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2.4.1 Kinetic studies
To evaluate the adsorption behavior of methylene blue (MB), three kinetic models were applied: pseudo-first-order (PFO), pseudo-second-order (PSO), and the Elovich model. Each model interprets the adsorption process based on distinct kinetic assumptions. The pseudo-first-order model (PFO) suggests that the adsorption rate is directly proportional to the number of unoccupied sites, typically governed by diffusion in the solid-liquid phase. It is mathematically represented in linear form as:
The PFO model:
  	(3)
The pseudo-second-order model (PSO), on the other hand, assumes that the rate-limiting step involves chemisorption, where the adsorption process is controlled by valency forces through sharing or exchange of electrons between the adsorbent and adsorbate. The linear form of the PSO model is given by:
The PSO model:
	(4)
The Elovich model is suitable for describing adsorption on highly heterogeneous surfaces. It posits that the adsorption rate decreases exponentially with increased surface coverage, indicative of a system with variable activation energies for chemisorption. The Elovich equation is written as:
  	(5)
where Qe and Qt are the dye amount adsorbed at equilibrium (mg/g), k represents the time, K1 (min−1) or K2 (g/mg min) refers to the adsorption rate constant, α is the initial adsorption rate (mg/g) and β is the desorption coefficient (mg/g). To further elucidate the mechanism of adsorption and identify possible rate-limiting steps, the intraparticle diffusion (IPD) model proposed by Weber and Morris was employed. This model helps to assess whether the diffusion of MB molecules within the pores of the adsorbent significantly contributes to the overall adsorption process. The IPD model is expressed as:
 	(6)
where Kp​ is the rate constant of the IPD kinetic model, and C denotes the thickness of the boundary layer.
2.4.2 Isotherm studies
The maximum adsorption capacity (Qm) was determined through equilibrium adsorption isotherms, applying three distinct models: Langmuir, Temkin, and Freundlich. Each model provides unique insights based on different assumptions about the adsorbent surface and the shape of the isotherm. The Langmuir model assumes monolayer adsorption on a homogeneous surface, where the energy of adsorption remains constant across all sites. This model suggests that once a site is filled, no further adsorption can occur at that location. The linearized form of the Langmuir isotherm is presented in Eq. (7), where KL represents the Langmuir binding constant (L/mol), reflecting the affinity between the adsorbate and the adsorbent.
 	(7)
The Freundlich equation describes the adsorption of a solute from a solution onto a solid surface, positing that the strongest binding sites are occupied first, followed by sites with decreasing energy levels. This model represents monolayer adsorption characterized by an inhomogeneous distribution of energy among active sites. The Freundlich isotherm model includes KF​ as the Freundlich constant and n, which indicates the adsorption intensity and is referred to as the heterogeneity factor. The Freundlich isotherm model is expressed in a linear form as shown in Eq. (8).
		(8)
The Temkin isotherm model is represented by Eq. (9). In this equation, T denotes the temperature, KT​ and b are adjustable constants, and R is the universal gas constant.
) 	(9)
where Ce​ is the equilibrium concentration of the dye solution (mg/L). KT​ is the equilibrium binding constant (L/mol) associated with maximum binding energy. B relates to the heat of adsorption (J/mol), R and T represents the universal gas constant (8.314 J/K·mol), and absolute temperature (K), respectively.
2.4.3 Thermodynamic studies
A thermodynamic study was conducted to evaluate the effect of temperature on the adsorption of MB onto DW and to assess the nature and feasibility of the reaction. Adsorption experiments were carried out at three temperatures: 298.15 K, 308.15 K, and 318.15 K, with an initial adsorbate concentration of 10 mg/L. To analyze the thermodyanmic parameters, a plot of ln Kq against 1/T (where T represents the absolute temperature in Kelvin) was constructed. Using the Van’t Hoff equation (Eq. 10), the standard enthalpy change (ΔH°) and standard entropy change (ΔS°) were calculated, providing insights into the adsorption process and its dependence on temperature.
 		(10)
whereas ∆G was obtained using the following Eq. (11):
 	(11)
where Kq​ is the thermodynamic equilibrium constant, calculated as the ratio of the adsorbate (MB) concentration on the surface of the adsorbent to the concentration of MB remaining in the residual solution.


