
+  +   

   





2

2

3 3 2
3 42 2

3 2

/2

/2 2
1 12 sin sin

3 sin sinS

d

y y y y d











   
 



 − −
+

   


+     

  
 







 (30) 

Sorting for powers of the Sine function, 
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( )

( ) ( )

( ) ( )

2

1

2

1

2

2

2
3 3

3 3 4

3 3 2 2
2 2

2 2
75 1 1

2

2

2
1 1

/2

75 1 1

/2
3 3 2 2

1 1
2
2

2 2 1sin sin sin
3 3 sin

2
2 2sin sin sin
3 3

2 1 sin
3 sin

2 sin
3

l

S

x

S

MC y y d

y y d

y y y y d

y y d

C

y y



 













     
 




     

  


 


=  − + + −



−+

+

 
 
 

 +

 +

+ 



 
− + 



 
− − 

 

 
− + − 

 







 

 (31) 

Solving the remaining integrals results in 

 

( )

( ) ( )

( )

( )

( )

2 2 1
1 2 1 2 1

2
2

75

2 2
1

3 3
1

12

3 3 31
2

2 2
2 2

1

1

sin 21
3

cos coscos cos

2 2ln tan ln tan ln tan ln

sin 2cos cos
2

3

cos cos

tan2 3 2 2 3 4 2

2

l

Mx

y

C

y y y

y y

C 

 
    

 
  

   



 

  
− −  

  



  −
− − −

−
+ −

= 
    − − + −

  




  
   

−



 −



  − −    

( ) ( )

( )

( )

( ) ( )

2 2 1
1 2 1 1 2 1

2
2

2 1 2 1
2 1

1

3

3 3
1

1

3 3 2 2 2
2 2 2 21

sin 22
3

cos cos2 cos cos
3

sin 2 sin 43
4 2 16

si

sin 2
2 2

3

sin 2

2

s

n 2

in 4
2

sin
2 23 2 2

S

y y

y y y y

 
   

 
 

   
 

   
 











  
− − − − 



−
−


− − 

− 



 −
− − − 

 
+

+ − +

    
− − + − −    

   





−
+





−


 
 
 
 
 
 
 
 
 
 
  

 (32) 

In matrix notation, this becomes 

 
( ) 75(2) (2)

21 2
2

2M
S

xC a a
 

  =     
 (33) 

Now the third term is treated the same way, by using Δ𝑑𝑀(3) from Eq. (5). 

 

( ) ( ) ( )

( )

( ) ( )

( )

( )

2

1

2

2 11

sin/2

7

1
3

sin sin

2 2 32

2

3

4

2
5

2

3

3

3 3

3

0

2 2 sin

sin sin

2 sin sin sin

2 sin s

1
2

2 .75 0.75

2

in

T T

t

x

w

T

y

M
y y

l

S

r d r d

c

r d C c drC

r c

C C C d

r r r r

r r

r

 

 

 



 



 


 

    

 

  

   +
  

  =   +

 
 

= + 
 
 

−

 
+

−

+

 +
 

   

 (34) 
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Performing the radial integration, substitution of the radial integration bounds and sorting 
for blade twist and control angles, 

 

( ) 2

1

3

33

3 2
3 3

3 2

3

1

2
3

3 2

4
2 21

4

1 1

21 1
75

sin sin
sin sin

sin sin2 s

1 21 0.75 1
2 3

1 0.75 1
3 2

s2 1 1
3

in sin

in sin
sin in2 s

Mx
tw

l

y y
C d

c cy y

cy y

C



   



 
 




    

 
 

  
− − −  

  
    
 + − − −   
     

    
− + −    

    

 
 

  
= 



+



2

1

2

1

1 1

4 4
2 21 1

1

3 2
3 4

3 2

3 3

4

1

2 2
3

3 3 2 2
3 32 2

3 2

2 1 1
3 2

1 20.75
2 3

0.7
i

5
3 2

sin sin
sin sin

sin sin
sin sin

sin sin
sin s n

S

tw

d

cy y d

y y y y

c cy y y y











 



  
 

 
 

 
 



    
+ − −    

    

    − −
−    

    

+

 +

  − −
 − 
  

+
 
 
  





2

2

2

3 3 2 2
32 2

3 2

3 3 2 2
3

2

42 2

/

/2
21 1

75

/2
1 1

3 2

sin sin
si

n

2
3 2n sin

sin sin
si si2 n

2
3S

d

cy y y y d

cy y y y d

















  
 

  
 





  − −
+  

  

  − −
  

 
+  

 

 
+ +  

 






 (35) 

Sorting for powers of the Sine function, 

 

( ) 1
3 2

13

1sin 0.75 20.7
2

5
3 2 3

2

Mx
tw

l

c c
y y

C
C

 










 
+ − − +

  
= 



( ) ( )

( ) ( )2

2

1

2

3 3
2

3 3 2 2
2 2

3

4
1 1

/2 1 1

4 4
1 1

2
75 1 1

3
2 2 2

2 3

sin

1sin
sin sin

sin

sin sin

si

2 2 1 10.75 0.75
3 2 3 2

0.75
3 2

2 1 1 10.75
3 2

2
n sin2 2n

2 3 3
si

tw

d
c

y y

c c
y y y y

d
y y y y

c c
y y



 

 




 






 





 

  

 
 
 
 

  + − + − 
   

 
− − − 

 
 
− − + −
 

−

+

+

 

+ −+





( ) ( )

( ) ( )

1

2

2

2

1

2

3

3 3 2 2
2 2

/2

75 1 1

1 1

/

3 2 2 3 4

3 3 2 2 2
2 2

2

1 1

sin

si

1

2 1
3 2

2 2
3 2 3 2

2
3 2

n
sin

sin sin sin

sin

S

S

d

c
y y y y d

c c
y y d

c
y y y y d












 











 


   

 

+

+ +

+ +

 
 
 

 
− + − 

 

 
− − + 
 

 
− − 

 








 (36) 

Solving the remaining integrals results in (note: 1 2⁄ − 0.75 ⋅ 2 3⁄ = 0) 
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( )

( ) ( )

( )

( )

( ) ( )

1 2 1 1 2 1

3 3
2 1

1

2 1

42
1 1 2

1 22

3 2

3
13

3 3 2
21

2
2

cos c

t

os

cos coscos cos

cos co
2

0.75
3 2
2 0.75
3 2 3

2 10.75 ln tan ln tan cot co
3 2 2 2

0.75
3 2 2

s2

Mx
tw

l

c c
y y

c

y y
C

c c
y y y y

C

 



  

   

 
 

 
 

    


− −

 
− − − 
 

 
+ − + − 

 

  
+ − − + − 

  

− −

 −
− 

 


= 

 −

( )

( )

( ) ( )

( )

1

4 4
1

2 1
1 2 1 2 1

3 3
2 1

2 1

7

3 3

2

5

2

1

2
2

2

3

20.75 ln tan ln tan
3 4 2

1 cot cot
2 2

sin 2 sin 21cos cos
2 3 2

cos cos
2 3

2 ln t
3

cos cos

y y

y y

c
y

c

y










 
   

 
 

 
 
 
 
 
 
 
 
 
 

 
 

 
 

  − − −   
 

  
− − −    

− 
− − 

 

 −
− − 

 
−

−

+ −

+

( )

( )

( ) ( )

( )

2

1

1 2

2 1
1 2 1

3

1 2 1

3 3
2

2

1
2 1

1

3 2
2

2
2

3 2

a

4

n ln tan
2 2

2 ln tan ln tan
3 4 2

cos
2 2

sin 2 sin 22
3 4 2

cos c

cos

cos cos

4
3

os2
3 3

S

y y

c
y y

c
y y

c







 






 
   

 
 

 
 
 
 
 
 
 

  − 
  
 

  + − −   
 
  
− − −  

  

− 
− − − 

 

 −
− −



− −




+

−

+



( )

( ) ( )3 3 2 2 2
2 2 21

2 1 2 1
2 1

1 2

sin 2 sinsin 2 sin 4

sin sin 22
3 2 2

4
2 16

4 2
c

y y y y

   
 

  
 

 
 
 
 
 
 
 

− −  −   
 
 + − −
 

− +

−    
− + − −    

    

 (37) 

In matrix notation, this becomes 

 ( ) (3) (3) (3)
21 22 23 7

3
5

tw

S

MxC b b b
 
 

  =   
  

 (38) 

At last, the fourth term is treated the same way, using Δ𝑑𝑀(4) from Eq. (5). 
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( ) ( ) ( )

( )

2

1 1

2

1 2

sin/2

sin si

1
4 4 4

4

n

2 2

2 2

2

1 sin
2

sin ssi nn i

T T

y

Mx
y y

T l

C C C d

C r r

r

d

d r d

r d C r

 

 

 

 

 


    

 
 

= + 
 






 = −  

 

  +

   
 (39) 

Performing the radial integration and substitution of the radial integration bounds: 

 

( ) 2

1

1

2

2

2

/2 34 3 3
2

3 3

2 2 2
2

2 2

1 1

/2
2 21 1

1 11
3 sin 3 sin

2

1 11 sin sin
2 sin 2 s

sin

i

s

n

inMx

l

C y y
C

yd d

y y yd d

 

  

 



 

    
  



   
 

      
= − − +    

     

     
− −



   −
   
   

   −
   
  

+    
    

 

 

 (40) 

Sorting for powers of the Sine function, 

 

( )

( )

( )

2

2

2

1

2

1

/2

1 12 2

2
/2

4
3 3 3

2

2 2
2

2
1 1

1 11
3 sin sin

2

1

si

sin
2

n
l

MxC y d y y d

y d y y

C

d

 

  

 



 

   
  



  

   
= − − + − 

  

  
− − + − 

 

   
   
   

    




 

 

 (41) 

Solving the remaining integrals results in 

 

( ) ( ) ( )

( )

( ) ( )

( )

2

2 1 1 2 1

1

4

2

2 1
1 2 1 2 1

2 2
1

3

3 3

2

2 2

1

cos co

2

1 1cos cot
3 3

1
2 3

sin 2
2

t

cot cot
2

sin1

1
4 2

2 2

l

Mx

y
C

y y

y

y

C

y





   


 




 
   




 
− 




− −

 
+ − 

 

 − 
− −

 = 
 −
 
 

 
− − 

 
+ 

 
− −

 
 
 

−
 

 


 (42) 

In matrix notation, this becomes 

 
( ) (4) (4)

24 2
4

5Mx b bC


 
  =     

 (43) 
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6. Case III: The slipstream covers the rotor center 

 
This case represents the overlap with the rotor’s center, with the first integral covering the 

retreating side from 𝜓1 to the advancing side 𝜓2, the second one from 𝜓2 to 𝜋 2⁄  and the third 
from − 𝜋 2⁄  to 𝜓1. Therefore, the total expression becomes longer as for Case II. 
 

4.1. Contributions to the thrust coefficient 
 
From Eqs. (4) and (5): 

( ) ( ) ( ) ( )

( )

2

2 1

1

21

sin sin/2

/2

2 2 3
75

1
2 2 2 2

0 0 0

2

2 2 2

2 sin sin sin si

1
2

2 n2

T T T T

T l S

y y

d d d

d C dr

C C C C d

C r r

  

  






       

−

 
 

= + + 


   

    +


 

   = + 
 

+   

     
 (44) 

Performing the radial integration and inserting the radial bounds: 

 

( ) 2

1

2

2
75

2 3

2
22 2

75 2/2

2
2 32 2

2

2
2

75 2

2

1 1

sin 2 sin

sin sin

sin 2 sin
sin sin

sin sin
sin sin

sin 2 si

2

n
sin si

2

n

2
T

l S

S

C d

y

d

y

y y

y

C

y



 





  


   


  
 



  
 

  
 

  
=

 + + 

 
 
 

+
 

+ + 
 

 

  +
 
   

 
 + 
 
 
 
  

 +

+








1

2
/2 2 3

2
1 1sin sin

sin s n
2

iS
y

d
y







  
 

−




 
 
 
 
 
  

 
+ + 





 (45) 

Sorting for powers of the Sine function, 

 

( )

1

2

2
2

75

2 3

2/2
75 2 2

2
2 2

2
75 1

/2 2

1

2

2
1 1

2

sin 2 sin

s i2
2

2

2

in s n

1 2 sin
sin

sin

1 2 sin
sin

sin

T

l S

S

S

C

y y

y

y

C d

d
y

y y

y



 









  


   


 
 

 

 


 
−

  +   
=

 + + 

+

+ +

 



 
   

  
 + 

  
     

 
 + 

+  
 



   

 


+

+





1

d

 (46) 

Solving the remaining integrals, 
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( )

( ) ( )

( )

2 1
2 1 2 1

2 2
75 2 2

2 1
1 1

2 1
2 1

2

2

1

sin 2cos
2

ln tan ln tan cos
4 2 2

2
ln tan ln tan cos

2 4 2

s

sin 2cos

2 co

n

s

2 cos

s i 21
2

in 2

T

l

S

y yC

y

C

y



 
    

 
 




   
 

 
 

 − 
− + −  

  
    

= − −   


− −


 + −



− −
−

−



  
 

    + − −      

−
−

+

( )

( )

1

2

3 3
2 1

2

2
2 2

2
1 1 1

2 2

1
1

2

cos2 cos cos
3

sin 2
2 2 2

cos

sin

si
2

2 nn si
2 2

y y

y y

 
  

  
  

  
  

  
  

  
  
− − −  

  
 

−     − + −    
     
 

− −     
− + − −  

−

+ −

− −
      

+
    (47) 

In matrix form 

 
75(2) (2) (2)

211 1
S

TC a a
 
 
 


  =   

 (48) 

The third contribution is 

 

( ) ( ) ( ) ( )

( )

( ) ( )

( )

( )

2 1

1

2

2

1

sin sin/2

/

3

2

1
3 3 3

0 0

5

0

3

2

2

2
7

2 3

1
2

2 0.75 0.75

2 2 2

sin sin

2 sin sin

2 sin s

2

in

y y

T T T T

tw

T l

S

C C C C d

r r r

C r dr

d d d

c

d C c

r c

  

  



 






 

   

 

−



+

 
 

= + +  

  
  

    +
 
 + +

 
 
 



− −

= +



     

 (49) 

Performing the radial integration and inserting integration bounds: 
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( )

( ) ( )

2

1

2

2

2

3

2

3

2

2 3
75

3

7

2

2

2 2

2 2

5

sin sin

sin sin sin sin

sin
sin s

2 10.75 0.75
3 2

2

2 0.75
3

1 0.7

in

sin
sin sin

5
2

twT

l
S

tw

C d

y y

y y

y

c
C

c c

c




 

 



 



    


 


 

 
 + 



    
− −    

   =  

+

  
−


 



  + + +
 

 
  
  
 − 
  



+

+



+



2

/2
22

2

2

2

2

2
1

2

2 32 2

3

2

1
3 2

2
1
2

75

1

sin sin
sin sin

sin sin
sin sin

sin
sin sin

sin
s n

2 0.75
3

1 7
i sin

0. 5
2

S

tw

y d

y y

y y

y y

y

c

c

c











  
 

 
 


 


 

 
 
 
 
 
 
 
 

+ 
 
 
+ + 
 
 
 
 

+

 
 
 




 





 

  
−  

  
  
 − 
   

+



+



1

1

2

/

1

2

2 3

2
1

2

2
1
2

sin sin
sin sin

sin sin
sin sinS

y dc

ycy









  
 

 
 

−

 
 
 
 
 
 
 
 

+ 
 
 
+ + 
 
 
 
 
 

 
 
 

 
 
 



 (50) 

Sorting for powers of the Sine function, 

 

( )

( ) ( )

2

1

2

2 2 3
75

3
2 2 2 2

7

2
2

5 2 2 2

3

2

2 2

sin sin

5

sin sin sin sin

sin
sin sin

sin
sin

2 10.75 0.75
3 2

2
2 1 10.75 0.7
3 2

1

twT

l
S

tw

S

C d

y y y

c

y

y y y y

C
c c

c
c

c c




 

 





 

 



    




 




 
 + 

    
− −    

   =  
   + + +
 

 +



+

 
− − 

 
+

 
+  

 
 + + +



( )

( )

2

1 1

/2

2

3

/2
75

2

2 2
1 1 12

2 2 2
1 1 1 1

sin

sin2 1 10.75 0

1

sin sin

sin sin
si

.
3

n
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2tw

S c

d

y y y y

y

c
c

c
d

y y y











 






 



 


−

 
 





 
 
  

 
 + 


+


 
  + + +







− − 

 




+
 

 





 (51) 

Solving the remaining integrals, 
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( )

( )

( )

2 1

2 1
2 1

3 2
2 2

3

2
3

2
22 2
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2

2

2 0.75 cos
3

sin 2 sin 21 0.75
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2 cot cot 0.75 ln tan ln tan
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c
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os

cot
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T
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l

c

y y
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c
y

C
c

y

y



 



 

 
 

 


    





 
− − 
 

−  
+ − −   

   

  
− − − −   

   
=

   
+ − +   

   



−

−



−

−





−
−

( ) ( )

2

1

1 1

2 1
2 1 2 1

2
75 2

2
1

1

2

1

2

0.75 ln tan ln tan
2 4

0.75
2

sin 2 sin 2cos
2 2

ln tan ln tan cos
2

cos cos
2 2

cos

4

y

c
y

c

y c

c y

y









 

 
 

 
   



 
 
 
 
 
 
 
 
 
 
 
 
 

 − − −    

− − 
− 



  
 

  
+ − +    

− 
− + − 

 

 
+ + − − 





− −




( )

( )

1
1 1

2 1
2 1

2

2

2
1

3 3
2 1

2 1

2
2

2
2 2

cos

c

2

ln tan ln tan
2 4

sin 2 sin 21
2 2

coscos
3

sin sin 2
2 2 2

o

os cos
2

c sco

2

s

S

y c y

c

c
y y










  


 
 

 
 

  
 

 
 
 
  
  

  
 

 − + − −    

− 
− 

 

 
− − 

 
+

−    
+ − + − −   

   

−

− 
− 

 

−

−



−



( )
11 1

12
1

sin 2 sin
2 22 2

y
c

y    
 

 
 
 
 
 
 
 
 




− − 

− +

 
 

− −  
 −




+ −     

 (52) 

In matrix form 

 (3) (3) (3) (3
1

)
12 7511 3

S

tw

TC b b b
 
 

  =   
  

 (53) 

Finally, for the fourth term 

 

( ) ( ) ( ) ( )

( )

1

2 1

12

2

sin sin/21
4 4 4 4

0 /0

4

2 0

2 2 2

2 n

1
2

si

T T T

T

y y

T

l

d d d

d C r dr

C C C C d

C

  

  

 




  

−



 
 

= + + 
 

  

 



  +  



= −

     
 (54) 

After integration and substitution of the radial integration bounds 
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( )

2

1

2

1

4

1

/2
2
2 22

2
12

/2

1
s

1 1sin
2 2

2
in

1
sin

1
2

T

l

C d y dyC

y y d

 

 
  







    
 



 


−

   
= −  +   +   

 

−

 

 
 +  

−


 

 



 (55) 

Solving the remaining integrals, 

 

( )

( )

( )

2

4

1 1
2 2

1 2 2

2 2 2 1 11

1 cot cot
2 2 2

2

cos co

t

s

1 1co cot
2 2

2 2

T

l
y yC

y

C

y





 
    





 
   

  −   



− −

 


 
− − − −


=  − − + +    

  

−  + 



 − 

   

 (56) 

The result can formally be written as 

 (4) (4) (4)
14 15TC b b



 
  =     

 (57) 

 
4.2. Contributions to the rolling moment coefficient 
 
The moment coefficient results are treated in the same manner as the thrust coefficient re-

sults. 

 

( ) ( ) ( ) ( )

( )

2 1

2

1

1

2

1
2 2 2 2

0 0 0

3

s

3

in sin/2

/2

2
2 75

2 4

2

2 2 2

sin si

s

n
n

2
sin

1 in
2

2
si

in2 s

T T T

T

y

S

y

Mx

l

r d r d r d

r
r d C dr

r

C C C C d

r
C

r

  

  



 


  
  

  

−



 
 

= + + 
 





  

   +
 



 
=

 + + 


 


     
 (58) 

Performing the radial integration and inserting radial bounds 

 

( ) 2

1

2

2
75

/
2

2
3 3 2

75 2 2 2 2

3 3 2
7

2
3 3 4

2

2 2
1 1 1 15

2 2
3 3

2
2 2
3 sin 3

2 2
3 sin 3

sin sin sin sin

1 sin sin

1 sin sin

S
l

S

S

MxC dC

y y y y d

y y y y



 





      





    


   




 
= + + 

 

   
+ + +  

 

   
 +    

  

 
 +  
 

   
+  



++   


+
 





1

/2

d





−


 
 



 (59) 

Solving the remaining integrals and sorting for perturbation control angles 
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( )

( )

( )
3

2

22

2 1
2 1

3
2 1

2 1

75
3

1

2 2 2

2
1 1 1
3

sin 2 sin 21
3 2

cos coscos cos
3

2 ln tan ln tan cos2 3

2 ln tan
4

ln ta

4

n co

cos
2 2

cos
2 2

s
3

Mx

l

C

y y

y

C

y



 
 

 
  

    


  
 

 −  
− −  

  
 



 −
− − −  

 
= 

   + − − −  
   


   + − − −     



−







−

( )

( )

( )

2 2
2 2

3 2
1 1 1

3 3
2 1

2 1

2 1 2 1
2 1

3
2 2

1
1

cos cos2 cos cos
3 3

sin 2 sin 2 sin 4 sin 43
2 4 2 16

sin sin 2

2

2
2
3 2 2

sin 2 sin
3 2 2

2

2 2

S

y y

y y

 
 

   
 

   
 

   
 










 −
− − − 

 

− − 
+ − − + 

 
+

−    
+ + − −    

    

−   
+ − + − −   





 

−

−− −



 
 
 
 
 
 
 
 
 
 

 
 
 

 (60) 

After sorting for the perturbation control angles, this can be written formally as 

 
( ) 75(2) (2)

21 2
2

2M
S

xC a a
 

  =     
 (61) 

The third contribution is treated the same way. 

 

( ) ( ) ( ) ( )

( )

( ) ( )

( )

( )
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1

2

2

1

sin sin/2
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2 2 2
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7

1
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5

2 2 21 sin
2
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n

2

si sin
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t

x

w

T

S
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M

l
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c
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c
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r

r

d
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r

  

  



 



 


 

    

 

−

   

   +
  

   



+

 
 

= + + 
 




− −

+


 +


=

+


     

 (62) 

Performing the radial integration and inserting radial bounds 
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2
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2
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1
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c





  
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

 



   
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 
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

 
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 

   
+ + + 

 
  

   
 
   +
 
 



 
   

 
− + − 

+
 

  







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

2
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sin
d

y y
c



 





 
 
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 
 +
 


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

+

 

  (63) 
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3

2

2
7

3 2 2
1 1 1
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5
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S

c
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c
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 



 


−

 
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  

 
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 
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   
+ + +   


+

     
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Solving the remaining integrals and sorting for the twist and trim control angles 
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 
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 
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 
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 
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 
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 
 
 
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 
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 
 
 
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+ − − −  

  

−
−


− −

− − 
− −



+



 
 

 
− − 

 

 
 


+

+

+ −



( )

2 2
22 2

1
1

3 2
1 1 1

4

4

sin sin 2
2 2

sin 2 sin2
3 2 2 2

c

c

y

y y





 


  
 

− 



   
− −    

    

−
+

 
 
 
 
 
 
 
 +
 
 

−− − 
+

 

   
− − −   

  


 

 (64) 

In matrix notation, this becomes 

 ( ) (3) (3) (3)
21 22 23 7

3
5

tw

S

MxC b b b
 
 

  =   
  

 (65) 

The fourth contribution is treated the same way. 
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( ) ( ) ( ) ( )

( )

12

2 1

21

sin sin/2

/2

1
4 4 4 4

0 0 0

4 2 2

1 sin
2

sin s n

2 2 2

2 i sin

y

T T T

T l

y

Mx r d r d r d

r d C r dr

C C C C d

C r

  

  

 

 


    

−

   

   +



 
 

= + + 




 

− =

     
 (66) 

Performing the radial integration and inserting radial bounds 

 

( )

1

1 2

2 /2
2 3

2

2

4
2

23
1

22

1 2
/

1 1 1
2 2

2
1

1 1sin sin
3 3 sin

1
3 sin

1
2

l

MxC d y y d

y y d

C

 

 
  







     
 



 


−

   
 +  −  +   
   

 
 + − 
 

= −  



 (67) 

Solving the remaining integrals and sorting for perturbation flow components 

 

( )

( )

( )

3 3
2 1 2 1

2
2

1
1

2 1 2

4

2 1

2 2
1

2
sin

1 1 1cos cos cot cot cot cot
3 3 2 3

s21
4

2

in 2 1 1
2 2 2 22

x

l

MC y y

y y

C 



 
    





   
   

  −    
=    

   

     
− − 



 − +

− −

− + − 
 

 − −
+  − −  −






  

 (68) 

In matrix notation, this becomes 

 
( ) (4) (4)

24 2
4

5Mx b bC


 
  =     

 (69) 
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7. Case IV: The slipstream is within the retreating side of the rotor 
 

This case represents the slipstream only affecting the retreating side of the rotor’s disk, sim-

ilar to Case II for the advancing side. Now only “Region 3” and “Region 1” are to be computed 

and the radial integration begins at 𝑦2 sin 𝜓⁄  for both regions. 
 

5.1. Contributions to the thrust coefficient 
 
From Eqs. (4) and (5): 

 

( ) ( ) ( )

( ) ( ) ( )

1

1

2 2

2

1

sin

/2
sin sin

2

2

2

1
2 2

2 3
75

2 2

2 sin sin sin

2

n

1

2 i2 s

T T T

T l S

y

y y

C

d d

r

C C d

d C d

C

r r

  

 

 






       

−

 
 

= + 
 
 

  

    + 


=


+ +

   
 (70) 

Performing the radial integration results in 

 

( ) ( )

( )

( ) ( )

( ) ( )

1

2

1

2
75 2 2

2
2 2

2 2
75 1 2 1 2

2

/2 2 2
1 2

2

2 3 2

2
1 2

sin 2 sin sin
sin

sin sin sin

2 sin
sin

sin

1

22

1

2

T

l
S

S

y

C
y

y y

y

yC d
y

y y
d

y yy



 





   
 


    

 
 

 
−

  
 − +  

  
  

−

 −   

  
 − +  

  
  



−
=

+ + −

+

+ +− 
−







 (71) 

Solving the remaining integrals and sorting for perturbation control angles 

 

( )

( )( )

( )

( )

( )

( )

2 2 1
2 2 1 2

2 1
2 1

75
2 2
1 2

1 2

2 2 1

2

1

1

1 2 cos ln tan

sin 2

ln t

1

cos ln tan
2 2

si

c

n 2
2

ln tan2 2

s

4

cos
2

2

an

2 o

sin 2

T

l

S

y y

C
C

y

y

y

y

y



 
  

 
  

  



 


  

  
− − −  

  
 
+ 

  
    + −  


− −

− 
− − 

 
=

−



−

− 
− − 

 

 

 
 
 −
 

+

− − −







 
( )

( )

( )

( )
( )

22 1
2

2

1

2 1

3 3
2 1

1

2

1

2
1 2 1

1 2

sin 2
2

cos2 cos
3

2

coscos

sin 2 sin
2 2

y y

y

y y


 

 
  




 
 

− 
− 

 



−
− − −

− 
+ − 

 

− − − 
+

 
− 

 




 
  

  
 
 −

− − −  
 

 
 
 

  

 (72) 

In matrix form 
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75(2) (2) (2)

211 1
S

TC a a
 
 
 


  =   

 (73) 

The third contribution is 

 

( ) ( ) ( )

( )

( ) ( )

( )

( )

1

2

2

1

1

2

sin

/2
si

3

i

1
3 3

n s n

2 2

2
75

2 3

3

2 2

sin sin

2 sin sin

0

1

2 sin s

.

i

2

2 75 0.75

2

n

y

tw

y
T T T

T l

S

y

d d

c

d C c drr

r c

C C C d

r r r

C

  

 

 



 






 

   

 

−





 
 

= + 
 








− −

=



 +
  

    +
 
 + +
 

+

   

 (74) 

Performing the radial integration and sorting for powers of the Sine function: 

 

( )

( )

( )

( )

3 2
2 2 22

2 2
2

2
75 2 2

2 2 3
2 2

3
2

sin
sin sin

1 sin
2

1 sin si

2 2 1 10.75 1

s

3

n
s

0.
3

in

0

1 in sin

75

.75
2

1

2

tw

T

l

S

c y y

c
y c

c y cC
C

c y y

y

c

y







 


 


 



 
 




 

   
− − − +   

   
  

−  
  

  
 = + − + 
  
 

 +  
 


 

− +  
 





 −



+




 − −




( ) ( )

( ) ( )

( ) ( )

( ) ( )

2

1

1

3 3
1 2 1 22

1 2 1 2

75 1 2 1

2

2

2
/2

1

2

2

2

2 2

2 2
2

2
1

1 1
sin sin

sin

1 sin
sin

s

2 0.75

n

3

0.75
2

i

tw

S

y y

c
y

d

y y

y c y

y y d

y y

y

y

c y

y c y



















 



 




−



 
− − 

 
 

+ − − 
 
  
 − −  

  
 
+ − −

+






 
− 

 
 

− 


 
 
 
 





+ +

 +










 (75) 

Solving the remaining integrals 
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( )

( ) ( )

( )

( ) ( )

( )

( )

2 2

3 2 2 1
2 2 1 2

2 2 1
2

1

2 2

3 3
1 2

1 2

1 13

1

2 2 1

2 0.75 1 cos
3

2 cot cot 0.75 ln tan ln tan
3 2 2

sin 2 sin 20.75
2 2 2
2 cot cot2 3 2

0.75 ln tan l

c s

1
2

2

o

T
tw

l

c y

y

c c
y

C
y

y

y

C

y

y



 



 

 
 

 
   

  




−

  
− − + −   

 
− − − 
 

 
+ − + − 

 

−
− −

=
− 

− 
 

−

    


 −

− −

−

( ) ( )

( )( )

( )

( )

1 2 1 2

2 1
2 2 2

2 1

2

2

1

2

2
1 1

2
1

1

2 2
75

1

n tan
4

0.75 cos
2 2 2

cos ln tan ln tan

a

c

i

os

2 2

s n 2 sin 2
2 2

ln t n
2

1 cos

c
y

y

y c y

c

y

y

y

c

y











 
 

 
 

 
 



 
 
 
 
 
 
 
 
 
 
 
 
 

 − 
   

 
− −    − +        

 
− − −

+ − − −

− −

 
− 

 


+ − −

 
 

−
+ −

+

( )

( ) ( )

( ) ( )

( )

1 2

2 1
2 2 2 2

3

1

3
2

2 1 2

1 2

2
1 1

2 21
1 1

1

ln tan
4

cos
2

sin 2 sin 21
2 2 2

coscos
3 2

sin

cos

cosc s

2

o

2 2

S

c y

c
y

c y

c
yy

y

y

y














 
   

  
  




 
 
 
 
 
 
  −
  
  
 

−  −     

−
−

− −

   
− − −   

  

 −
 

−

− 

−

− ++ − − − 
 

 
+ − −



−

 



 

−
( )1 sin

2


 
 
 
 
 
 
 

− − 
 








 



 (76) 

In matrix form 

 (3) (3) (3) (3
1

)
12 7511 3

S

tw

TC b b b
 
 

  =   
  

 (77) 

Finally, for the fourth term 

 

( ) ( ) ( )

( )

12

1

2 21

1
4 4 4

nsi

/2
sin in

4

s

2 2

n

1
2

2 si

y

y

l

y
T T T

T

d d

d C r dr

C C C d

C

  

 

 

 




  

−

 
 

= + 
 

  

 



  +



= − 

   
 (78) 

After radial integration and substitution of the radial integration bounds 
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( )

( )

( ) ( )
1

2

1

2
2 22

2 2
1 2 1 22

/2

4 1
sin

1

1 1 sin
2

2
1
2 sin

T

l

C y dyC

y yy y d




 







  
 



 


−

  
= −  +  −  

  

 
 − +  − 


−

−






 (79) 

Solving the remaining integrals 

 

( )

( ) ( ) ( )

( ) ( ) ( )

2

4

1 1
2 2 2

2 2 1 1 2

1 12 1 2 12 2co

1 1 1cot cot cot cot
2 2 2 2

2

c sos
2

T

l

C y yC

y y y

y





     






    

− −

 
− − − 

  −  
=  − − + − −  

  

− 
+  +


− − 

 


 (80) 

The result can formally be written as 

 (4) (4) (4)
14 15TC b b



 
  =     

 (81) 

 
5.2. Contributions to the rolling moment coefficient 
The moment coefficient results are treated in the same manner as the thrust coefficient re-

sults. 

 

( ) ( ) ( )

( )

2

2 1

21

1
sin

/2
sin sin

3

1
2 2 2

2

32 4

2 2
75

2 2

2
2

1 si

n
sin sin

si n

n
2

s
2 si

i
n

y

Mx
y y

T T

T l

S

r d r d

r
r d C dr
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Performing the radial integration and inserting radial bounds 
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Solving the remaining integrals 
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This can be written formally as 
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The third contribution is treated the same way. 
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Performing the radial integration and inserting radial bounds 



30 
 

 

( )3

1 2 0.75
2 3

2

tw

M

l

x

C
C





 
− 




=







2 3
2 22

2 2

3
7

3

2

4

2

5 2

2

3 2

2 3 2

3
2
3 4

2

1 1 2 10.75
2 sin 3 sin

2 0.75 0.

sin

s 75 sin
3 2 3 2

2 2 1
3 3 s

i

in 2 2

2 2
3

in

sin sin sin

s n sin sin
3 2 2S

c c c

c c

y y

y y

y y

y y
c c

  

 

 


 

 

  


  

 
+ 

 
 

  + − 




  

 
+ − + −

−

 
−



 − +








+





 
 

 
− + 

 

2

1

part 2

d






















+

  (87) 

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1

4 4 3 3

2 2

3 3

1

1 2 1 22

3 3
2 1 2

75 1 2 1 2
/2

3 3
1 2

2 2

2 2
1 2

2

sin

p
s

1 1 2 10.75
2 sin 3 sin

0.75
3 2

2 1
3 in 2

2
3 2

art 2 sin

sin

tw

S

c

y y y y

y y y y

y y y y d

c c

c
y y y y

 









 



 




−

  
  
  
  
  

  
  

=   
  

 


+


  + 
  
 
 
  

− − −

− − −

+ − + −

+ − −

  

Solving the remaining integrals 
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After sorting for the perturbation control angles, this can be written formally as 
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The fourth contribution is treated the same way. 
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Performing the radial integration and inserting radial bounds 
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Solving the remaining integrals 
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This can be written formally as 
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8. Case V: The slipstream overlaps with the retreating edge of the rotor 
 
This case represents the overlap with the rotor retreating side’s edge of the disk, which 

reduces the number of regions to integrate to one only: “Region 1”. The results for Case IV (see 
there) can be used by modifying the lower end of the azimuthal integration from 𝜓1 to − 𝜋 2⁄  
and the azimuthal range is therefore from − 𝜋 2⁄  to 𝜓2, while the lower radial bound is 
𝑦2 sin 𝜓⁄ , the upper is 1. 

 
6.1. Contributions to the thrust coefficient 

 
For the second contribution, from Eq. (72): 
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The third contribution, from Eq. (76) 
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The fourth contribution, from Eq. (80) 
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6.2. Contributions to the rolling moment coefficient 
 
For the second contribution, from Eq. (84): 
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For the third contribution, from Eq. (88) 
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For the fourth contribution, from Eq. (92) 
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