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1. Example aircraft, helicopter, operational, and rotor trim data

Table 1: Technical data of tanker aircraft and transport helicopter. (*) = estimated

Tanker aircraft Transport helicopter
Parameter, symbol Value Parameter, symbol Value
Max. take-off mass, -, t 141 Max. take-off mass, -, t 19.5
Min. speed, Vi, m/s 63.90 Max. speed, V45, M/ 66.7
Never exceed speed, Vyg, m/s  82.0
Number of propellers, N,,, - 4 Number of rotors, Np, - 1
Number or propeller blades, Npy,, - 8 Number of rotor blades, Ny, - 6
Propeller radius, R, m 2.67 Rotor radius, R, m 11
Blade chord length, c,,, m 0.5 Blade chord length, ¢, m 0.74
Propeller solidity, g, - 0.477% Rotor solidity, o, - 0.128
Propeller tilt angle, Aa,,, deg -2 Blade twist, 0., deg/R -6.0

Table 2: Operational condition for a representative air-to-air refueling situation. (*) =

estimated.

Parameter Symbol Unit Value
Height above sea level h m 2130
Temperature To °C 1.16
Air density Poo kg/m* 0.9933
Speed of sound Ao m/s  332.6
Flight speed Vo m/s  65.71
Flight Mach number M, 0.1976
Aircraft mass Myire t 130.0
Aircraft angle of attack ;¢ deg 11.65
Glide ratio w. flaps € 6.68)
Propeller thrust T, kN  47.73
Rotational speed Q, rad/s  88.2
Blade tip speed (QR), m/s 2355
Tip Mach number Miip 0.708
Helicopter mass Mpyer t 17.0
Rotor disk tilt angle ag deg -12.00
Rotational speed Q rad/s  19.37
Blade tip speed QR m/s  213.1
Tip Mach number My, 0.641
Flight speed ratio Ueo 0.3084
Rotor advance ratio Uo 0.3017
Rotor inflow ratio Uzo 0.0641




Table 3: Helicopter trim in undisturbed flow and propeller slipstream data.

Parameter Symbol Unit Value
Collective control angle 075 deg 1231
Longitudinal cyclic control angle Og deg -6.26
Lateral cyclic control angle Oc deg 0.0
Slipstream contraction ratio Re/R, 0.9228
Slipstream width ratio 2R./R 0.4480
Slipstream velocity AV, m/s 27.35
Slipstream velocity rato Apos 0.1283
Perturbation advance ratio Au 0.1255
Inflow ratio perturbation A 0.0218
Combined inflow & advance ratio perturbation A3 0.0194

2. Computation of the propeller slipstream velocity and contracted radius

The propeller-induced velocity inside its slipstream v;, at a given flight speed (acrodynamically
equivalent to a rotor in axial climb) needs to be evaluated, based on momentum theory as out-
lined in the classical literature. Aerodynamically, the propeller is a rotor in axial climb. For the
investigation performed here the propeller is considered as an actuator disk and the helicopter
rotor is considered having rigid, pre-twisted blades with the blade pitch angle as sole degree of
freedom, because the focus here is on the aecrodynamic aspect of trim disturbance and the dis-
turbance rejection. First, the propeller’s thrust T,, must be estimated, and this can roughly be
based on the aircraft’s lift = weight = mg;;,..g, its glide ratio €, and the number of propellers N,,.
Then, the hovering induced velocity vy, and the associated induced inflow ratio Ay, of that
thrust can be computed, with R, as the propeller radius, (), its rotational frequency, g is the
gravitational constant, and p the air density.
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Next, based on the axial inflow ratio A; of the propeller at the flight speed V,, of the tanker
aircraft, the induced velocity vy, in the propeller’s disk at the speed of flight is resulting. The
helicopter rotor, however, is subjected to the fully developed slipstream of the propeller, which
has twice the induced velocity than within the propeller disk, leading to a perturbation tip speed
ratio Aple,. Following momentum theory, finally the perturbation advance ratio Au in the heli-
copter rotor disk and the perturbation inflow radio Ay, normal to the disk can be computed.
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Also, the propeller slipstream contraction can be estimated using momentum theory, and with
it the maximum width of the strip subjected to the slipstream velocity in the helicopter rotor,
which in this example amounts to 44.8 % of the rotor radius.

3)
Using data from Table 1, Table 2 and the above equations, a slipstream contraction ratio of
Re /R, = 0.9228 can be computed, resulting in a slipstream width ratio of 2 R, /R = 0.448.

Therein, the slipstream velocity amounts to AV, = 27.35 m/s, or Ay, = 0.1283.
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3. Introduction to the perturbation integrals

Basis of the derivation is the blade element momentum theory with the usual simplifications,
i.e. constant inflow, no tip or root losses, steady incompressible 2D aerodynamics without stall,
etc. Starting point are the disturbance thrust and moment coefficient equations Eq. (8) of the
main paper
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with the section thrust computation from Eq. (9) of the main paper.
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In the following sections, Cases I to V in Fig. 2 of the main paper are individually derived
for the results needed in the disturbance rejection equations. All the upper and lower bounds of
the different regions for all Cases 0 to V are listed in Table 4.
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The following integrals are needed:
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The final results include several terms of zero value, as are:
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4. Case I: The slipstream overlaps with the advancing side edge of the rotor

This case represents the overlap with the rotor advancing side’s edge of the disk, which
reduces the number of regions to integrate to one only: “Region 1”. The results for Case II (see

there) can be used by modifying the upper end of the azimuthal integration from ), to /2.

2.1. Contributions to the thrust coefficient

For the second term, from Eq. (17)
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Finally, the fourth term, from Eq. (27)
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2.2. Contributions to the rolling moment coefficient

(10)

The moment coefficient results are treated in the same manner as the thrust coefficient re-

sults. For the second term, from Eq. (32)
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The third term, from Eq. (37)
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5. Case II: The slipstream is within the advancing side of the rotor

Now 0 < y; <y, < 1 and there is no overlap with the center of the rotor or the advancing
side end of the disk. Two regions need to be integrated separately: “Region 1 ranging from
Y, =0 to P, < m/2 and “Region 2” ranging from ), to m/2 with a different upper radial
integration bound.

3.1. Contributions to the thrust coefficient

From Egs. (4) and (5):
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Performing the radial integration and substitution of the radial integration bounds, the azi-
muthal integration needs to be performed. This is more complicated, because the radial bounds
introduce additional terms including the azimuth. For convenience, the integrals are sorted for
the control perturbations.
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The result can formally be written as

AO
scp <[a o]{ o] s
S

Note that Intanm/4 = cosm/2 = sinw = 0. Now the third term is treated the same way.
First, the term AdL®) from Eq. (5) is inserted into Eq. (4).
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Performing the radial integration and substitution of the radial integration bounds, the azi-
muthal integration is performed and terms are sorted for the basic control angles.
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Note that cot 7/4 = 1. At last, the fourth term is treated the same way. First, the term AdL®*)
from Eq. (5) is inserted into Eq. (4) and then the radial integration is performed.
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3.2. Contributions to the rolling moment coefficient

The derivation of the moment expressions is given next. First, AdM@® from Eq. (5) is in-
serted into Eq. (4),
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substitution of the radial integration bounds, the azimuthal integration needs to be per-
formed. For convenience, the integrals are sorted for the control perturbations.
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Performing the radial integration, substitution of the radial integration bounds and sorting
for blade twist and control angles,
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Solving the remaining integrals results in (note: 1/2 — 0.75-2/3 = 0)
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tan —

3
W

3

tan ¥y

|

|

2

)

(2 —yf)(ln

+_
C
2 (3757 cos -cosy

s
tan —|—In
3 4‘

C
j‘yf

_sin2y, —sin 2y,

)
_ 8in 2y, —sin 2y, N sin4y, —sin 4y,

2 16
c T

Jo<e(2-30)|(5-v:)

act <[y o ]le.

)
®S
At last, the fourth term is treated the same way, using AdM™ from Eq. (5).

[(% -v)

cos’ w, —cos’ y,
3

(l//z _‘//1)_
(37)

——[(cosy/2 —cosy, ) -

[E
4
3080 5w

In matrix notation, this becomes

+ 0

Cu

4

|

_sinz —sin2y,
2

(‘//2_‘//1)

(38)

15



V.
/2 siny

Ac](;}:zﬂ J j 2rAdCY) + Wj yj 2rAdCY |sinydy 9

sinl// siny
2rAdC;4) siny =-o0C,, [Aﬂrz siny +A ,r sin’ l//} dr
Performing the radial integration and substitution of the radial integration bounds:
ACt 211 y AR TR
— M = —AA —| 1——L— |siny |dy + =2 L isiny |d
oC, V'[ 30 siny ifind I sin’ i/ ifind

2 (40)

v 2 /2 2
_AM{J{l[I_ i jsm w}dlﬂ-ﬁ- I { ( 2y1 ]sinzl/j}dl/l}
2 sin® i sin”
4]

Sorting for powers of the Sine function,

ACMX_ 1% 1 P |
ot = M3{I{Slnw e W}dzﬂf (yz—yl)sinzw dy

Wi £}

2 (41)

oo Tt

1)

Solving the remaining integrals results in

1 1
g(cosw2 —cosg//,)—gyl3 (cotl//2 —COtl//l)

(4)
AC;, Y
oG, +l(y3—y3) cotZ —coty
27[ 3 2 1 2 2
1 1 in2 in2 2
sin 2y, —sin 2y
Eyf(wz—wl)—z{(%—l//l)— = 1}
+A, . -
02005
In matrix notation, this becomes
AL
ACYW =[pH p& 43
':24 25] AM (43)

16



6. Case III: The slipstream covers the rotor center

This case represents the overlap with the rotor’s center, with the first integral covering the
retreating side from ; to the advancing side 1,, the second one from ¥, to /2 and the third
from — /2 to ;. Therefore, the total expression becomes longer as for Case II.

4.1. Contributions to the thrust coefficient

From Egs. (4) and (5):
/2 S;Zy/ sniilz//

ACY = — j j 20dCY + [ [ 28dCY) + j [ 20dcy |dy

4 (44)

v 0 v, 0 -7/2 0

2AdC;2) =0C,, Au [A®75 2 [r siny + usin® l//} +AQ 2[r sin” y + usin’ wﬂ dr
Performing the radial integration and inserting the radial bounds:

AC;z) % A®., | siny +2usin’ l//] dv
Uzcla Ap | Ay [sin2 w +2usin’ l//}
Vs

i 2
A® Liijjl// siny +2u s;}u// sin l//:|
+I ) dy (45)

2
" +AQ Y2 sin ‘W22 Y2 sin w}

2
| sin” siny

A®,, y, siny +2u—— 4
v sm 7% siny

sin 1//}
2
1

2 +A®S{ .yz sin® w +2u—1— N sin l//}
sin” y siny |

Sorting for powers of the Sine function,

AC?) _wz A®.| siny +2usin’ l//:' d(//
Gzcl“A,u v | +AO [sm W +2usin’ l//
/s

1
2 A®7{y2 — +2ﬂyzsmw

+| (46)

21 +AO [y2+2,uyzsln W
|

| A, |:y1 —+2uy, Sm‘//}
+ j SIn

R AO [y12+2,uy1 sin l//:'

Solving the remaining integrals,

17



I sin 2y, —sin 2y
—(COS!//2—COS!//1)+,U[(l//2—l//1)— W22 1}
L;2)—A® 32| Inftan Z{ ~ In[tan ¥2| | -2 cosZ —cos
oC, A =AY T, 4 > 232 5 v,
2r _ _
+y; (ln tan%‘—ln tanT”D—hzy1 (cos W, —Ccos 77[)

1 sin 2y, —sin 2y
5{(‘//2_‘//1)_ 22 1}

cos’ 7, —cos’ i
—2;{(cosw2—c0sy/l)— 23 1

2, 7z ) _sinz—sinly,
y2 2 V/Z lLlyZ 2 WZ 2

—r -\ sin2y,—sin(-x
+y12(l//1__j+/1y1|:(l//1_7j_ : > ( ):|

+AO

2 (47)
In matrix form
A®
ACE =[a? al(?]{A(;;} (48)
The third contribution is
o N
1 vy 1 /2 siny v, siny
ACY =—| [[2adC) + [ [ 2adC) + [ [ 28dC)) |dy
27[ v 0 v, 0 -z/2 0
0, |:2(I’2 —0.75r)sinw+cﬂ(r—0.75)sinzw] (49)
2AdC1(r3) =o0C,Au| +0O, (2r siny +c, sin’ l//) dr

+0, (2rsin2 W+, sin’ t//)

Performing the radial integration and inserting integration bounds:

18



dy

dy

2 . 1 .
ACS) :‘/’2 ®MK§—O.75)San/+cy (5—0.75jsm2 1//}
cC,,
727; Ap v +®75(sinl//+cysinzy/)+®s(sin2t//+cysin31//)
T 73 2 . }
—y—§—0.75% siny
3sin’ sin” i
®tw 2
1 .
+cﬂ[— .yzz -0.75 _yz jsmzw
2sin"y siny ]
/2 2
+J +®75(.y22 siny +c,, 2 gin 1//}
b sin” siny
2
+®S( 'y22 sin’ y +¢, —2— 22 sin z//j
sin” i siny
(2w 2
- ‘y; -0.75 .y; siny
3sin” i sin” y
0, R
+c#(— A 0752 ]sinzw
i 2sin" siny |
L1 2
+ +®75( .y; siny +c, _yl sinzl//]
7 sin” i siny

sin”

2
+®S( 'y; sin’ y +¢, —— D sin WJ
siny

Sorting for powers of the Sine function,

ACY
oC,
_ Tl A
27 H

2, 1

0.3

3 & sin® w

( 1
Y, —
ny
2 1
v ®[W(§y13 : 2
sin® y
+ |
B +0, [yl

Solving the remaining integrals,

/2

+

]
+®75

——-0.75y;

——-0.75y;

siny

siny

19

(50)

v e, (2—0.75jsint//+cﬂ (1—0.75jsin21//
j 3 2 dy

n +®75(sinl//+cysin2y/)+®s(sin2w+cysin3y/)
+ 832 0.75¢, y, sin

2 y2 ° yyZ l//
+c y2s1ny/j+® (y22+cﬂyzsin21//)
+ 5002 _075¢ y sin

2 yl * yyl !//

1 )
+e,n sml//j+® (yl2 +e,) s1n21//)
ny



—(% - 0.75)(005 W, —cosy,)

¢, (1 sin 2y, —sin 2y
+) =—0.75 —y,)- 2 1
e [
—zyg COtZ—COtWZ —-0.75y; | In tan 2| In|tan 2
AC(3) 3 2 4 2
T =0
oC, " C, (rm Vs
or Au +?’y2 (E—l//z]+0.750ﬂy2(COSE—COSI//Z
—zyf (cot v, —cotij—OJSyl2 In|tan £~ In |tan i‘
3 2 4
c —7 -
+?”J/12 (l//l —T] +0.75¢,, (cos W, —Cos 7}
I ¢, sin 2y, —sin 2y |
_(COS‘//Z_COSV/1)+§[(V/2_1//1)_ 22 1}
+0,| +y?| Injtan 2|~ In|tan 22| |- ¢_»,| cos Z —cosy,
4 20) ”* 2
2 % -7 -7
_+y1 [ln tan;l‘—ln tanTD—cﬂy1 (cos:,//1 —cos7j |
1 sin 2y, —sin 2.
{( T }
cos’ 7, —cos’ y,
(cosy, —cosy, ) -
: (52)
+®S . .
o7 L )_smn—stwz
Vs > 5 ¥, 5
—7) sin2y, —sin(-7)
+ —_— =
M (l/ll ] 1{(‘//1 5 J 5 |
In matrix form
®tw
A= b R ]ie, 59
®S
Finally, for the fourth term
( /2 51):121// sily/
AC; 2AdC + 2AdC + 2AdC dy
o .,” WI { _J/z j (54)
20dCY) = -6C,, [ Adr+ A, siny |dr

After integration and substitution of the radial integration bounds
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153 /2
J‘[Al +A lSlnl//:|d!// J.{A/l y; — ! +A#Ay2}dw
M 27 sin’y

2 (55)
14 1 1
2
- I {Ala)ﬁ .n2W+Ay,1y1j|dl//
Solving the remaining integrals,

ACEH 1 1 L 1, 7
oC. =Ad E(WZ 1,1/1)+Ey2 cotz coty, o coty, cot7

2 (56)

T T
+A,u}, |:(COSW2 _COSV/1)_y2 (E_l/jz)_% (l/ll _TJ}

The result can formally be written as

AL
ACH = [bl(:) bl(:)]{A } (57)

Y773

4.2. Contributions to the rolling moment coefficient

The moment coefficient results are treated in the same manner as the thrust coefficient re-
sults.

e N

7/2 siny v, siny
AC?) = + J j 2rAdCY) + Wj ! 2rAdCY +£/2 [ 2radc |sinydy

(58)

@ AO,, 2[r2 sin’ i + prsin’ l//]
2rAdC;” siny =oC, Au dr

+AG)S2[r2 sin’ y + ursin® 1//}
Performing the radial integration and inserting radial bounds
(2) 3
_ACy = J. AO, zsin2 W+ usin’ y |+ AQ %sin3 w+ usinty | |dy
oC, 3 3
—“ Ay v
2

/2

2 1 . 2 .

+ I {A@75 (— y; ——+ uy; sin 1//) +A®, (— Y3 + uy; sin’ wﬂ dy (59)

b 3" " siny 3
" 2 5 1 2

+] {A®75 (—yf ——+ py; sin Wj +AB (—yf + ey} sin® V/H dy

s 37 siny 3

Solving the remaining integrals and sorting for perturbation control angles
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1 sin 2y, —sin 2y
e
cos’ v, —cos’
) —,u[(cos W, —cosy, )— b Vi
AC 3
oC = :A®75 2
e A 22 z_ Yol |- uy?| cosZ -
I H +3y2 (ln tan4‘ In|tan 5 j HY5 (cos2 cosylzj
2 3 Vi —7T 2 —7T
_+§yl In tan——lntanT - 1y, COS(//I—COST _
[ 3. 3
—z{(coswz—coswl)—cos Y, — €08 l/ll}
3 3
M3 sin 2y, —sin2y, sin4y, —sin4y,
+=| =(yv,—w,)- +
2[4(% ") 2 16
+AO 5 ‘ -
] O JH 2 _sinz—sin 2y,
3)/2(2 ¥, 2y2 5 v, —2
2 AN —z) sin2y, —sin(-7)
+= —— |+ —— |-
3)/1 [Vll > j 2)/ |:(V/1 > j 5

After sorting for the perturbation control angles, this can be written formally as

(2)
ay

)

vy

A®
AC( ) [ g 75
=lal @] o
The third contribution is treated the same way.

Y2
/2 siny

ACY) =
2

v, 0 —m/2

0, [2 (r3 -0.75¢° ) sin”  + C, (

2rAdC;3) siny =oC, Au|+0O., (2r2 sin’ y + c,r sin’ l//)
+0, (21/2 sin’ 7 + c,r sin® l//)

Performing the radial integration and inserting radial bounds

ACY)
oC,
—l A
27 H

v

| ] c,(2
©) ——075= |sinfw +-2£| =-0.75 [sin’
W[M vt (3 j w}

N

siny

L Hzma'c +j jzmdc +j jzmdc sinydy

0

P — 0.75r)sin3 l//:|

dy

] c, . 2. c, .
+0., (%sm2 v +7”sm3 wj+®s (gsm3 W +?#Sll'l4 l//}

|

1 1 2 1 c c
0, =y -0.75Z y; +—y; —0.75- ] sin
712 M(2y2 sin’ y/ 37 siny 3 & p Y
+
2 1 2 c .
40| 2y ——+ L ylsing |+ 0] 233+ L isinty
i 3" siny 2 3 2
+ part 2

22

dr

dy

(60)

(61)

(62)

(63)



— C n
0, lyf%_ojszyf#Jr y 075 y1 siny
i 27 sin“y 37 siny 3 2
part 2 = J dy
_x2 2 1 2 5 € 5 .,
+0..| = + 5 2 Ging |+ @ +—£ 7 sin
75(3)’1 sing 2 yl '//J {3% ) N v

Solving the remaining integrals and sorting for the twist and trim control angles

[ ¢ 3. 3
__#(2—0,75j{(cosz//2—cosy/l)—cos W, — 008 W‘}

2\3 3
L cot = —coty, |—0 75% 3| In|tan Z|— In |tan 22
2)’2 > v, 103 V2 4 )
ACS) ¢, s(rm V2
M DY i 0. 5 Z_
oC, A 0,|+ 3 b > w, |+0.7 3 yz Ccos ) cosy,
27
1, - 2 v -7
— coty, —cot— |—0.75= 9’| In|tan =L| - In|tan —
2y1 ( "4 > ] 3)/1 ( 4 D

C —7T C —7T
+?“y13 (1//1 —7j+ 0.75?”);12 (cos W, —Cos 7)

1 in?2
[

—sin 2y,
2

cos’ w, —cos’ y, }

c
—?{(cosw2 cosy, )— 3

+0,;

2 5 Vs 74 c 2( Vs j
+=y;| In|tan =|—In|tan 2| |- - yJ| cos——cos
3)/2( 4‘ 5 ] 5 Y2 5 v,
2 3 W /4 Cc 2 -
+=y7| In|tan |- In|tan — |— == y; | cosy, —cos —
[T AN
[ cos’ 7, —cos’ } |
(cosy, —cosy, ) — 3
N |3 3 _ sin2y, —sin 2y, +sin4ly2—sin41,//1 (64)
4 4 2 16
T c 2 Sin 77 —s1n 2y
+= 32 4 £ 20 2 - T T2
3)’2(2 ‘/’2) 4)/2{(2 Vlzj > :|
2, AN —7) sin2y, —sin(-7)
+= —— |+ —— |-
-2 ]2 e2ncenl]

In matrix notation, this becomes
®rw

ACH =[b5) 05 by |10, (65)
®S

The fourth contribution is treated the same way.
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V N

ACY) = + J ! 2rAdC +I$1W2mdc +£/;1W2Mdc sinydy o)

2rAdC;4) siny =-oC, [A/bfz siny +A - sin’ l//:l dr

Performing the radial integration and inserting radial bounds

ACY % 1 &5 1 1
= AL —sin +A , —sin d AL +A d
Ucza y‘[[ v ) W} Ve I 3y2 sin” ’”12)/2 v
2 (67)
" 1 1 1
— | | Moy ——+A, =) |dy
_;!./i 37 sin"y 2

Solving the remaining integrals and sorting for perturbation flow components

ACY 1 1 4 .« 1 -7
F—Ai{3(cos1//z—coswl)+§y2 cotE—cott//2 Jrgy1 cott//l—cotT

la

2 (68)

1 sin 2y, —sin 2y 1 T 1 -
+A,,{—Z[(%—Wl)— B ‘}—Eyf(g—%j—gyf(%—jﬂ

In matrix notation, this becomes

AL
e[y o2, | )
”

24



7. Case IV: The slipstream is within the retreating side of the rotor

This case represents the slipstream only affecting the retreating side of the rotor’s disk, sim-
ilar to Case II for the advancing side. Now only “Region 3” and “Region 1” are to be computed
and the radial integration begins at y, /sin ¥ for both regions.

5.1. Contributions to the thrust coefficient

From Egs. (4) and (5):

N

vy 1 vy siny
act =L [ [ 28dc?+ [ [ 28dC? |dy
27[ v V2 -nl2 Yy (70)
siny siny

2AdCY) = O'ClaA/J|:A®752(I” siny + usin’ l//) + A®S2(rsin2 W + usin’ w)]dr

Performing the radial integration results in

. 1 . .
ACY) vy | A®,, {sml// -y, ——+ 2,u(sm2 W —Y,sin l//)j|
—TL = 4

T _ sin dy
C A v 4A@ [sin2 -2 4+2 (sin3 — v, sin? )]
27 S 4 Y, H 4 Y, 4

(71)

1 .
v | AG; {(yf ~ 33 )——+2u(y, - »,)sin l//}
- siny dy

TR A0 | (3 2 )+ 2u(y -y, )siny |

Solving the remaining integrals and sorting for perturbation control angles

—(1-2uy,)(cosy, —cosy, ) - »; (ln tan% ~In tan%j
sin 2y, —sin 2y
AC) +ﬂ{(%—%)— B }
oC —— =40
Z Tla -
oy Au +(y12 —yf)(ln tan% —In tanTD
-
2u(y ~, )(cos y, —cos 7}
(1 sin 2y, —sin 2y ]
(E_ﬂij{(Wz_Wl)_ 22 l:|_y§(l//2_'//1)
3. 3
—2u {(costy2 —cosy, )— cos ¥, 3 cos W’}
+AQ;

+(yf—y§)[wl—%j
_+ﬂ(y1 —yz){(va —iJ— 2y _Sm(_ﬂ)} |

2 2

In matrix form
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A®
AC® =[ a;?]{AG;S} (73)
S

The third contribution is
N

v, 1 y siny
ac® =L [ ] 28acy)+ [ [ 20dc) |ay
27[ v V2 -2 Yy
siny siny
®m[2(”2 —O.75r)sinl//+cﬂ (r—0.75)sin’ l//] (74)
2AdC§3) =0C, Au| +0O, (2r siny +¢, sin’ l//) dr
+0, (2rsin2 y+c, sin’ 1//)
Performing the radial integration and sorting for powers of the Sine function:
2 2 1 1
=-0.75(1-c siny —= y; ——+0.75y;
(3 ( #y2)j Vo3 sin’ y & siny
w C
—7”)/22 +c, (%—OJSJsinz %
ACY % : .
_AG +0. (l—c yz)s1n1//—y22;+c sin® y dy
oGy, “ siny *
o M
+0 [(l—cyyz)sin2 w—ys +e, sin’ 1//}
(2 1 1]
S0 =0) =075 (» - 7))
sin” siny
®[W
Cu( 2 2 .
+?(y1 —y; )—0.75% (»—y,)siny
141
2 2 .
) +0,, [(yl » )wﬂ'ﬂ (» —yz)smw} dy
40, [ (57 = 37)+e, (1 —p,)sin’y | (75)

Solving the remaining integrals
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_{5—0.75(1—6'#)/2)}(0051//2—coswl)
+§y§ (coty, —coty,)+0.75y; (ln tan% —In tan%}
Y (1 o\ sin2y, —sin2y,
ACD T W1)+2(2 075)[(% V) 5
T =0
aC "2 -
JA _“ 3.3 _ _r
Py H 3(y1 yz)(cotl,//1 cot 2)
—0.75()/12 —yzz)(ln tan 2|~ In|tan iD
4
c -7 /4
+—”(y12—y22) w,—— |+0.75¢, (y,— »,)| cosy, —cos—
2 2 2
—(l—cﬂyz)(coswz—cosx//l)—yi(ln tan 22|~ In tan%j
c sin 2y, —sin 2y
+?#|:(‘//2_‘//1)_ 22 I}
+0.;
+(»2 = »?)| In|tan 2|~ In |tan =2
(J’1 y2)( > 4D
-
—,(n —yz)(cosy/l — oS 7}
(1 ¢ sin 2y, —sin 2y
——=, (Wz_W1)_ ? 1}_)’22(‘//2_‘//1)
2 2 2
cos’ y, —cos’ -7
+0O, —cﬂ{(coswz—cosy/l)— %3 Wl}+(}’f‘)’§)(%—7

c -
+?#(y1_yz){('//1_7j_ >
In matrix form
®

sin 2y, —sin (—7[) }

ACS):':bl(f) b1(23) 51(33)} 0,5
®S
Finally, for the fourth term
AC =—| [ [ 28dCl?+ [ [ 2adCy |dy
2 v Y —l2 ¥,

siny siny

20dCY) =-0C, [ Adr+ A, siny |dr

After radial integration and substitution of the radial integration bounds

27
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(76)

(77)

(78)



1 1 . |
Aﬂ—(l—yi 7)+AM (siny —y,) |dy
sin’

2 (79)

14 1 l N
- | {Ma(yf—yf)mw,d(yl—yz) dy

Solving the remaining integrals

ACY 1 1 1
2|~ 3 s -vi) - 13 (o oty o (57 7)ot ot Z |

la 2
27 (80)
-
A AR RS (|
The result can formally be written as
AL
ACYH = by bY 81
A AN (81)

5.2. Contributions to the rolling moment coefficient
The moment coefficient results are treated in the same manner as the thrust coefficient re-
sults.
.

vy, 1 vy siny
AC](MZV):L I I 2rAdC;2)+ I J- 2rAdC§2) sinydy
’ 2 vi Y2 -7l2 ¥y
siny/ siny (82)

, A®752[r2 sin’ i + prsin’ l//}
2rAdC; ) siny =o0C,,Au
+A®S2[r2 sin’ y + prsin® w]

Performing the radial integration and inserting radial bounds

2( . 1 . .
v, | AO5s {E(smz W=y — j+ ,u(s1n3 w—ys s1n1//)}
siny

AC?) _ dy
la

Y A w +A®S[%(sin3w—y§)+y(sin4w—y§sinzt//)}

v | 8Os {%(yf _y;)siriy/ +,u(y12 —yzz)sim//}

+ j ) dy
R EYC2 {g(yf —y§)+u(yf—y§)sinzl//}

Solving the remaining integrals

(83)
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I 1 sin 2‘:”2 —sin ZWI 3 Y, i |
— -y, )— -2y, | In{tan —=|—In|tan —
3 {(% Vi) 5 ¥ 5 5
cos’ y, —cos’
(2) —H (COS!/Iz_COSl//l)(l_y;)_ u d
AC;,! 3
MA@,
LCMA,U 205 5 ¥ -
2z Jrg(y1 —yz) In tan?—ln tanT
-
—u(¥ - )[COS v, —cos 7)
2 cos’ i, —cos’ 2 |
5 (COSW2_COSW1)_ £ d __yg(l//z_l//l)
3 3 3
LB E(‘/’ 3 )_ sin 2y, —sin 2y, N sin4y, —sin 4y,
20472 2 16
7R sin 2y, —sin 2y,
+AO; | —=, (‘//2 _‘//1)_
2 2
2 -
+§(y13 _yg)(l//l _TJ
() ~
Hi 2 -7\ sin2y,—sin(-7x
+5()’1 _y2)|:(‘//1_7j_ > }
This can be written formally as
A®
scil <[ o107 -
N
The third contribution is treated the same way.
1 vy 1 v Sli/lilyf
ACY = 5 [ [ 2radc)+ | [ 2radcy) |sinydy
a i 2 —7/2 Y
siny siny
(86)

0, [2 (r3 -0.75r ) sin’ y + C, (r2 - O.75r) sin’ l//:|
2rAdC;3) siny =oC,,Au|+0O., (272 sin’ y + c,r sin’ l//) dr
+0, (21/2 sin’ y + c,r sin* w)

Performing the radial integration and inserting radial bounds
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(12 1,1 al
75 |sin’y ——y) ——+= = 75y,
0 3 2" siny 3 siny

w
2 c c c
+] =-0.75 | Lsin’ = £ 2 +0.75-4 yZsin
[3 j ) 4 3 2 > V) 4

ACY % 2., 241 ¢ ., ¢,
T— +®75 ES]I‘I W——yz‘—'i‘—Sln W—?yz Smy d(// (87)

3" "siny 2

3

27
2 2 c c
+0.| Ssin*w ==y + Lsin® iy — £ 32 sin?
s[3 4 3)72 5 "4 5 V) U4

-7/2

part 2 = T { +&(y12—y22)sinl//} dy

Solving the remaining integrals

£

tan —In

tan ﬁD
2

—cos’ y,
3

%y;‘ (coty, —cot 1,//1)+§0.75y§ [ln

c 3
—(%—0.75);”[(005 W, —cosy, )— cos ¥,

C
2y (v, ) =075 2y2(cosw2 cosy,)
2
la A,U
2” —3075(3— )|t
3 32! Y2) n

3
ACY) 1/ 4 . 7
G 6| Lyt o e
-7
tan —
)
c /4
+?”(y13—y§)(% _Tj
c, -7
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1 sin 2y, —sin2 2
g[(wz—y/l)— %2 l/ll}—gyz(ln tan 22|~ In tanl/; j
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—?{(cosy/z cosy, )— v 3 Wl} 5 — y; (cosy, —cosy,)
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3 3 3
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21 =(y,—w,)- +
+ 213 (o) - 2 =
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Cul 2 5 —z) sin2y, —sin(-r)
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After sorting for the perturbation control angles, this can be written formally as
®tW
w=[oh b b ] e, (89)
®S
The fourth contribution is treated the same way.
1 4] 51?1//
ACJ(\;L) J. J- 2rAdC + I J‘ 2rAdC( ) sinydy
2|y 5 2 (90)
siny siny
2rAdC;4) siny =-0C, [A/lrz siny +A ;- sin’ l//] dr
Performing the radial integration and inserting radial bounds
ACY el 1 1, ., ,
— == |Ad= A, - - d
o J S| sinv =2 —— A (sin’y = 33) |dy
2 (91)

1 1, , ,
mJFAM E(yl — ) )}d!//

Solving the remaining integrals
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1 1
—(cosy, —coswl)—gy;’ (coty, —coty,)

(4)
ACH _ |3
Cu +l(y3—y3) coty, —cot —~
1T 3\ 2 1 )
1 1 in 2 in 2 92)
sin 2y, —sin 2y
N e
/M' 1 2 2 7T
_E(M _yz) Wl_?
This can be written formally as
AL
e[y o2, | -
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8. Case V: The slipstream overlaps with the retreating edge of the rotor

This case represents the overlap with the rotor retreating side’s edge of the disk, which
reduces the number of regions to integrate to one only: “Region 1”. The results for Case IV (see
there) can be used by modifying the lower end of the azimuthal integration from ¥, to — /2
and the azimuthal range is therefore from —m/2 to y,, while the lower radial bound is

y,/siny, the upper is 1.

6.1. Contributions to the thrust coefficient

For the second contribution, from Eq. (72):
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The third contribution, from Eq. (76)
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The fourth contrit;ution, from Eq. (80)
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6.2. Contributions to the rolling moment coefficient

For the second contribution, from Eq. (84):
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For the third contribiltion, from Eq. (88)
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For the fourth_contribution, from Eq. (92)
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