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Eqs. 12, 17, 19, 22
D[1/x^2, x]
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Eq. 28:
Integrate[Exp[-x*x*C], {x, 0, n}]/Integrate[Exp[-x*x*C], {x, 0, Infinity}]
This can be done in two steps in Wolfram Alpha:
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The full command in Mathematica kernel:
[image: ]

Eq. 32
D[1/2 + Erf[x*C]/2,x]
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Eq. 37
Integrate[Integrate[Exp[-v*v*w], {v, x/t, Infinity}], {x, 0, Infinity}]
The first step can be done in Wolfram Alpha:
[image: ]

The full command in Mathematica kernel:
[image: ] 



Eq. 38:
Integrate[Integrate[v*Exp[-v*v*w], {v, x/t, Infinity}], {x, 0, Infinity}]
This can be done in two steps in Wolfram Alpha:
[image: ]
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The full command in Mathematica kernel:
[image: ]


Eqs. 39, 48
Integrate[x*Exp[-x*x*w], {x, -Infinity, Infinity}]
[image: ]


Eq. 40
Integrate[x*Exp[-x*x*w], {x, 0, Infinity}]
[image: ]


Eqs. 41, 49
Integrate[x*x*Exp[-x*x*w], {x, -Infinity, Infinity}]
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Eq. 44
D[Erf[Sqrt[x/C]],x]
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Eq. 45
Integrate[Sqrt[x]*Exp[-x/C], {x, 0, Infinity}]
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Eq. 51
Integrate[Exp[-(x*x+y*y+z*z)*w], {x, y, z} \[Element] Ball[{0, 0, 0}, s]]
This calculation could not be done in Wolfram Alpha:

The command in Mathematica kernel.
[image: ]



Eq. 53
D[-2*x*w*Exp[-x*x*w*w]/Sqrt[Pi]+Erf[x*w],x]
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Eqs. 54, 63
Integrate[x*x*x*Exp[-x*x*w], {x, 0, Infinity}]

[image: ]



Eqs. 55, 64
Integrate[x*x*x*x*Exp[-x*x*w], {x, 0, Infinity}]
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Eq. 60
D[-2*Sqrt[x/w]*Exp[-x/w]/Sqrt[Pi]+ Erf[Sqrt[x/w]],x]
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Eq. 61
Integrate[x*Sqrt[x]*Exp[-x/C], {x, 0, Infinity}]
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Solution of the stationary Schrödinger equation for the particle in a cylindrical box

Consider the stationary Schrödinger equation in three dimensions inside the cylindrical box, where V = 0. 

	
Transform the problem into cylindrical coordinates. In this approach coordinate x (measured along the main axis of the cylinder) remains unchanged, but y and z are replaced by  and  such that: 


The form of the Laplace operator in cylindrical coordinates is well known (e.g. https://en.wikipedia.org/wiki/Laplace_operator), so the stationary Schrödinger equation can be re-written as:

	
The boundary conditions for a cylinder of radius R and height of a are given as:


The first step is the separation of variables into two groups:






Functions X and  are fully separated on the right hand side, so:




Q1 can only be negative because of the boundary conditions (X(0) = X(a) = 0), so this equation is identical to the well know particle in a one-dimensional box model:


A second separation step is introduced for the two-variate function ( is capital Greek rho here):


Substituting this into the equation for :




Now R and  are fully separated on the right hand side:




Q3 can only be positive because of the periodicity. This is a well-known equation from the description


Radial part:


This differential equation is known in mathematics, it is very closely related to the Bessel differential equation. In the solution, the Bessel function of the first kind appears:


 must be zero when  = R. Therefore, the following equation must hold:


The right hand side means one of the infinitely many isolated values at which the value of Bessel function of the first kind is equal to zero.
The full solution obtained in this way is:





From the Bessel differential equation, the following is known:


After some transformations:




Writing this back into the expression for the Laplace of stat:

Comparing this with the original equation:


Therefore:


This is identical to Eq. 16 in the main manuscript.


Solution of the stationary Schrödinger equation for the particle in a spherical box

Consider the stationary Schrödinger equation in three dimensions inside the spherical box with a radius of R, where V = 0. 

	
The solution method for this equation closely follows the solution method for the hydrogen atom. (e.g. pp. 306-309 in [8]). Spherical polar coordinates are used such that:


Re-writing the Schrödinger equation in spherical polar coordinates: 

	
Variables are separated:

	

	
Thus the  and Y part of the equation is separated:

	

	
The second separated equation is exactly the same as the angular equation of the hydrogen atom, so it is known that with a positive integer l, the solution has the following property:

	
For the radial part, therefore:

	

	
This is equation is closely connected to Bessel differential equation, the solution is based on the spherical Bessel function jl. For this jl, the following differential equation is true:

	
The solution is simply:

	
Because of the boundary condition (R) = 0 must be true. Let Zl denote the values of the independent variable where the spherical Bessel function has 0 values (there ar infinitely many, isolated such values). In this case:

	
This is identical to Eq. 21 of the main article. 



A hint on the background Eq. 36

As explained in the text above Eq. 36, if two independent, normally distributed random variables  1 and  2 with respective expectations 1, 2 and standard deviations 1,2 are added, the result will still be a normally distributed random variable  1 +  2 with  = 1 + 2 and  = (12 + 22) ½. This can be proved by the following integration.


This is still a normal distribution with  = 1 + 2 and 2 = 12 + 22.
Mathematica command: Integrate[Exp[-(x-a)^2/b/2-(y-x-c)^2/d/2],{x,-Infinity,Infinity}]
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[image: A graph of a function

Description automatically generated]
Figure S1 Scaled cumulative distribution function for the kinetic energy originating from component x of the velocity of a particle in an ideal gas.

[image: A graph of a function

Description automatically generated]
Figure S2 Scaled probability density function for the kinetic energy originating from component x of the velocity of a particle in an ideal gas.

[image: ]
Figure S3 Scaled cumulative distribution function for kinetic energy of a particle in an ideal gas.

[image: ]
Figure S4 Scaled probability density function for the kinetic energy of a particle in an ideal gas.
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