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Mathematical Proofs

Since Theorem 1 is a special case of Theorem 2, it suffices to prove the latter. It is well known
that because @ has finite volume, L>=(Q) C L*(Q) C LY(Q).

Definition S1. Given f € L'(Q) and a grid scheme {B](-n) };V:’zl for O, we define the “discretization
of f by the n-th grid” to be the function f, : Q@ — C,
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(Informally, it is the “bar chart” taking at each point of BJ( the average of f in Bj( as value.)

Lemma S1. Let there be an arbitrary f € L*(Q) and let {B(n } 1 be an arbitrary grid scheme
for Q. Then, f, € L®(Q) and || fr — f|l 2 — 0.

Proof. First, note that for each x € @ and n € N, because {B } », is a partition of @, there
exists a unique 57 € {1,..., N,,} such that = € Bj(ff).

Next, for each x € Q,
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and hence || fn |l < ||f]l o, such that f,, € L>(Q), and a fortiori f, € L*(Q).

Now recall that for each = € Q, (;) =11, ](")k for some intervals Ij(g)k C [0,1) of length in

[+, 1], This implies that the longest diagonal of B( ") has at most length % and thus that B](-Z)

Cn’ n
is contained in the open ball of radius R,, := %ﬁ

1
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around x, which we denote by Vg, (z). Moreover,

for the n-independent number K :=
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() By definition, L, (x) =0 forall j €{l,.., Nn} except for j = ji, where 1 ;i) (z) = 1.
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1 (2\[) V1(0)] = K(Ry)|Vi(0)] = K|V, (2)]. (S6)
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This condition, together with the fact that f is integrable(*) —which by Theorem 1.6.19 in Ref. [7]
implies that almost every (a. e.) = € @ is a Lebesgue point— allow us to apply Ex. 1.6.15 in
Ref. [7], which is a corollary of the Lebesgue differentiation theorem. This corollary proves that

for a.e. x € Q,
1
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Now, note the following.

(i) Point-wise, for a. e. x € @,
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(ii) The constant (and hence L*°) function g(x) = 2||f|| ;- satisfies that for a. e. z € Q,
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By virtue of (i) and (ii), g is a dominating function in L?(Q) that grants the application of the
dominated convergence theorem in the last step of the following chain of equations:

T o fl3e =t [ Jfule) - f@) P dz =0, (s11)
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We are now ready to prove the result for @ in the special case that p = [¢)(¢| is pure and both
Y and ¢ are (essentially) bounded functions rather than general L? functions.

Lemma S2. Given arbitrary 1, ¢ € L*°(Q) and an arbitrary grid scheme {B](-n)}j-\]:"1 for Q:
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Proof. First, define f(z) := ¢(x)y(z) for x € Q. Then f € L*°(Q) because for a.e. z € Q,
7(@)] = [6@)| [b(@)] < [l ][$]lz~. Hence, f € L*(Q) and morecover, we can apply Lemma
S1 to f to get that || f, — fl| 2 — 0. This implies by the reverse triangle inequality that
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[ fnllzz = [[fll2 and thus |[fnll72 = [1f]72-

()By assumption, f € L>=(Q), which implies that f € L'(Q).



Now,
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[use that {1 ;) };V:”l have disjoint supports]
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But then lim, so0 || fn]|72 = ||f]|72 means that the sequence (Z;V:TH W%")I <¢|Pj(n)¢>‘ )nEN con-

verges to the finite number ||f|]%2 Using this result to obtain Eq. (S20) below, together with the
fact that (1/n%),en converges to 0 and the continuity of the product of complex numbers,
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With that, we can prove the spatial quantum Zeno effect for any pure state p = [1) (1| on L?(Q).

Lemma S3. Given arbitrary ¢, ¢ € L*(Q) and an arbitrary grid scheme {B](-n) };V:’ll for Q,

= 0. (S21)

Proof. Tt is well known that the smooth compactly supported functions C5°(Q) are dense in L?(Q)
(see Prop. 8.17 in Ref. [8] for the case of RY —with the right identifications, one can restrict this
result to Q). In particular, all functions on C§°(Q) are continuous maps with compact support and
thus, they are bounded functions. As such, C5°(Q) € L*>(Q), proving that L>°(Q) is also dense in
13(Q).

By this denseness, for an arbitrary € > 0, one can successively find 9., ¢ € LOO(Q) such that

l = el < g5 and ¢ — 0. ]* < (el B )|

. In particular, by Lemma S2, Zj 1
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—— 0, so there is n. € N such that z < % for all n > n.. Hence, for all

n—00 j=1 |B(")\
n 2 ne,
Mgy g2 (@) Mo o 2 o2
So[wemu|” < o2 ([elpw - wa| + 012 ) (s22)
i=1 j=1
U (P 2 SOMRE SOMRYE
322(\ "ol — ) +2)<¢—¢E|Pj vo)| + 2o P ) (823)
j=1
(n) 2 B
P o — well® + 46 — 6 e T e B (524
g = 18"
%,_/
=[|¢lI* by (e) =[l¢ell” by (e)
[now use the definition of 1., ¢. and Eq. (12)]
Moo n) (n2ne) 2¢ 1 ¢
< < — 4+ —== < =
B ’I’Ld]Z: B(” ‘ Q’Z)€> - 3 +nd3 = € (825)
= J
Nn, 9
m) )‘ — 0. O
= n—oo

The generalization of Lemma S3 to translated and scaled cubes (namely, to arbitrary rectangles
in R?) is straightforward.

Next, we are going to split R? into countably many cubes and equip each of them with a grid
scheme, making together a family of “position measurement grids” for the whole R,

Definition S2. Given a translated unit cube @ = Hizl[ak, ay + 1) for some a; € R, we define

a grid scheme for @ to be the set of translations ‘N/j(n)

scheme for [0,1), {Vj(n)}éyﬁl

= Vj(") + (a1, ...,aq) of an arbitrary grid

Then, we define a grid scheme for R? to be a partition of R? into translated unit cubes {Q¢}sen

and a choice of grid scheme per Qy, say, {‘7[(" (n € N). Since for each n € N,

}
J JeeN, jef1,.,N™}
{Vf(?)}reN jefl,. N(n)} is a countable set, we will write {Vé(,?)}eeN, je{l,...,Nén)} = {B](‘n)}jeN and

define J ={jeN| B(n C Q¢} (such that ]J ] = n)).
¢
For each fixed n € N, {B](.”) }jen is trivially a partition of R? into rectangles of edges in the
order of 1/n. The only restriction we put by the inductive definition is that the interior of no
B](-n) is allowed to intersect the boundary of a cube @)y. Although this made the last definition
a bit cumbersome, we imposed it to make the following statements and their proofs notationally

simpler.

@ Successively, we add and subtract (¢|P(™.) and then (¢.|P™1).), using after each such operation that for all
a,b € C, la—0b*>=]a* + |b]*> — 2Ref{ab} < |a|* + |b]® + 2|a||b] < 2|al® + 2|b]2.

©Let n € LA (Q) be arbitrary Then, using that ]5(”> are self-adjoint projectors and the obvious property I=
S B, we gt that S, ([P = I S, B = (ol = il




Lemma S4. Given arbitrary v, ¢ € L*(RY) and an arbitrary grid scheme {B](-n) }jen for R¢:

= 0. (S26)

Proof. First, note the following observation. Given a measurable infinite set A C R?, a partition

{Apr}pen for A and a non-negative integrable function f : RY — [0, +o0],
(i) for all z € A, Z;‘il 14,(z)f(x) equals 1 4(z)f(x) from some M onward, (")
(ii) Zj\i 1 14, f is a monotonously increasing sequence of measurable functions.

Consequently, the monotone convergence theorem implies that:

Jin St = i [ S aoston = [ tastone = s
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This proves the last step of the following.
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Hence, for each n € N, the symbol 3772, )<¢|P](n)1/}>‘ in the Lemma’s statement is finite and well
defined. In particular, it is an absolutely convergent series, which implies that one can add its
terms in finite “chunks” before adding them together and the result will still be the same. That

is, using the notation of Definition S2,
SHIPRIP =30 D ol P ). (S30)
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Now, define hy,(¢) := Zj€J<n> ](gb|Pj(n)w>|2 and note the following,.
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(i) Point-wise, for each fixed ¢ € N,

. o A 2 (Lemma S3)
lim ho(6) = lim > e P V)| 0. (S31)
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(ii) For each ¢ € N and independently of n € N,
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In particular, denoting by dr the counting measure of N,
ol g = ll@l? tim ZHﬂ WP L E IR < oo, (S33)
L (N,dv) = Qe L1(R4) B '

Hence, g is a dominating function in L!(N, dv) for the sequence of functions h, : N — R.

DNamely, for all M if © ¢ A and otherwise, after the M such that = € Apy.



By the dominated convergence theorem, (i) and (ii) imply that
lim [ ho(€)dv = 0. (934)
Putting it all together,
_— \(n (S30) .  ~— A (n (by def.) . (S34)
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Finally, let us lift these results to the case of arbitrary density matrices.

Theorem 2. For any positive trace-class operator p on L*(Q), any vector ¢ € L*(Q), and any
grid scheme {BJ(-") }jvznl for Q,
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lim <¢) S P ﬁPj(”)qﬁ> —0. (S36)
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The same statement holds if we replace Q by RY (consequently setting N, = +00).

Proof. We give the proof for Q and R? together. The only difference will be whether N, is finite
or infinite for every n € N.

By Theorems 1.1 and 1.2 in Ref. [9], because p is a self-adjoint and trace-class (hence, compact)
operator, there exists an ONB of eigenvectors {1y}sen C L2(Q) (resp. in L?(R?)) with associated
eigenvalues p; > 0, such that,

o0
p=Y_ peltoe) (Wl (S37)
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where the series is taken in the operator norm. In particular, by definition, the trace-norm of p,
14l,.» equals >~72, ps. Using the sequential continuity of the inner product to get Egs. (S38) and

(540),
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[considering the series as iterated integrals in the counting measure dv of N, since the integrand is
non-negative, we can apply the Tonelli theorem (2.37 in Ref. [8]) to switch the order of summation)]
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[we define h,(¢) := E;V:nl pg‘((b\]f’j(n) )| and write the resulting series as an integral]

- / B (€)dv. (542)
{eN

Finally, note that:



(i) Point-wise, for each fixed ¢ € N,

T i) Ot 3 (oA G o sy
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(ii) For each ¢ € N and independently of n € N,
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In particular, defining g(¢) := ng¢H2,

ol @vany = Nl i pel = 161718l < +oo. (545)
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Hence, g is a dominating function in L'(N, dv) for the sequence of functions h,,.
By (i) and (ii), we can use the dominated convergence theorem to get the last step of the following:

lim <¢( P B ) G2 lim / ha(€)dv = 0. (S46)
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