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A The Composite Parametrization of Isometries
In this section, we derive the composite parametrization for isometries. As the name suggests, it is obtained
from the composite parametrization of the unitary group U(d) introduced in Ref. [1, 2].

Let H1 and H2 be Hilbert spaces with dimensions d1 and d2, respectively. Let L(H) be the set of
linear operators mapping H into itself, and Iso(H1,H2) the set of isometries from H1 to H2 with d1 ≤ d2.
Furthermore, let {|i⟩ℓ}dℓ−1

i=0 be the computational basis of Hℓ.
Any isometry V ∈ Iso(H1,H2) with d1 ≤ d2 can be written as

V = U 1d2×d1
, (A1)

where U ∈ U(d2), and 1d2×d1 ∈ Iso(H1,H2) denotes the d2 × d1 matrix consisting of the first d1 columns of
1d2×d2

. It can be written as

1d2×d1 =

d1−1∑
i=0

|i⟩2⟨i|1 . (A2)

Note that not all basis vectors |i⟩2 of H2 need to appear in this sum. By (A1), the action V AV † of V on
A ∈ L(H1) can be interpreted as first canonically embedding A into L(H2) and subsequently applying the
unitary U .

We can use the composite parametrization of unitary matrices [1, 2] to write U as

U =

[
d2−2∏
m=0

(
d2−1∏

n=m+1

Λm,n

)] [
d2−1∏
l=0

eiPlλll

]
, (A3)

with

Pn := |n⟩2⟨n|2 , (A4)
Ym,n := −i|m⟩2⟨n|2 + i|n⟩2⟨m|2 , 0 ≤ m < n ≤ d2 − 1 , (A5)

Λm,n := ei Pnλn,mei Ym,nλm,n , (A6)

and λm,n ∈ [0, 2π] for m ≥ n and λm,n ∈ [0, π/2] for m < n.
Using (A1) and (A3) we compute

d2−1∏
l=0

eiPlλll 1d2×d1 =

(
d2−1∑
l=0

ei λl,l |l⟩2⟨l|2

)(
d1−1∑
k=0

|k⟩2⟨k|1

)
(A7)

=

d1−1∑
k=0

ei λk,k |k⟩2⟨k|1 , (A8)

and observe that only the first d1 phases λk,k are relevant for the isometry. This d2 × d1-dimensional matrix
is explicitly given by

d2−1∏
l=0

eiPlλll 1d2×d1
=



ei λ0,0 0 0

0
. . . 0

0 · · · ei λd1−1,d1−1

...
...

0 · · · 0

 , (A9)

Next, we calculate

Λm,n =1d2×d2
+ (cm,n − 1)Pm + (en,mcm,n − 1)Pn − en,msm,n|n⟩2⟨m|2 + sm,n|m⟩2⟨n|2 , (A10)
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where we abbreviated sinλm,n = sm,n, cosλm,n = cm,n, and eiλn,m = en,m. In matrix notation, this amounts
to

Λm,n =


1m×m 0 0 0 0

0 cm,n 0 sm,n 0
0 0 1(n−m−1)×(n−m−1) 0 0
0 −en,m sm,n 0 en,m cm,n 0
0 0 0 0 1(d2−n−1)×(d2−n−1)

 . (A11)

By inspection, we see that Λm,n acts trivially from the left on a matrix of the form (A9) if m ≥ d1. Thus, we
can write the isometry (A1) as

V =

[
d2−2∏
m=0

(
d2−1∏

n=m+1

Λm,n

)] [
d2−1∏
l=0

eiPlλll

]
1d2×d1 (A12)

=

[
d1−1∏
m=0

(
d2−1∏

n=m+1

Λm,n

)] [
d1−1∏
l=0

eiPlλll

]
1d2×d1 . (A13)

Regarding the parameter count in (A13), we note that the first term on the right-hand side gives∑d1−1
m=0 2(d2−m−1) = 2d1d2−d21−d1 because each Λm,n introduces two degrees of freedom. The second term

on the right-hand side gives an additional d1 free parameters. Thus, we find that the isometry V ∈ Iso(H1,H2)
in (A13) has 2d1d2 − d21 free real parameters. A simple argument shows that this is indeed the number of free
real parameters of a general isometry in Iso(H1,H2). Consequently, we cannot eliminate more parameters
from (A13).

The parameters of the isometry (A13) can be conveniently collected in the matrix

(λm,n)m,n =



λ0,0 · · · λ0,d1−1 · · · · · · λ0,d2−1

...
. . .

...
...

λd1−1,0 · · · λd1−1,d1−1 · · · · · · λd1−1,d2−1

...
... 0 · · · 0

...
...

...
...

λd2−1,0 · · · λd2−1,d1−1 0 · · · 0


, (A14)

The diagonal entries λn,n correspond to global phases in the respective subspaces. The entries λm,n in
the upper triangular part represent rotations in the subspaces spanned by |n⟩2 and |m⟩2, and λn,m in the
lower triangular part correspond to relative phases in these subspaces. Except for the diagonal entries λk,k,
these are the same parameters needed to parameterize a general mixed state ρ2 ∈ D(H2) of rank d1 ≤ d2 (in
addition to d1 − 1 required mixing probabilities; cf. [1]).

A.1 Composite Parametrization for the Stinespring Isometry of a Quantum
Channel

A general CPTP map E : D(H1) → D(H2) can be written in its Stinespring representation as

E(ρ) = Tr1,A(V ρV
†) , (A15)

where V ∈ Iso(H1,H2 ⊗HA ⊗H1), and the Hilbert space HA with dim(HA) = dA corresponds to an ancilla
system. We can choose dA = d2 because d1d2 is the maximal Kraus rank of E [3]. In this case, the isometry
in (A13) with d2dAd1 = d1d

2
2 has d21(2d22 − 1) degrees of freedom. However, due to the unitary freedom on the

space HA ⊗H1 (which has no physical relevance), a general CPTP map can be reduced to d21(d22 − 1) degrees
of freedom. Unfortunately, we cannot straightforwardly get rid of the d21d22 redundant parameters in (A14)
because these degrees of freedom do not coincide one-to-one with the parameters λi,j .

Nonetheless, using (A13), we can write a Stinespring isometry for E as

V = UC 1d1d2
2×d1

= UC (|0⟩2 ⊗ |0⟩A ⊗ 11) , (A16)
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with

UC =

d1−1∏
m=0

d1d
2
2−1∏

n=m+1

Λm,n

 [d1−1∏
l=0

eiPlλll

]
. (A17)

We thus obtain for any ρ1 ∈ D(H1):

E(ρ1) = Tr1,A[V ρ1 V
†] (A18)

=

d2−1∑
k=0

d1−1∑
l=0

⟨k|A ⊗ ⟨l|1 V ρ1 V
† |k⟩A ⊗ |l⟩1 (A19)

=

d2−1∑
k=0

d1−1∑
l=0

⟨k|A ⊗ ⟨l|1 UC |0⟩2 ⊗ |0⟩A ρ1 ⟨0|2 ⊗ ⟨0|A U†
C |k⟩A ⊗ |l⟩1 (A20)

=

d2−1∑
k=0

d1−1∑
l=0

Gk,l ρ1G
†
k,l , (A21)

with the Kraus operators Gk,l = ⟨k|A ⊗ ⟨l|1V = ⟨k|A ⊗ ⟨l|1UC |0⟩2 ⊗ |0⟩A.
Note that this representation of a quantum channel E requires us to tensor the systems HA and H2 from

the left onto H1 to obtain |0⟩2⊗|0⟩A⊗11 in (A16). In this case, the parameters in the composite parametrized
isometry are reduced to the correct number d21(2d22 − 1). If we tensor the systems HA and H2 from the right
onto H1, we would get 11 ⊗ |0⟩A ⊗ |0⟩2 in (A16). Consequently, the d21d42 parameters of the full unitary UC

get reduced only by less than d21(d22 − 1)2, and (A17) is no longer valid. The reason is that the reduction of
parameters shown above cannot be carried out. This also becomes apparent when numerically optimizing
DQNNs using the composite parametrization because the gradient for redundant degrees of freedom in the
unitary formalism vanishes. If tensored in the “wrong” order, only some diagonal elements of the parameter
matrix (A14) are irrelevant for the quantum channel and have vanishing derivative (cf. [4]). If done correctly,
only the parameters λi,j in (A14) are relevant for the optimization, i.e., have non-vanishing derivative in
general. Consequently, the derivative of the cost function only needs to be calculated for those, leading to
better computational performance.

B Derivatives of different cost functions
This section presents the derivatives of the different cost functions required for optimizing a DQNN by gradient
descent/ascent. In Sec. 4, the resulting gradient matrix is used to update the isometry parameters, e.g., with
the ADAM optimizer [5].

For example, consider an extended DQNN consisting of 5 qudits and two perceptrons U1 and U2 in the
unitary formulation. It comprises one input, one hidden, one output, and two ancilla layers. Using the
notation of Sec. 2.2, we have U1 ≡ U

(1,2,3)
1 and U2 ≡ U

(3,4,5)
1 . Let us denote the set of variational parameters

in Um as Sm = {λ(m)
x,y }x,y. Due to the equivalence of the isometry and the unitary picture, this is already a

reduced set of parameters (cf. (A14)). The network channel is given by

ρout = Enet(ρin) = Tr1,2,3,4
{
U (|0⟩⟨0| ⊗ ρin)U

† } , (B1)

where U = U2 U1, and |0⟩⟨0| ≡ |0⟩⟨0|5,4,3,2 is the initial state of the ancilla, hidden, and output layers.
Gradient optimization utilizes either the numerical or the analytical derivative of the total cost function

(11). In the former case, we approximate the cost function gradient by

∂Ctot

∂λ
(m)
x,y

=
1

Nt

Nt∑
i=1

∂

∂λ
(m)
x,y

C(ρ
(i)
tar, ρ

(i)
out) (B2)

≈ 1

Nt

Nt∑
i=1

C(ρ
(i)
tar, ρ

(i)
out(λ

(m)
x,y + ε))− C(ρ

(i)
tar, ρ

(i)
out(λ

(m)
x,y − ε))

2ε
(B3)
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for each m ∈ {1, 2} and relevant x, y (cf. (A14)). This method requires choosing a suitable small ε > 0 and is
generally only an approximation of the true gradient. Thus, we resort to it only when we cannot compute the
cost function’s analytical derivative. This is the case for the quantum Chernoff bound (25) and the quantum
relative entropy (26).

For the analytic approach, we compute (B2) analytically for each m ∈ {1, 2} and relevant x, y. To unclutter
the notation in the following, we focus on one input-target pair of the training set (i.e., one term in the
sum (B2)) and drop the superscript (i). When evaluating ∂C(ρtar, ρout)/∂λ

(m)
x,y , we necessarily encounter

∂ρout/∂λ
(m)
x,y due to the chain rule. Thus, before moving on, we first take care of this. As shown in [4], we can

calculate for our example DQNN

∂ρout

∂λ
(1)
x,y

= Tr1,2,3,4

{
U2 U1 i [ Ỹ

(1)
x,y , ρ̃ ]U

†
1 U

†
2

}
, (B4)

∂ρout

∂λ
(2)
x,y

= Tr1,2,3,4

{
U2 i [ Ỹ

(2)
x,y , U1 ρ̃ U

†
1 ]U

†
2

}
, (B5)

where [·, ·] denotes the commutator and ρ̃ = |0⟩⟨0| ⊗ ρin. Furthermore

Ỹ (m)
x,y =


(U

(m)
x,y )† Y

(m)
x,y U

(m)
x,y , x < y

P
(m)
x , x = y

(U
(m)
x,y )† P

(m)
x U

(m)
x,y , x > y

(B6)

with

U (m)
x,y =


[∏d−1

k=y+1 Λ
(m)
x,k

] [∏d−2
k=x+1

∏d−1
l=k+1 Λ

(m)
k,l

]∏d−1
l=x exp

(
iP

(m)
l λ

(m)
l,l

)
for x < y ,[∏d−1

k=x Λ
(m)
y,k

] [∏d−2
k=y+1

∏d−1
l=k+1 Λ

(m)
k,l

]∏d−1
l=y exp

(
iP

(m)
l λ

(m)
l,l

)
for x > y ,

(B7)

and where P (m)
x , Y (m)

x,y and Λ
(m)
k,l as in (A4), (A5) and (A6), respectively. Generalizing the calculation for (B4)

and (B5) to networks with more (unitary) perceptrons Um is straightforward.
The remainder of this section deals with evaluating ∂C(ρtar, ρout)/∂λ

(m)
x,y for the cost functions presented

in Sec. 3. It is important to keep in mind that only ρout depends on the variational parameters λ(m)
x,y . Hence,

∂ρout/∂λ
(m)
x,y ̸= 0 in general, but ∂ρtar/∂λ

(m)
x,y ≡ 0. Throughout, we furthermore assume ρtar ̸= ρout as this

can become problematic for the gradient of certain cost functions. This condition can be implemented in the
training algorithm: Before computing the gradient for any optimization iteration, check if ρout = ρtar. If yes,
the network is already optimal for this training state, and we exclude this instance from the present iteration
of the gradient calculation.

B.1 Derivative of DHS

A straightforward calculation using (18) yields

∂DHS(ρtar, ρout)

∂λ
(m)
x,y

=
∂

∂λ
(m)
x,y

√
Tr ((ρout − ρtar)2) (B8)

=
1

2DHS(ρtar, ρout)

∂

∂λ
(m)
x,y

Tr
(
(ρout − ρtar)

2
)

(B9)

=
1

DHS(ρtar, ρout)
Tr

(
(ρout − ρtar)

∂ρout

∂λ
(m)
x,y

)
. (B10)
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B.2 Derivative of DTr

The derivative of the trace distance cost function (19) is

∂DTr(ρtar, ρout)

∂λ
(m)
x,y

=
1

2

∂

∂λ
(m)
x,y

Tr
(√

(ρout − ρtar)2
)

(B11)

=
1

4
Tr

((√
(ρout − ρtar)2

)−1 ∂

∂λ
(m)
x,y

(ρout − ρtar)
2

)
(B12)

=
1

2
Tr

((√
(ρout − ρtar)2

)−1

(ρout − ρtar)
∂ρout

∂λ
(m)
x,y

)
. (B13)

If A =
√
(ρout − ρtar)2 is singular, we use the Moore-Penrose inverse [6] instead of A−1. In more detail, in

(B12) we used

Tr

(
∂

∂λ

√
A

)
= Tr

(
1

2

∂A

∂λ

(
A1/2

)−1
)

(B14)

for λ = λ
(m)
x,y and A = (ρout − ρtar)

2. To evaluate this, we can utilize the power series expansion for the matrix
square root, given by

A1/2 =

∞∑
n=0

(−1)n
(
1/2

n

)
(1−A)n , (B15)

which is convergent if the spectrum of A satisfies spec(A) ⊆ D(1, 1) ⊂ C, where D(1, 1) denotes a disk with
radius 1 and centered at 1 in C. If spec(A) ⊆ (0, 1], i.e., A is non-singular, the inverse of (B15) is

A−1/2 =

∞∑
n=0

(−1)n
(
−1/2

n

)
(1−A)n . (B16)

For singular A we can use the Moore-Penrose pseudoinverse to define (B16). We can then calculate

Tr

(
∂

∂λ

√
A

)
= Tr

(
∂

∂λ

∞∑
n=0

(−1)n
(
1/2

n

)
(1−A)n

)
(B17)

= Tr

( ∞∑
n=0

(−1)n
(
1/2

n

) n−1∑
k=0

(1−A)k
∂(1−A)

∂λ
(1−A)n−k−1

)
(B18)

= Tr

(
∂A

∂λ

∞∑
n=1

(−1)n+1

(
1/2

n

)
n (1−A)n−1

)
(B19)

= Tr

(
1

2

∂A

∂λ
A−1/2

)
, (B20)

where in the third equality we used that the trace is cyclic, and a simple index shift in combination with the
identity

(
1/2
n+1

)
(n+ 1) = 1

2

(−1/2
n

)
yields the last line.

B.3 Derivative of F1 and D1

The derivative of the fidelity cost function (21) takes the form

∂F1(ρtar, ρout)

∂λ
(m)
x,y

=
∂

∂λ
(m)
x,y

Tr

(√√
ρtar ρout

√
ρtar

)2

(B21)

= 2
√
F1(ρtar, ρout) Tr

(
∂

∂λ
(m)
x,y

√√
ρtar ρout

√
ρtar

)
(B22)

=
√
F1(ρtar, ρout) Tr

(
∂ρout

∂λ
(m)
x,y

√
ρtar

(√√
ρtar ρout

√
ρtar

)−1 √
ρtar

)
, (B23)
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where in the last line we used (B14) with A =
√
ρtar ρout

√
ρtar. This is valid as one can show that

spec(
√
ρtar ρout

√
ρtar) ⊂ [0, 1].

For the Bures distance cost function (22), we obtain

∂D1(ρtar, ρout)

∂λ
(m)
x,y

=
∂

∂λ
(m)
x,y

√
2
(
1−

√
F1(ρtar, ρout)

)
(B24)

=
1

D1(ρtar, ρout)

∂

∂λ
(m)
x,y

(
1−

√
F1(ρtar, ρout)

)
(B25)

=
−1

2D1(ρtar, ρout)
√
F1(ρtar, ρout)

∂F1(ρtar, ρout)

∂λ
(m)
x,y

(B26)

=
−1

2D1(ρtar, ρout)
Tr

(
∂ρout

∂λ
(m)
x,y

√
ρtar

(√√
ρtar ρout

√
ρtar

)−1 √
ρtar

)
, (B27)

where we used (B23) in the last line.

B.4 Derivative of F2 and D2

To take the derivative of the fidelity F2, we write it as

F2(ρtar, ρout) =
A
B

(B28)

where

A = Tr(ρoutρtar) , (B29)

B = max
{
Tr(ρ2out),Tr(ρ

2
tar)
}
. (B30)

Thus, we have

∂F2(ρtar, ρout)

∂λ
(m)
x,y

=

∂A
∂λ

(m)
x,y

B −A ∂B
∂λ

(m)
x,y

B2
. (B31)

The derivative of A is easily evaluated to be

∂A
∂λ

(m)
x,y

= Tr

(
∂ρout

∂λ
(m)
x,y

ρtar

)
. (B32)

By writing

max
{
Tr(ρ2out),Tr(ρ

2
tar)
}
=

1

2

(
Tr(ρ2out) + Tr(ρ2tar) +

∣∣Tr(ρ2out)− Tr(ρ2tar)
∣∣) (B33)

=
1

2

(
Tr(ρ2out + ρ2tar) +

√
Tr(ρ2out − ρ2tar)

2

)
, (B34)

we see that B is not differentiable at ρout = ρtar. For all other cases, we can compute

∂B
∂λ

(m)
x,y

= Tr

(
∂ρout

∂λ
(m)
x,y

ρout

)(
1 +

Tr(ρ2out − ρ2tar)√
Tr(ρ2out − ρ2tar)

2

)
(B35)

= Tr

(
∂ρout

∂λ
(m)
x,y

ρout

)(
1 + sign

(
Tr(ρ2out − ρ2tar)

))
. (B36)

Inserting (B32) and (B36) into (B31) finally yields after some simplifications

∂F2(ρtar, ρout)

∂λ
(m)
x,y

=

Tr

(
∂ρout

∂λ
(m)
x,y

(
ρtar − ρoutF2(ρtar, ρout)

(
1 + sign

(
Tr(ρ2out − ρ2tar)

))))
max {Tr(ρ2out),Tr(ρ2tar)}

. (B37)
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For the D2 distance (24), the derivative evaluates to

∂D2(ρtar, ρout)

∂λ
(m)
x,y

=
−1

D2(ρtar, ρout)

∂F2(ρtar, ρout)

∂λ
(m)
x,y

(B38)

=

−Tr

(
∂ρout

∂λ
(m)
x,y

(
ρtar − ρoutF2(ρtar, ρout)

(
1 + sign

(
Tr(ρ2out − ρ2tar)

))))
D2(ρtar, ρout)max {Tr(ρ2out),Tr(ρ2tar)}

. (B39)
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