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A The Composite Parametrization of Isometries

In this section, we derive the composite parametrization for isometries. As the name suggests, it is obtained
from the composite parametrization of the unitary group U(d) introduced in Ref. |1} [2].

Let H; and Ho be Hilbert spaces with dimensions d; and da, respectively. Let £(#H) be the set of
linear operators mapping H into itself, and Iso(H1, Hz) the set of isometries from H; to He with dy < da.
Furthermore, let {|i),}% ;" be the computational basis of Hy.

Any isometry V' € Iso(H1, Hza) with dq < ds can be written as

V=U14,%4, , (A1)

where U € U(ds), and 14,xq4, € Iso(H1,H2) denotes the ds X d; matrix consisting of the first d; columns of
14,%d,- It can be written as

di—1

Layxa, = Z i)2(i|1 - (A2)
i=0

Note that not all basis vectors |i)s of Hy need to appear in this sum. By , the action VAV of V on
A € L(H1) can be interpreted as first canonically embedding A into £(H2) and subsequently applying the
unitary U.

We can use the composite parametrization of unitary matrices |1} 2] to write U as

da—2 d2—1 dy—1 )
U= H ( H Am,n>‘| [H esz)\”‘| 7 (AB)
m=0 An=m+1 1=0
with
P, :=n)a(nlz , "
Yinn = —ilm)a(nlz +iln)2(mlz , 0<m<n<dy -1, (A5)
Ay = e Podeam Vi (A6)

and A, € [0,27] for m > n and A, ,, € [0,7/2] for m < n.

Using (Al]) and (A3) we compute

=1 d—1 di-1
H elP[}\” ]]-dzxdl — (Z 62/\L,l|l>2<12> (Z |k>2<k1> (A7)
1=0 k=0

=0
di—1

= > ek k) (k] (A8)
k=0

and observe that only the first d; phases Ay ; are relevant for the isometry. This ds X d;-dimensional matrix
is explicitly given by

ei Xo,0 0 0
da—1 . 0 . 0
H e PN 1 g, 04, = 0 - eParao | (A9)
1=0 : :
0 ... 0
Next, we calculate
Am,n :]].dz xdy T (Cm,n - 1>Pm + (en,mcm,n - 1)Pn - envm,5m17n|’ﬂ>2<m|2 + sm7"|m>2<n|2 ’ (AIO)



where we abbreviated sin Ay, , = 8.0, COS Apy 1y = Cmn, and eitnm — €n,m- In matrix notation, this amounts
to

1oxm 0 0 0 0
0 Cm,n 0 Sm.,n 0
Am,n = 0 0 ]l(nfmfl)x(nfmfl) 0 0 (All)
0 —€n,m Sm,n 0 €n,m Cm,n 0
0 0 0 0 L(do—n—1)x(do—n—1)

By inspection, we see that A, , acts trivially from the left on a matrix of the form (A9)) if m > dy. Thus, we
can write the isometry (Al]) as

do—2 / da—1 do—1

V= H < H Am”>‘| [H 6iPL}\”‘| Layxd, (A12)
m=0 \n=m+1 =0
di—1 do—1 di—1

- lH ( H Amﬂ lH eiPl)‘”] Layxd, - (A13)
m=0 \n=m-+1 =0

Regarding the parameter count in , we note that the first term on the right-hand side gives
z;ﬁ;ol 2(dy —m—1) = 2dydy — d3 — dy because each A, introduces two degrees of freedom. The second term
on the right-hand side gives an additional d; free parameters. Thus, we find that the isometry V' € Iso(H1, Hz)
in has 2d;dy — d? free real parameters. A simple argument shows that this is indeed the number of free
real parameters of a general isometry in Iso(#H1,H2). Consequently, we cannot eliminate more parameters
from (A13).

The parameters of the isometry can be conveniently collected in the matrix

Moot Aodiel o Aoda—1
Adi—1,0 " Adi—l,di—1 "' 0 Adi—l,da—1
()\m,n)m,n = 1. ' . ' ' ’ 5 (A14)
0 .. 0
Ady—1,0 *** Adpg—1,dy-1 O -+ 0

The diagonal entries A, , correspond to global phases in the respective subspaces. The entries A, , in
the upper triangular part represent rotations in the subspaces spanned by |n)2 and |m)s, and A, , in the
lower triangular part correspond to relative phases in these subspaces. Except for the diagonal entries Ay j,
these are the same parameters needed to parameterize a general mixed state ps € D(Hz) of rank d; < ds (in
addition to d; — 1 required mixing probabilities; cf. [1]).

A.1 Composite Parametrization for the Stinespring Isometry of a Quantum
Channel

A general CPTP map & : D(H1) — D(Hz) can be written in its Stinespring representation as
E(p) =Trya(VpVT), (A15)

where V' € Iso(H1,Ha ® Ha ® H1), and the Hilbert space H 4 with dim(#H 4) = d4 corresponds to an ancilla
system. We can choose d4 = dy because dids is the maximal Kraus rank of £ [3|. In this case, the isometry
in with dodad; = did3 has d3(2d3 — 1) degrees of freedom. However, due to the unitary freedom on the
space Ha ® H; (which has no physical relevance), a general CPTP map can be reduced to d3(d3 — 1) degrees
of freedom. Unfortunately, we cannot straightforwardly get rid of the d2d3 redundant parameters in
because these degrees of freedom do not coincide one-to-one with the parameters A; ;.

Nonetheless, using , we can write a Stinespring isometry for £ as

V =Uc Lya3xa, =Uc (102®[0)4®11) , (AL6)



with

di—1 [did3—1 dy—1
Ue= ][ TII Awmn lHe”’M”]. (A17)

m=0 n=m-+1

We thus obtain for any p; € D(H1):

E(pr) = TryalV p1 V7] (A18)
ds—1d;—1
= > ka@ LV o VK a@ | (A19)
k=0 [=0
d2 ldl 1
=) Z (kla ® (1]1 Uc [0)2 @ [0)4 p1 (0]2 @ (04 UL k) 4  [1)1 (A20)
k=0
do—1d
Z lepl kl7 (A21)

with the Kraus operators G = (k|la ® (I|1V = (k|4 ® ({|1Uc|0)2 ® |0) 4

Note that this representation of a quantum channel £ requires us to tensor the systems H 4 and Hs from
the left onto H; to obtain [0) ®(0) 4 ® 1; in . In this case, the parameters in the composite parametrized
isometry are reduced to the correct number d?(2d3 — 1). If we tensor the systems H 4 and Hs from the right
onto H1, we would get 1 ® [0) 4 ® [0)2 in (ALG). Consequently, the d?dj parameters of the full unitary Uc
get reduced only by less than d?(d3 — 1)2, and is no longer valid. The reason is that the reduction of
parameters shown above cannot be carried out. This also becomes apparent when numerically optimizing
DQNNSs using the composite parametrization because the gradient for redundant degrees of freedom in the
unitary formalism vanishes. If tensored in the “wrong” order, only some diagonal elements of the parameter
matrix (Al4]) are irrelevant for the quantum channel and have vanishing derivative (cf. [4]). If done correctly,
only the parameters ); ; in are relevant for the optimization, i.e., have non-vanishing derivative in
general. Consequently, the derivative of the cost function only needs to be calculated for those, leading to
better computational performance.

B Derivatives of different cost functions

This section presents the derivatives of the different cost functions required for optimizing a DQNN by gradient
descent/ascent. In Sec. |4l the resulting gradient matrix is used to update the isometry parameters, e.g., with
the ADAM optimizer [5].

For example, consider an extended DQNN consisting of 5 qudits and two perceptrons U; and Us in the
unitary formulation It comprises one input, one hidden, one output, and two ancilla layers. Using the
notation of Sec. [2.2, we have U; = U1(1 23 and U, = U(3 %) Let us denote the set of variational parameters
inU,, as S;, = {)\x,y }z,y- Due to the equivalence of the isometry and the unitary picture, this is already a
reduced set of parameters (cf. ) The network channel is given by

Pout = gnet(pin) - Tr1,273,4 { U (|0> <0| X pin) UT } 5 (B]‘)

where U = Uy Uy, and |0){(0| = |0)(0]5 4,32 is the initial state of the ancilla, hidden, and output layers.
Gradient optimization utilizes either the numerical or the analytical derivative of the total cost function
. In the former case, we approximate the cost function gradient by

Ny

0Chot 1 0 @ @)
= N C(p ary Pou ) (B2)
8/\5573;) N, ; 8)\(m) t t
N, 7 m i m
1S Clotars P8 +€)) = Clotar, po(AS) =€)

Ny ~ 2e

~
~

(B3)



for each m € {1,2} and relevant z,y (cf. ) This method requires choosing a suitable small ¢ > 0 and is
generally only an approximation of the true gradient. Thus, we resort to it only when we cannot compute the
cost function’s analytical derivative. This is the case for the quantum Chernoff bound and the quantum
relative entropy .

For the analytic approach, we compute analytically for each m € {1,2} and relevant z,y. To unclutter
the notation in the following, we focus on one input-target pair of the training set (i.e., one term in the

sum (B2)) and drop the superscript (i). When evaluating 0C(piar, pout )/ 8)\5577;,), we necessarily encounter

Opout/ 8)\&%) due to the chain rule. Thus, before moving on, we first take care of this. As shown in |4], we can
calculate for our example DQNN

9pou o)
3/\?1; =Tri234 { U Uyi [Yl(}y), o] U{f U;r } , (B4)
‘:Efy
apout X ~
e = T2 {02072, v U1} } (B5)
wly
where [+, -] denotes the commutator and p = |0)(0| ® pin. Furthermore

with

Hk y+1 A [Hk 41 Hz k+1 } Hl z exp(zP( ))‘Z(T)) forz <y,

Ua(cn;) - d—1 m m
ITi=z A( } Hk y+1 Hz k+1 k,l } Hz:y exp(zPl( ))‘l(,l)) for x >y,

(B7)

and where P(m) Y(m) and A(m) as in ., and (A6] .7 respectively. Generalizing the calculation for
and ( . ) to networks with more (unitary) erceptronb U,, is straightforward.

The remainder of this section deals with evaluating 0C(ptar, Pout)/ 8)\5572,) for the cost functions presented
in Sec. |3l It is important to keep in mind that only p,,; depends on the variational parameters Aé’j;). Hence,

Opout /8)\:(572,) # 0 in general, but pga, /8)\5,;77;) = 0. Throughout, we furthermore assume pgay # pout as this
can become problematic for the gradient of certain cost functions. This condition can be implemented in the
training algorithm: Before computing the gradient for any optimization iteration, check if pout = prar. If yes,
the network is already optimal for this training state, and we exclude this instance from the present iteration
of the gradient calculation.

B.1 Derivative of Dyg
A straightforward calculation using yields

al)HS (ptara pout) _ 0 \/

A D, T (Pout — prar)?) .
1 9 i
) ou ar BY
2DHS (ptar, pout) aA(m) ((p t — Pt ) ) ( )
: apout
=— — Tr out — Piar ' -
Dus (prar;s pout) <(P ¢ = Ptar) 8A§:§)) (B10)



B.2 Derivative of D,
The derivative of the trace distance cost function is

aDTr(ptau pout) 1 (9
=5 Tr (pou —p ar)2 (Bll)
A 2 oalm) ( e )

1 -1 0

= _ _ 2 _ 2

= 4 TI‘ (( (pout ptar) ) 8/\&"3 (pout ptar) ) (B12)
1 -1 apout

_ — 2 B

=3 Tr (( (pout ptar) ) (pout ptar) aAgcn;)) . (B13)

If A= \/(pout — prar)? is singular, we use the Moore-Penrose inverse [6] instead of A~!. In more detail, in

(B12)) we used
P L (10A [
Tr (m\/A) Tr (2 55 (A ) ) (B14)

for A\ = /\;(’;) and A = (pout — ptar)Q. To evaluate this, we can utilize the power series expansion for the matrix
square root, given by

A2 = i(—w <1/2> (1-A)", (B15)

n
n=0

which is convergent if the spectrum of A satisfies spec(A) C D(1,1) C C, where D(1,1) denotes a disk with
radius 1 and centered at 1 in C. If spec(A) C (0, 1], i.e., A is non-singular, the inverse of (B15) is

AT =N (‘1/2) (1—A)". (B16)

n
n=0

For singular A we can use the Moore-Penrose pseudoinverse to define (B16)). We can then calculate

o (aaxf) r <8/\ 2 (-1 (1/2> " A)n> (B17)

=Tr <;0(1)n (17/12) ;)(11 - A)’“Lﬂa; Y- A)”k1> (B18)
_ 6‘4 . n+1 1/2 n—1

=Tr (‘”n 1(_1) * (n )n(]l—A) ) (B19)
=Tr (; ‘;‘;‘ A—1/2> : (B20)

where in the third equahty we used that the trace is cyclic, and a simple index shift in combination with the

identity (ifl) (n+1)=1(" 1/2) yields the last line.

B.3 Derivative of I} and D;
The derivative of the fidelity cost function takes the form

OF) (prar, Pou 9 ’
1(PteZm)Po t) = ) Tr ( v/ Ptar Pout A /ptar> (B21)
oAy ATy
0
Fl (ptah pout) Tr W vV Ptar Pout vV Ptar (B22)
OAz,y
apout

== Fl (ptara pout) ( \/7 < \//Epout \//E) ) \/ﬂ) ) (B23)

oA



where in the last line we used (B14) with A = \/ptar Pout v/Prar- This is valid as one can show that

spec(y/Prar Pout /Prar) C [0, 1].

For the Bures distance cost function , we obtain

6D1 (ptmr: pout> a \/
= = - 2 (1 — Fl(pta,rapout))
A o)

1 b (
- 1 o F ary Jou )
Dl (ptara pout) a)\;%) 1 (pt P t)
- I (ptah pout)
2D1 (ptam pout) Fl (ptam p()ut) aA‘(TTZ)

-1 apout < ) !
Tr ar ar fFou ar ar )
2D1 (prars Pout) (8)\55%) VPt V Ptar Pout V/ Pt VPt

where we used (B23)) in the last line.

B.4 Derivative of F; and D
To take the derivative of the fidelity F5, we write it as

Iy (ptar» pout) =

MBS

where

A= Tr(ﬂoutptar) >
B = max {Tr(pgut)7 Tr(pfar)} .

Thus, we have

oA B-A oB
8F‘Q(ptarapout) . 3)\;77;/) PG

z,y

m 2
o B

The derivative of A is easily evaluated to be
A Ipout
o T oy Par |
OAzy OAz.y

1
max {Tr(p?)ut)v Tr(p?ar)} = 5 (Tr(p?)ut) + Tr(pgar) + |Tr(pc2)ut) - Tr(p%ar)‘)

By writing

1
= 5 <Tr(p(2)ut + pgar) + Tr(pgut - p%ar)2> ’

we see that B is not differentiable at pous = prar- For all other cases, we can compute

B _ (apout , ) (1 L Te(p3 — phar) )
a)\:(vv’r;) 3}\50%) Tr(pgut - p‘?ar)2
OPor .
=Tr ( o pout) (1 +sign (Tr(pZue — piar))) -
Oz
Inserting (B32) and (B36|) into (B31) finally yields after some simplifications

8F2 (pt P t) Tr <§§§%§) (ptar - poutFQ(Ptara pout) (1 + Sign (Tr(pgut — p‘%ar)))))
am max {Tr(p2,,), Tr(pZr) }

(B24)
(B25)

(B26)

(B27)

(B28)

(B29)
(B30)

(B31)

(B32)

(B33)

(B34)

(B35)

(B36)

(B37)



For the D distance , the derivative evaluates to

ODs(prar, pout) _ ~1 OF> (pears Pout) B35)
5)\/&%) D5 (ptar;s Pout) a)\gz)
—Tr (g)’f;‘yt) (ptar — Pout F2(prar, pout) (1 + sign (Tr(pZ,, — P&)))))
B D (rars Pot) max (T (2,0, T2} - (B39
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