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S1 Computational algorithm of the extended model

The minimization problem

min
α1,...,αM

B1,...,BM

C1,...,CM

Σ1,...,ΣM

[
M∑

m=1

{
1

2nm

∥∥Y m − 1nm(α
m)⊤ −XmBm − ZmCm

∥∥2

(Σm)−1 −
1

2
log det

(
(Σm)−1

)
+
νm
2
tr
(
(Σm)−1

)}

+

p∑
j=1

q∑
k=1

λjk∥βjk∥2 +
M∑

m=1

γm∥Cm∥1

]
,

is rewritten as

min
α1,...,αM

B1,...,BM

C1,...,CM

Σ1,...,ΣM

η11,...,ηpq

D1,...,DM

[
M∑

m=1

{
1

2nm

∥∥Y m − 1nm(α
m)⊤ −XmBm − ZmCm

∥∥2

(Σm)−1 −
1

2
log det

(
(Σm)−1

)
+
νm
2
tr
(
(Σm)−1

)}

+

p∑
j=1

q∑
k=1

λjk∥ηjk∥2 +
M∑

m=1

γm∥Dm∥1

]
subject to ηjk = βjk, Cm = Dm (S.1)

From the problem (S.1), we can obtain the augmented Lagrangian in the form

M∑
m=1

{
1

2nm

∥∥Y m − 1nm(α
m)⊤ −XmBm − ZmCm

∥∥2

(Σm)−1 −
1

2
log det

(
(Σm)−1

)
+
νm
2
tr
(
(Σm)−1

)}

+

p∑
j=1

q∑
k=1

λjk∥ηjk∥2 +
M∑

m=1

γm∥Dm∥1 +
ρ

2

p∑
j=1

q∑
k=1

∥ηjk − βjk + ujk∥22 +
ρ

2

M∑
m=1

∥Cm −Dm + V m∥2F

where ujk (j = 1, . . . , p; k = 1, . . . , q) and V m (m = 1, . . . ,M) are dual variables and ρ
is a penalty parameter with a positive value.

Thus, the update equations by ADMM are, respectively, given as follows.

Update of ηjk:

ηjk = S
(
βjk − ujk,

λjk

ρ

)
,
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where S(·, ·) is the soft-thresholding operator given by

S(a, b) =
(
1− b

∥a∥2

)
+

a.

Update of Bm: We set Hm having ηmjk as the (j, k)-th element and Um having um
jk as the

(j, k)-th element. Since
∑p

j=1

∑q
k=1 ∥ηjk−βjk+ujk∥22 =

∑M
m=1 ∥Bm−Hm−Um∥2F ,

we consider the quantity

M∑
m=1

1

2nm

∥∥Y m − 1nm(α
m)⊤ −XmBm − ZmCm

∥∥2

(Σm)−1 +
ρ

2

M∑
m=1

∥Bm −Hm − Um∥2F .

From this quantity, we obtain

vec(Bm) =
{
(Σm)−1 ⊗ (Xm)⊤ Xm + nmρIpq

}−1

vec
[
(Xm)⊤

{
Y m − 1nm(α

m)⊤ − ZmCm
}
(Σm)−1 + nmρ(H

m + Um)
]
,

where Ip is a p× p identity matrix.

Update of Dm: We consider

ρ
M∑

m=1

[
1

2
∥Dm − (Cm + V m)∥2F +

γm
ρ
∥Dm∥1

]
.

From this quantity, we obtain

(Dm)ij = S

(
(Cm + V m)ij,

γm
ρ

)
, (i = 1, . . . , rm; j = 1, . . . , q),

where S(·, ·) is the soft-thresholding operator defined by S(a, b) = sign(a)(|a| − b)+
and (A)ij denotes an (i, j)-th element of a matrix A.

Update of Cm: We consider the quantity

M∑
m=1

1

2nm

∥∥Y m − 1nm(α
m)⊤ −XmBm − ZmCm

∥∥2

(Σm)−1 +
ρ

2

M∑
m=1

∥Cm −Dm + V m∥2F .

From this quantity, we obtain

vec(Cm) =
{
(Σm)−1 ⊗ (Zm)⊤ Zm + nmρIqrm

}−1

vec
[
(Zm)⊤

{
Y m − 1nm(α

m)⊤ −XmBm
}
(Σm)−1 + nmρ(D

m − V m)
]
.

Update of αm:

αm =
1

nm

(Y m −XmBm − ZmCm)⊤1nm .
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Update of Σm: From MLE of multivariate regression models, we obtain

Σm =
1

nm

{
Y m − 1nm(α

m)⊤ −XmBm − ZmCm
}⊤ {

Y m − 1nm(α
m)⊤ −XmBm − ZmCm

}
+νmIq,

where Iq is a q × q identity matrix.

Update of ujk:

ujk = ujk + ηjk − βjk, (j = 1, . . . , p; k = 1, . . . , q).

Update of V m:
V m = V m + Cm −Dm, (m = 1, . . . ,M).
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S2 List of selected species
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