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Parametric analysis of circadian rest-activity rhythms

Cosinor model

The regression model (assuming a known base frequency of one cycle per 24 hours with one harmonic component doubling the base frequency) for a time-series actigraphy signal denoted by  is:

		[1]

where M is the rhythm-adjusted mean or mesor (midline statistic of rhythm); e is the error term; A is circadian amplitude; and  is acrophase. Similarly,  and  represent the amplitude and phase of the 12-hour harmonic, respectively. Theoretically, M should be the same to the arithmetic mean of  if the data is evenly sampled (i.e., without missing data) and the length n is an integral multiple of 24 hours. The acrophase can be further converted to clock time with a predefined projection between degree and clock time, e.g., 0-degree angle represents midnight, and 360-degree angle represents midnight of the next day. Therefore, each hour accounts for 15 degrees.

Using the trigonometric angle sum identify, Eq. [1] can be converted to a linear regression form with two unknown ‘coefficients’ to be estimated that correspond to the cosine and sine of the acrophase weighted by the amplitude [i.e.,  and ; the corresponding ‘independent variables’ are  and , respectively]. By minimizing the residual sum of squares (i.e., ), the two coefficients can be solved and converted back to the intended circadian metrics A and  (as well as for the harmonics). More details of this process including mathematic details for rendering the confidence area (which is usually an ellipse) can be found in an earlier review by Cornelissen (1).


Wavelet-based analysis

Discrete wavelet transform (DWT) decomposes the original signal into wavelets at different frequencies by iteratively applying a low- and a high-pass filter to the original signal (or the wavelet approximation after the first iteration) (2). In this context, the wavelet approximation means the component extracted by the low-frequency filter, and similarly, the component extracted by the high-frequency filter is called a wavelet detail. No information is lost in DWT, i.e., the original signal can be recovered from its DWT representation. Also note that DWT can be further generalized by iteratively applying the filters to the wavelet details, known as the discrete wavelet packet transform that allows more fine-grained sub-bands of the original signal.

Instead of decomposing a signal into a set of sub-bands as down in DWT, continuous wavelet transform (CWT) allows a continuous range of frequencies. CWT compares a signal to a set of wavelet functions that vary in frequency and are predefined for capturing different types of patterns or structures. CWT computes a similarity measure between the signal and each wavelet across the time-frequency plane, resulting in a two-dimensional representation. Specifically, with a given wavelet function at a specific scale, the wavelet is moved over the signal and is compared with the signal at each time point and a coefficient (i.e., integration of the point-wise multiplication between the wavelet and the signal, i.e., inner product) is calculated. Then this process is repeated for the next scale. This method calculates the coefficients for different time points and scales (scales are a function of frequency). This provides time-frequency information about the signal. CWT results can be presented in the form of a scalogram, which represents at each time point, and scale (or frequency) the intensity or power of the signal. CWT is most useful in applications where precise characteristics of the signal at each time point are needed (e.g., fast transient signals).


Nonparametric analysis of circadian rest-activity rhythms

Mathematical calculations of interdaily stability (IS), intradaily variability (IV), and relative amplitude (RA):

						[2]


						[3]


							[4]



[bookmark: _Hlk131016241]Nonlinear dynamics for circadian rest-activity patterns—Fractal analysis

Specifically, for a time series , detrended fluctuation analysis (DFA) performs following processes:

1. Removing the global mean and integrating the time series by , where  denotes the mean value of the time series ;
2. Dividing the integrated signal  into non-overlapping windows of the same chosen size n;
3. Detrending the integrated signal  in each window using polynomial functions to obtain residuals by , where  denotes the trend obtained by polynomial fit and  the integrated time series after detrending;
4. Calculating the root mean square of residuals in all windows as detrended fluctuation amplitude using .

These steps are repeated for different timescales (n). The 2nd order of polynomial function was used to detrend data in step 3 to eliminate the effect of possible linear trends in the original data (3). A power-law form of F(n), where F(n)~nα, indicates a fractal structure in the fluctuations. The parameter α, called the scaling exponent, quantifies the temporal correlation as follows: if α=0.5, there is no correlation in the fluctuations (‘white noise’); if α>0.5, there are positive correlations, where large values are more likely to be followed by large values (and vice versa); if α<0.5, there are negative correlations, where large values are more likely to be followed by small values (and vice versa). For many physiological outputs under healthy conditions, α values are close to 1.0 (4–7), indicating the most complex underlying control mechanisms. An interface-based program written in the MATLAB (R2019a and later versions, The MathWorks Inc., Natick, MA) platform has been implemented and used frequently in our lab, which is openly available at Zenodo (8).
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