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To show that the time- and state-dependent Hermitian Hamiltonian H (t) given by Eq. (2) is a linear operator, we
only need to show that for arbitrary state vectors |a(t)) and |b(¢)), and complex numbers « and 3, we always have

H(t)(e a()) + B1b(6)) = afI(t) [a(t)) + BH(E) Ib(1)). (1)
This is evident by
H(t)(a la(t) + B 16(1))) = [0 (D(0)] — [HONODEN + (1)1 (ala(t)) + B |b(1)))
1056 (D (0)]) la®) — o (12ONADD)]) [a(t)) + ad(t)1]a(t))

=«
( (12)
+ 8 (05 @) ()] 1b(1)) — 8 (1) @d(0)]) [b(2)) + BT [b(t))
= aH(t) |a(t)) + BH(1) b(t))
Hence H(t) as given by Eq.(2) is a linear operator.
Supplemental Materials 11
The measuring Hamiltonian may not be unique. Two totally different Hamiltonians with differ-
ent spectra may result in exactly the same quantum evolution. For example, both H = -6, and

H(t) = 21 — 2V/2cos (2t)6, + 2v/2sin (2t)6, — 56, drive |¢(t)) = f;% [0) + \/ge*” [1), and there is no way
to tell which one is the actual Hamiltonian responsible for the driving just from (hypothetically) observing the
quantum trajectory of |¢(¢)). This implies that the measuring Hamiltonian we obtained from Eq. (2)-(4) may not
be the actual Hamiltonian responsible for the wave function collapse. Is there a way to find the true measuring
Hamiltonian? With only the information from the quantum trajectories |1(t)), the answer is negative. Nevertheless,
we prove the following theorem.

Theorem. Let |1(t)) # 0 be an arbitrary pure state at time t. Let V' be the linear space formed by all Hermitian oper-
ators T(t) satisfying T'(t) [¢(t)) = 0. If one can find at least one Hamiltonian H(t) satisfying H(t) [ (t)) = i |0y (t)),
then one can find all possible Hamiltonians H'(t) satisfying H'(t) |1(t)) = i |9,(t)). In particular, H'(t) can be given
by H'(t) = H(t) +T(t) where T'(t) is arbitrarily chosen from V.

Proof. Let H(t) be a fixed Hamiltonian satisfying H(t) |[¢(t)) = |80 (t)). Let H'(t) be an arbitrary Hamil-
tonian that satisfies H'(t) [4(t)) = i|0ub(t)). Since H(t) [1(t)) = i|8;(t)), we conclude (H'(t) — H(t))[4(t)) = 0
By defining T'(t) = H'(t) — H(t), we have T(t) € V.

On the other hand, let H(t) be a fixed Hamiltonian satisfying H (t) [)(t)) = i |0s(t)) and let T(t) be an arbitrary
Hermitian operator such that 7(t) € V. By definition, T'() [¢(t)) = 0, therefore (T'(t) + H(t)) [¢(t)) = i |84 (t)). By
defining H'(t) = T(t) + H(t), we see that H'(t) [¢(t)) = i |80 (t)). O

Since the unknowns in T(t) are n? for n-dimensional Hilbert space, and the corresponding Schrédinger equa-
tion contains n equations, we have that dim V' = n? —n > 2, where n = 2,3,4,.... In other words, there are plenty
of linearly independent T'(¢) that satisfies T'(t) [¢)(t)) = 0 when n becomes large.

The above theorem implies that even though we may never be able to know the actual measuring Hamiltonian,
we can be assured that it must be one of the possible H'(t), if we are able to solve for all T'(¢). Moreover, all such
Hamiltonians H’(t) should have the same energy variance equal to (9 (t)|0sb(t)) — | (W ()]0e)(t)) |?.
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Consider the measurement on an arbitrary n-level system initially at [(0)) = Y7 a;(0)|i) where Y7 |a;(0)]* =
1. Similar to the two—dimensional case, let the measurement operator be Mg, = Y27 M;(t)|i)(i| where M;(t) =
(6t/2m7) /" exp[—2 (rt Xi)°]. The \; represents the i-th eigenvalue corresponding to the i-th eigenstate of all



possible outcomes. By using again Eq. (2)-(4), it can be shown that the measuring Hamiltonian responsible for the
wave function collapse is given by (do not confuse the imaginary number ¢ with the summation index ),

[H(t)]s = Z lar ()" (mik + 1k5) (13)

where 1;; = (A\; — Aj) (2r: — A\; — ;). The instantaneous energy variance [AH (t)]? is calculated to be

n

AHOE=Y IafGT2 (Z“ m;—) , (14)

J
Below we provide a detailed calculation regarding the above results.
Let |(t)) = D7 a;(t)|i) be an arbitrary pure state for an n-level system, where > ;' |a;(t)|* = 1 so that it is
normalized. Let Mg, = S°% M;(t)]i) (i] be the measurement operator where M;(t) = (6t/277)/* exp [ = (re— N )2}
and J; is the i-th eigenvalue corresponding to i-th eigenstate off all possible states when the von Neumann measurement

is finished. According to Eq. (3)(4), We need to calculate

() — he) _ s,
lim = lim — — 1| |¥()) /ot
i o 720\ W] MM (1)
(15)
= Y WO 1) il | 1w ot

VS0 (0P 1M (1)

Since
Jim Zm 12| Mi(t < ot >1/4 ot < ot > Zm M2+ O(512), (16)
5t—0 ! 2nT 47 \ 2n7 !
PARNEZ 5t \ /4
we have
Mj(t) _ﬁ - ) 2, 2
i e 2+ o0 a
where n;; = (A — Aj)(2r, — X\ — A;), hence
lim, AN . S (f S (o) + 0<6t>> 5 Gl (19)
20\ w0 MM [o(0) AT
therefore
1 n
0ep(t)); = —a;(t) <E Z |ai(t)|277ij> 17) - (20)

On the other hand, since

(P @O0 ()] = —la;(t) < Zlaz Img> (21)



we have

WOI0w(D) = 3 ~las(t ( Zl |nu>=—Z%|ai<t>|2|aj<t>|2mj=o, (22

J ]

where we have used the fact that 7;; = —n;; and 7, = 0. Since (1(t)|d;(t)) = 0, we have [4b(t)) = [4(t)). Now that
we have obtained the expression of |1 (¢)) and |8t1/1(t)>, by Eq. (2), we can obtain the measuring Hamiltonian

[H(1)]i; = Z lar ()" (ki + 7k5) (23)

and energy uncertainty

n 2
AH(®) = (0] H(0) b(0) — (0] HO) k(0))? = 1wy | = |3 1208 (Zml |77u> ey
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Below, we will show that for an n-level system, the Bloch vector representation vz of the Hamiltonian H (t) obtained
via Eq. (2) is always orthogonal to the Bloch vector @, of p(t) = [1(t)) (1(t)| for arbitrary [¢(t)). In addition, we
show that that the effects of H(t) on [¢)(t)) is making | (t)) rotate around the Bloch vector @ of H(t).

To start with, for an arbitrary Hermitian operator T, it can be written under the bases of the generators {A;} of
SU(n) group,

n?—1
T=Xl+ Y Al (S1)
i=1
such that we can define its generalized Bloch vector 77 = (A1 A2 ... A\,2_1)7. The generators {A;}, for example, can

be the generalized Gell-Mann matrices. In the cases where )\g in unimportant or implicitly assumed, the Bloch vector
v fully characterize the Hermitian operator T'.

Recall that we need to show ¥, - g = 0. This can be done via the brute force of calculation, i.e. decomposing the
measuring Hamiltonian given by Eq. (7) and the density matrix p(¢) = [1(t)) (1(¢)| in terms of the bases of generalized
Gell-Mann matrices [43] to obtain ¥, and U, and then verify that indeed it is ¥}, - ¥x = 0. It turns out that

o = (A1) (52)

S, 1 ij ij
VH = E({)\ajzu}v {_Asjz’ij}v Oa 07 e 70) (83)
where
AT = 1)kl + k) (], 1<j<k<d (54)
AJF = =)kl +ilk) Gl 1<j<k<d (S5)
Sij = > A (1w + miy) (S6)
k

where n;; = (E; — E;)(2r — E; — Ej). The E; denotes the i-th eigenvalue corresponding to the i-th eigenstate after
finishing the von Neumann measurement on [¢(¢)). The A, A/, and A" are the coefficients of the Gell-Mann matrices
A AY and A* [43], respectively, where

2
M=o ZU Gl =i+ 10a+1 ], 1<i<d-1. (S7)



It is straightforward to verify that v, - g = 0.
Another simpler way to prove ¥, - ¥y = 0 is by proving 4(t) is orthogonal to H(¢). This is equivalent to proving

Tr[p(t)H ()] = (H(t)); = 0, which is always true as shown in Eq. (22).
To prove that the effects of H(t) on [1(t)) is to make [1)(t)) rotate around @, we note that by Eq. (2),

H2(t) = [0 (2)) (Db (8)] + w?(#) [ (8)) ($(D)] (S8)
H3(t) = W2 () H (1), (S9)

where
W2 (t) = (Dp(1)] D (1)) (510)

hence there exists an recursing pattern for the power of H (t). By making use of this pattern, and assuming for the
moment that H(¢) to be a constant, we have

1 1

U(T) = exp(—iH ()T) = 1 = iH ()T + (—i)2H?*()T? + i(—z’)?’H3(t)T3 + ... s
1 —iHOT - %HQ(t)TQ - %z’w2(t)H(t)T3 + %uﬂ(t)H?(t)T‘l - %iw“(t)H(t)T‘r’ +o
such that
[W(t+T)) =U(T) (1))
= [0} +10(O) T = (O [(O) T + 2?(0) () T + o W) T+ (812

= a|(t)) + B0 (t))

where a and 3 are some real numbers that we do not need to solve explicitly. Since (¢(t +T)| H(t) [(t +T)) = 0, it
indicates U is orthogonal to v, .

Of course, H (t) could be time-dependent, so that the direct application of Eq. (S11) may be inappropriate. In that
case, we can let T' be an infinitesimally small number ¢ so that the above argument is valid during each infinitesimally
small time interval [t,t + 0t], [t + dt,t + 26t],---. The scenario then becomes that ¥, is always orthogonal to and
rotates around ¢, and meanwhile ¥y itself is changing its pointing direction in the Bloch sphere.
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Let the initial and final state of a qubit be denoted by p(0) = (1 + z16, + Y16y + 2162) and p(T) = 3(1 + zp6, +

£

YrOy + 2r0;), respectively. Consider the case where the Hamiltonian of the qubit is given by H= 50z — %&z and
the measuring operator Mg, is given by Mg = (6t/2m7) /4 ex [—% (rel — 62)2] The qubit being continuously

measured will then evolve under both the effect from its own Hamiltonian and measuring processes, such that

Usip(O)U,

p(t+dot) = T T where Uy, = ef%ﬁ‘;t./\;l(;t, (S13)
T [thsup(t)AL
from which one can obtain a master equation
. (T Tt oo\ 4
op=—=[H,pl+ 5={65,p} — = (72) p. (S14)
h 2T T
It is shown in [41] that the most probable path of the qubit subject to the above master equation is given by
_ rycoset — yrsinet
Z(t) = — —
cosh7t/T + zrsinh 7t /7
_ yrcoset + xysinet
t) =
5(t) cosh7t/T + zrsinh7t/7 (S15)
Ht) = zrcosh 7t /T + sinh 7t /T

cosh7t/T + zrsinh 7t /7’



where T = %tamh_1 <;flz;7iFl> if A=0. (S16)

To calculate the effective Hamiltonian ﬂeg(t) responsible for the most probable path, let us consider the case where
A =0and 21 = 1,y1 = 0, and z; = 0, which corresponds to the pure initial state [1(0)) = \%(|O> +11)). The density

matrix at time ¢ then is
1
p(t) = 5(11 +Z(t)o, + y(t)oy + 2(t)62). (S17)

Let |@;(t)) be the normalized instantaneous eigenvector of p(t), from which we can obtained |;(t)) defined by
1Gi()) = €@ |p;(t)) where () = [ —i (Oppi(t)|i(t)) dt. The effective Hamiltonian Heg(t) driving p(t) then can be
given by [34]

.2
A 1 ~
= 5 2 (125 (Gi(8)] — [Z: (D)@ Bi (D))
i=1
£ sech” a(t, 2r)) - te —(tanh ™' zp + iTetanh a(t, zr)) sech(a(t, zr))
*Zem (tanh ™' zp — iTetanh(a(t, zr)) sech(a(t, zr)) — £ sech’(aft, zr))
(S18)
where
t
a(t, zp) = T tanh ™! zp. (S19)
It is worth noting that the instantaneous energy variance of Heg(t) is given by
. . T?€% + [tanh ™! zp]?) sech? (a(t, zr))
(AHoa(0]” = Te(p(t) B2(0)) — Te(o(t) n(®))” = © =) , (520)
which indicates the smaller the T and the larger the zr are, the larger the [A Heg(t)]?
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In the following, we will show more details in calculations of Example III in the main text.
Let the initial wave function ¥ (z,0) at time ¢ = 0 be peaked at x,
mw 1/4 mw 5
P(x,0) = (E) exp (—%(,T — ) ) , (S21)
such that we can obtain [¢(0)) by [1(0)) = [4)(z,0) |z) dz. Let the measurement operator Ms; be
” 1/4 ot 2
Mse = [ (6t/277)"/ " exp 4 (re — )7 |x) (x| da. (S22)
T
We need to calculate
4(31) ~ [4(0)) NIOED” !
o wet) = p(0)) . JW(0)| M, Mt [3(0))
() = Jim POD—WOD _ - o) (523)
Since
y h+2 — 20)(2ry — T —
Jim Mot 1 Jot = / + 2mw(z 8”30)( T 00y ol d + O(81), (S24)
— > ~ mwTt
\ W (O0)| ME, Mo, [4(0))
by Eq. (2)(3) we have
[ h+2mw(x — 20)(2r — & — x0) (w14 mw
19,:6(0)) = / o (E) exp (—%(a:—xo) )|:17> dz. (S25)

¥ (,0)



Since (1(0)|9,1(0)) = 0, we have again |1)(0)) = [(0)). Therefore, according to Eq. (2), the measuring Hamiltonian
at time ¢ = 0 is given by

H(0) = ih(10:(0)) ((0)] — [4(0))(0(0)])

—ih / ((z,0)0(’,0) — ¥(x, 0)1/)(:17', 0)) |z) (2’| dwda’ (S26)
_ m/ Naar < (z - I0>2; (2" = 7o) >> ) (o] dada’

where 7, = (x — 2')(2ry —  — 2). We can then calculate instantaneous energy uncertainty,

(h+ 4mw(ry — x0)?)
32m2w?r?

AH(©) = o) | = [ 1m0y = 18 h (s27)

and the wave function at time ¢t = dt,

B 1 L1z (X)) e
400 = | 3xave mexpl 5 (Caenn )]| )de, (525)

which is still a Gaussian, with mean position
reh ot + 2mrwaxg

(X (01)) = hot + 2mTw (529)
and position uncertainty,
hr
X (0t)? = (X2(6t)) — (X (0t))? = —————.
(51 = (X3(60)) — (X(30))* = 1o (30)
On the other hand, since
h
2 _
AX(0)° = s (S31)
hence
ht h
AX(0)* = - 2
0 0) hot 4+ 2mTw  2mw (832)
such that
oAX (O _ . S(AXO)P)  h 2121
ot 51tl£>n0 ot T dmZw?r —1AX(0)] T (533)
which becomes an ordinary differential equation. It can be solved as
AX(0)*r
AX(t)? = ——t— 4
0= XX+~ (534)

The above calculation implies that if we apply sequential Mg, on [1(0)), the wave function at any later time will still
be a Gaussian, and only its mean and variance changes, i.e.

1) ~ / mexp G%) 1) da. (S35)

Since we can relate w with AX (¢) by

h
C 2mAX(1)2 (536)
Plugging in the expression to AH (0), we obtain AH ()
2(ry — x0)2AX}7 + AX}
AR (1) = Y20 = 20) Tokig, (S37)
2V/2r
At the strong measurement limit 7 — 0, we have
lim AH () = =2 o0, (S38)

750 T ovrt



