Supplementary Material for “A frailty model for semi-competing

risk data with applications to colon cancer”
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A: Conditional survival functions

Using these conditional transition rates, we can now derive the conditional survival function S(¢|Z), the prob-

ability of staying in state O until time ¢:

S(t|Z) = P[T > t|Z] = P[Still in state 0 at t| Z] = ¢~ #(Bo1()+R02(0)) (A-1)

If there is a transition to state 1 at time ¢1, the conditional probability of staying in state 1 until time ¢ is given

by

t
Sia(talts, Z) = e~ 2 i Aoa(s)ds

_ 6-2(]52 Xoz(s)ds— [31 Aoz (s)ds)

e—ZAog(t17t2)7 (A_z)

where Ag;(t) = f(f Aoi(u)du for i = 1,2, 3, are the cumulative baseline hazard functions, and Ags(u,t) =

Aog (t) — Aog (u) .



B: Proof of Theorem 1

Proof of (a). From (3)), we have

P[Ty € [t1,t1 + A)|T1 > t1, Ty > t4]

Mlt) = gglo A
~ lim ]P)[Tl S [tl,tl +A),T1 >t1,1h > tl]
N A—0 AP[Tl > tl,TQ > tl]
~ lim PP €ttt +A),T1 > 4,1y > tlaz]dz
N A—0 /o A]P)[Tl > tl,TQ > tﬂ

A—0 A

B /Oo lim P[Ty € [t1,t1 + A)|T1 > t1,To > t1, 2]\ P[T1 > t1, T2 > t1]|2]g(2)
—Jo P[Ty > t1, T2 > t1]

where, the first term is A;(¢1|Z2), the denominator of the second term is S(¢1), the total survival function in ¢,

and g(z) is the density function of Z. Thus,

1 [oe)
Mh) = g5 /O Mt 2)BT > 1, Ty > t1]2]g(2)dz,

Since 77 and T5 are conditionally independent (given Z), we have

P[Ty > t1,Ts > t1]2] = P[T} > t1]2]P[Ty > t1]z] = e~ #(Aor(t)FA02(01))

Now, using this result, we have

S(t) = / P[Ty > t1,T5 > t1|2]g(2)dz :/ e Z(Bor(t)FR0(0)) g (1)
0 0

= Lz(Ao1(t1) + Ao2(t1)),

where, Lz(+) is the Laplacian function of Z. Therefore, using (B-2)) and (B-3)) in (B-I) we have:

Ai(t1) = )Z);((t;)) /000 ze *g(z)dz = —)\2;((21)) %L’Z(s),

where, s = Ag1(t1) + Ag2(t1)). The result for Ao(t2) follows analogously.

Proof of (b). Following the same idea as the previous proof, we have

P[TQ € [t27t2 + A)|7j1 =1t1,T5 > tQ]
A
1 o]
P[Ty = t1,T» th]/o 12(t2ltr, 2)P[Th = t1,To > ta|2]g(2)d>

)\12(t2 ’tl) = iiglo

(B-1)

(B-2)

(B-3)

(B-4)

(B-5)



From (3)) and conditioning via frailty Z, we have

P[Tl = tl,TQ = t2|Z]

Pl =41, Tz 2 tal2] = A12(talty, Z)

, 0<t) <t
In (D-4)), we present the proof of
PITy = t1,Ta = t2|Z] = M (t1|Z) Ma(talts, Z)S(t1|Z)S12(ta|t1, Z)
whete Sia(talt1, Z) = e~ Z(Aus(t2)=303(00) and §(t1]27) = e~ #(Bor()+202(01)
Thus,
P[T) = t1,T2 > to|z] = Z)\01(tl)e_Z(Am(t1)+A02(t1)+A03(t2)_A°3(t1)). (B-6)
Using this result, we get

Py =1, T2 > to] = / P[T} = t1,T> > ta|2]g(2)dz
0
_ /OO Zon (tr)e—Z(B0n(0)+802(0)+803 12) =B (1)) g )
0

d
= —)\01(t1)££z(8) (B—7)

where, s = Ag1(t1) + Ao2(t1) + Aos(ta) — Ags(t1). Finally, substituting (B-6) and (B-7) in (B-3)), we get

A12 (tQ‘tl) _ A03(t2) o Z2€72(A01(t1)+A02(t1)+A03(t2)7A03(tl))g(z)dz
dr
:Lz(s) Jo

__ Aos(ta) djﬁ (s)

Z
%ﬁz(s) dS

d 1
= —>\03(t2)% log (dsﬁz(s)> . (B—S)

where, s = Agy (751) + Aog(t1) + Aps (tg) — Aog(tl).

C: Derivation of some important results

Local measure of association

Following |Clayton| (1978) and |Oakes| (1982), we can compute a local measure of association between 7 and
Ty, 9*(t1, t2), defined in (7). First, for the general model, from (5) and considering the PVF frailty model, we

can write the joint survival function S(t1,t2) as:



S(t1,2) = exp {1—’Y [1 _ (1 n 0(Ao1(t1) + Aoz(ti)jfyﬁozﬁ(tz) - Aos@l)))? } (-1

We also have

0S(t1,t2)

ot —S(t1,t2) (Mot (t1) + Xo2(t1) — Aoz(t1)) (C-2)
(1 Ao+ Bont) + At - A03<t1>>>“ |
%*g;tz) — —S(t1,t2) Nos(t2) <1 L OBo(h) + Aoz(ti)jfog(m - Aos(tl)))vl’ (C-3)
W = S(t1,t2)(No1(t1) + Ao2(t1) — Aos(t1)) Aos(t2)
X <1 L 0Ba(t) + A02(t21)_+7A03(t2) - Aoz(tl))>7_2
x {9 + <1 L Ba(t) + Aoz(tzi) ijOS(tZ) - Aoa(tl))y] (C-4)

Substituting (C-T)), (C-2)), (C-3) and (C-4) in (7)), we obtain the local measure association ¥*(¢1, t2) for the

general model, given in (8). Analogously, we can get ¥*(¢1, t2) for the restricted model (Ap2(+) = Aos(+) ).

Marginal transition probabilities

(a) Transition probability to recurrence state:

Po1(t) = P[still in state 1 at ¢|the state O was entered at time ¢ = 0]
= P[not having had a transition out of state 0 before the transition of interest]
X (transition to state 1 before ¢)

x P[staying at state 1 until time ]

Using conditioning arguments (on Z), this can be written as:

00 t
Po1(t) = / / P[not having had a transition out of state 0 before time s|z]
o Jo

X (transition to state 1 at time s given z)

x P[staying at state 1 until time ¢|z]g(z)dsdz,



(b)

(©)

where g(z) represents the probability density function of the frailty Z. This is equivalent to
00 t
Po1(t) = / / S(s|z)A1(s]|z)S12(t|s, 2)g(z)dsdz
o Jo
where S(s|Z), \1(s]Z) and S12(t|s, Z) are given in (A-1)), (4) and (A-2)), respectively. Thus

00 t
Po1(t) = / / e~ #Bor()+802(9)) ;) (5)e 72035 g(2)dsdz
o Jo

where Ag;(t) = |, g Aoi(s)ds fori = 1,2, 3, are the cumulative baseline hazard functions and Aoz (u, t) =

Aog(t) — Aog(u). Thus,

t 00
Po1 () :/ )\01(5)/ e~ (Bor(e)+R02(s)+R0s(5:) 1 (1) dsd
0 0

Now, using the Laplace transform of the frailty Z with PVF distribution given in (2)) with median 1 and

variance 6 > 0, we have:

Poy (1) = /Ot Mo (s) <1 + 9811<_Si;)>7_1exp {19_77 [1 _ <1 + 9311(_37”)7] } ds.

where Sl(t, tl) = Am(s) + AOQ(S) + Aog(s, t).

Transition probability to death state:

The derivation of Py2(¢) follows similarly, and we have

Pos(t) = /Ot Noa(s) (1 + 0182_(?>V_16Xp {19_77 [1 _ <1 + 9132_(‘;))7} } ds.

where s2(s) = Ap1(ts) + Ap2(s). Since state 2 is absorbing in this function, we do not have a contribu-

tion from staying in state 2 until time ¢.

Transition probability from recurrence state to death state:

The transition probability P15 (¢]¢1) is conditional on the state 1 reached at time ¢;. Using similar condi-

tioning arguments as above, this can be expressed as:

') t
Pia(tltr) = / / S12(s[t1, 2)A12(s|t1, 2)g(z)dsdz
o Jo



where S12(t]s, Z) and Ai2(s|t1, z) are given in (A-2)) and (), respectively. Thus

t o)
Po1(t) :/ )\03(5)/ e~ #0035 20(2)dsdz
0 0

Finally, using the Laplacian of Z, and for s3(s, t1) = Aps(t1, s), we get,

Puo(tt1) = /Ot Mo (s) <1 + W)Mexp {19_77 [1 _ <1 + 9‘?(_37”” } ds.

D: Likelihood

First, we derive the expressions of marginal transition rates, and the joint probability density function. This

leads to the construction of the likelihood function.

Marginal transition rates

(a) Marginal transition rate to recurrence and death:

Using the definition of transition rate to recurrence given in (3, for ¢; > 0, we have

P[Tl (S [tl,t1 + A)|T1 > tl,Tg > tl]

M) = iiglo A
~ lim PTy € [t1,t1 + A),Th > t1,T5 > t4]
A—0 A]P)[Tl > tl,TQ > tl]

Since {Tl S [tl,tl + A),TQ > tl} C {Tl S [tl,tl + A),Tl >t1,15 > tl}, we get

P|T: A), Ty > 1
A (t1) = lim 11 € [tth +A), Ty > ]
A—0 A P[Tl >t1, 1o > tl]
Py = t1,T> > t4]

_ D-1
P[Ty > t1,T > t1] ®-1)

Similarly, for t3 > 0, we have

P[Ty = to,Th > to]
Aa(to) = . D-2
2(t2) P[Ty > ta, T > to] 0-2)

(b) Marginal transition rate from recurrence to death: Similarly, from the definition of transition rates

to death after recurrence given in (3), for 0 < t; < to, we have

P[TQ S [tz,tg + A)|T1 =1t1,1T5 > tQ]

i) = o 3
~ im IFD[TQ € [tg,tQ + A),Tl =1y, Ty > tg] 1
 A—0 A ]P)[Tl =1t1,15 > tQ]

@)}



Since {1 € [ta,ta + A), Ty =t1,} C {1 € [to,ta + A),T1 = t1,T> > t2}, we have

P[TQ S [tg,tg + A),Tl = tﬂ 1
A P[Tl =1t1,Th > tg]
]P)[TQ =19, 11 = tl]

_ D-3
P[T} = t1, T > ta) (D-3)

)\12(t2 |t1) = ili)no

Joint probability density function

We now derive the expression of the joint density function, denoted by f(¢1,%2), in the upper quadrant 0 <

t1 < to. This is given as
f(tl,tg) = P[Tl =1t1,T5 =ty > tl] = P[Tl =11,15 =to,15 > tl],
Since {Tl = tl,TQ = tQ} C {Tl = tl,TQ = tQ,TQ > tl}, we have

f(tite) = P11 = t1, T2 = t3]

PITy =1, Ty > t1]\ (P[T1 > t1,To > t1]\ (P11 =t1,Ts > ts]
PTy =t1,T5 > t1]> <IP’[T1 >t,1h > t1]> (]P)[Tl =t1,12 > tg])
]P[T1 = tl,Tg > t1]) (]P)[Tl = tl,TQ = tg]) <]P)[T1 = tl,TQ > tg])
]P’[Tl > tl,TQ > tl] P[Tl =11, T > tQ] P[Tl = tl,TQ > tl]

=PIy =t1,T5 = t5] <

= P[Tl > tl,TQ > tl] (

Then, from and (D-3)), we have

PlT5 > t|Ty =t
f(t1,t2) = Mi(t) A2 (te|t)P[Th > t1, 1o > t4] ( T2 > [Ty 1]> ,

P[TZ > t1|T1 = tl]

Now, using S(tl) = P[Tl > tl,TQ > tl], 512(t2|t1) = ]P[TQ > t2|T1 = tl] and P[TQ > t1|T1 = tl] =1,

we obtain the joint probability density function as

f(t1,t2) = Ai(t1) M2(taltr)S(t1)S12(t2]t1)

=ttt en (- [M 0 i en (- [Daams) 0

t1

where, S(t) is the general survival function.

Probability density function on line 7} = oo

Note

fOO(t2> = ]P)[Tl =o00,Tp = t2]

= ]P’[Tl > tQ,TQ = tQ]

]P’[Tl > tQ,TQ = tg]
= P11 > to,T5 > to],
]P’[T1>t2,T2>t2] [1 B2 2]




Using (D-2)), and the fact S(t3) = P[1} > t9, 1o > to], we obtain

Foo(t2) = Aa(t2)S(t2) = Aa(ts) exp {— /0 ® us) + AQ(S))dS} (D-5)

Likelihood construction

Let 9 = (60, m1,m2, M3, ©1, P2, p3) be the vector of estimable parameters, and (Y7, Y2, d1, 62) the observation
for each individual where Y2 = min{7s,C}, dy = Iiry<cy, Y1 = min{7y, Y2} and §; = It <vyy. We

construct the likelihood function for each of the possible observable cases shown in Table

Table 1: Possible (Y7, Y5, d1, 02) combinations under semi-competing risks.

Cases  Scenario (Y1,Ys)  (61,02)
1 recurrence and censoring before death  (71,C)  (1,0)
2 Death after recurrence (Th,T2) (1,1)
3 Death without recurrence (T5,T2)  (0,1)
4 Censoring before recurrence and death  (C,C)  (0,0)

Case 1: When the first observation is recurrence with the censoring indicator (d1,d2) = (1,0), and

(Yl, YQ) = (Tl, C), then

Ll(,ﬂaz) = P[Tl = }/17T2 > Y2|19> Z]

/ P[Tl = Yl,TQ = ’U|’l9, Z]d’U

Yo
[o¢]

— [ v, 2ydv
Yo

Using (D-4)), we have
Y1
Li(9,72) = M (Y1]9, Z) exp {—/ (A (s]9, Z) 4+ Aa(s]9, Z))ds}
0

></ Alg(v\Yl,ﬂ,Z)exp{—/ )\12(S|Y1,19,Z)ds}dv

YQ Yl

Furthermore, from (D-3)) and the fact that S12(v|Y7, 9, Z) = exp {— f;ﬁl A2(s]Y, 9, Z)ds}, we can show

that

512(Y2|Y1,19,Z):/ )\12(U|}/1,19,Z)6Xp{—/ )\12(5|Y1,'¢9,Z)d5}dv
Y2 Yl

With this, and from the conditional model given in @), we have



L1(9,Z) = Zo1 (Y3 |9)

« exp{—Z (/OY )\gl(slﬂ)ds—i—/OYl )\gg(slﬁ)ds—i—/OYQ )\gg(slﬁ)ds—/OYI )\gg(slﬁ)ds’)}

= ZXo1(V1|9) exp{=Z (Ao1 (Y1]9) + Ao2(Y1[DF) + Aos(Y2|F) — Aos(Y1]9))}

where Ag;(t|9) = fg Aoi(s|9)ds is the cumulative baseline hazard function, ¢ = 1,2, 3. Therefore, the

marginal likelihood function is given by

Li(9) = Ao1(Y1|9) /000 Zexp{—Z (Do1(Y1]|9) + Do2(Y1|9) + Ao3(Y2|d) — Aoz (Y1]9))} g(2)dz

where ¢(z) is the density function of frailty Z with PVF distribution given in (T)). Then, using the Laplacian
E(ZT)(S) = (—1)"E[Z"e~%#], we obtain

200110+ S 0i0) +Basthl0) = 250D

Li(9) = A1 (Y1]99) <1+ 11—~

X exp {1;97 [1 _ (1 LB () + AOQ(H|791)_*|"YA03(Y2|’¢9) - Aos(Y1|'l9))>q }

Case 2: When the first observation is recurrence followed by death with the censoring indicator (91, d2) =

(1,1), and (Y7, Y2) = (T1,T3), we have

Ly(9,2) =P[Ty = Y1, Ty = Ya|9, Z] = f(V1,Ya|9, 2)

Using (D-4)), we get

Ly(9,2) = M(Y1|9, Z) A12(Y2|Y1,9, 2)

Y1 Y1 Yo

X exp {— ( A (s]9, Z)ds +/ Ao(s]9, Z)ds + / A12(s|Y1, 9, Z)ds> }
0 0 Y1

= Z*Xo1(Y1]9) Ao3(Y2|9)

v v Ya v
X exp {—Z < Ao1(s|F)ds + Aoz2(s|F)ds + Aos(s|F)ds — )\03(S|19)ds> }
0 0 0 0



The marginal likelihood function is given by

La(9) = Ao1 (Y1) Aoz (Y2|9)

X /000 Z? exp {—Z (Ao1(s]9) + Aga(s]9) + Aps(s]9) — Ags(s]9))} g(2)dz

Once again, utilizing the Laplacian (as in Case 1), we have

(o1 (Y1]9) + Ag2(Y1[9) + Ags(Ya]d) — A03(Yl!?9))>7_2

La(9) = o1 (Y1]9) Aoz (Y2]9) (1 + 1—~

_ [9+ (1 L HBa(]9) + A02(Y1!Qi)ijA03(Y2|19) - A03(Y1\’l9))>7] (D-7)
ven] 177 0(A01(Y1]9) + Apa(Y1[9) + Ao3(V2|9) — Ags(V1]9)) )"
’ { "0 [1 (1 i 1=y ) ] }

Case 3: When the recurrence time is censored by death with the censoring indicator (d1,d2) = (0,1) and

(Y1,Y32) = (1%, T>), we have

L3(89,2) =P[Th = 00, T = V2|9, Z] = foo(Y2]V, Z)
Using (D-3)), we get

Yo Yo
L3(9,7) :)\Q(Y2|19,Z)exp{— ( A (s]9, Z)ds + Aa(s]9, Z)ds)}
0 0

= ZA02(Ya|9) exp {—Z (Ao1(Y2|9) + Ap2(Y2]|9))}

Then, similar to (D-6)), we get

0(Ap1 (Ya|9) + Aga(Yal|9))\ 1
L3(’l9) = )\02(Y2’19) (1 + ( 01( 2| 1)_7 02( 2‘ ))) (D_8)
— g
X exp {M [1 - <1 + 9(A01<Y2"l9) + AOQ(YQ’@))) :| }
70 1—~
Case 4: When the two failure times are censored with the censoring indicator (d1,d2) = (0,0) and

(Yl,}/é) = (C, C) = (}/Q,YQ) = (Yl,Yl), we have

10



L4(19’Z) = P[Tl > Y57T2 > }/2|79’ Z]

= S(¥2]9,2)

— exp {— </0Y M (]9, Z)ds + /0Y2 Ag(s]ﬁ,Z)ds) }

=exp{—Z (Ao1(Y2|9) + Ap2(Y2|9))}

Using the Laplace transform of the frailty, we obtain that the marginal likelihood function is given by

La(9) = exp {1;07 {1 B (1 n 9(A01(Y2|191):r7A02(Y2|19))>7]} (D-9)

Finally, combining (D-6)), (D-7), (D-8)) and (D-9), and for a sample of size n, the likelihood function is

given by

N 9K1 vy 941652
£9) = [[ 1 (0 19)50n (0510) 45 05 {0+ (14 7221 )

| -

J=1

N\ i (v—1-4;2) _ N 951
() (- 0e2) )
1—7 0~y 1—7~
2\ (v=1)d52(1=651) _ N\ 1-651
T Y R
1—vy 0y 1—vy

where Kjl = A01(1/31|’l9) + AOQ(Yyl’ﬂ) + Aog(Y}Q‘ﬂ) — Aog(}/jl"ﬂ), Kjg = Aol(yrjgy’l?) + A()Q(Y}Q”ﬂ) for

j=1,...,n.
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