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Supplement A

We describe a very efficient finite volume WENO reconstruction in 2D and 3D at third,
fourth and fifth orders. The 2D reconstruction should be used to construct the moments of the
normal component of the field within a face. The 3D reconstruction can be used to construct the

charge densities.
A.1) r=3 Finite-Volume WENO Reconstruction in 2D

The reconstruction polynomial at third order is given by

u(x,y) = oo +u, X+u,y + uﬂ(x2—1/12) + uyy(y2—1/12) tu,xy . (A.1)

The U, denotes the value in the zone of interest, and the integer subscripts of “u” will denote
shifts relative to the central zone where the reconstruction is to be carried out. When “u” has
subscripts of “x”, “y” or “z”, they will denote spatial moments. The U, and U, terms can be obtained
one-dimensional WENO-AO methods applied in the x-direction from Balsara, Garain and Shu [8].
The u,and U, terms can be obtained by a similar application of WENO-AO in the y-direction.

Therefore, we only have to describe the process of obtaining the cross-term in eqn. (A.1). Four

possible evaluations of the U, term can then be obtained by taking all the known moments in the

zone “0,0” and including any one of the four zone averaged values U, ,u_,,,U, and u_,_, from
the zones that lie along the diagonals of the zone of interest. We catalogue the four possible

evaluations of the cross-term U,, below:
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Uy = ul,l_ u0,0_ux_uy_uxx_uyy )

Xy
U, =—Uu_,+ U,tu -u+tu +tu  ;
(A.2)
U, =—Uu,;+ U, -u,t uy+ u,t U, ;
Uy, = U, — u0’0+ u,t+ u, —u, —u. .

The four possible cross-terms in the equation above, correspond to the choice of four possible

stencils. The smoothness indicator for eqn. (A.1), written as a sum of perfect squares, is given by

1 1
1S=uf+ui+?3u; +?3u§y+%uiy . (A.3)

This completes our description of third order finite volume (r=3) WENO reconstruction in 2D.
A.2) r=4 Finite-Volume WENO Reconstruction in 2D

The reconstruction polynomial at fourth order is given by

u(x,y) = gy +u, X+u, y + u, (x2—1/12) +u, (y2—1/12) +u, Xy

A4
+ug, (¥ =3x/20) +uy (¥ =3/20)+u,, (° =1/12)y + u x(y” -1/12) . (AH

One-dimensional WENO-AO can be used to obtain the U, , U, and U,,, terms and also the U, U

W
and u, terms. Fig. A.l1 shows us five possible stencils that can each be used to evaluate the

Uyl and u

, cross-terms. The central stencil was added for stability reasons and has a linear

Xy
weight that is 100 to 400 times larger than the linear weights of the other four directionally-biased

stencils. Our choice of five stencils in Fig. A.1 gives us five possible evaluations of the cross-terms

U,u,, and u  which we catalogue below. For the stencil S1 we obtain

u,, =(60u,, -10u,, -10u,, — 40u,, —30u,— 30u, -10u, 10w, +27u  +27u, )/20 ;
U, =(=20u, +10u,, +10u,, +10u, =20u  +10u , —60u  +11u  )/20 ;
u,, =(=20u,, +10u,, +10u,, +10u +10u  —20u , +11u  —60u  )/20 .
(A.5)

For the stencil S; we obtain



u,=(—=60u, +10u,,+10u,, +40u,,-30u, +30u, +10u  +10u , +27u  —27u,)/20 ;
)20
u,, =(20u,,-10u, ,—10u, +10u —-10u  +20u ,+1lu  +60u  )/20 .

Uy, =(=20u,,+10u,, +10u,,+10u -20u  +10u,, +60u  +11u

(A.6)
For the stencil S3; we obtain

u, =(—60u, , +10u, , +10u, , +40u,,+30u, —30u, +10u +10u, -27u  +27u, )/20 ;
u,, =(20u,  —10u,  —10u,, +10u +20u  —10u  +60u  +1lu )/20 ; (A.7)
u,,=(=20u,_,+10u, ,+10u,, +10u, +10u, —20u  +1lu,  +60u,)/20 .

For the stencil S4 we obtain

u,=(60u,  —10u,  —10u, ,—40u,, +30u +30u, —10u, —10u —27u  —27u )/20 ;
u,,=(20u,  —10u,  —10u,,+10u, +20u  —10u, —60u  +11u )/20 ; (A.8)
u,,=Q20u, 10w, ,—10 u,, +10u, —10u  +20u  +11u  —60u  )/20 .

»y
For the central Ss stencil we obtain
u, = ( Uy —Uyy—Uy  + Uy, )4

uy, =(=Su,  +5u,,=Su, +5u,-22u, —20u)/20 ; (A.9)
u,, =(=Su,  —5u,,+5u_ +5u,-22u  —-20u,)/20 .

The smoothness indicator for eqn. (A.4), written as a sum of perfect squares, is given by

2 2 13 13 781 781
IS =(u, +u,,/10) +(uy+uyyy/10) +?ufx+—uiv+5uiw+5u;y
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This completes our description of fourth order finite volume (r=4) WENO reconstruction in 2D.
A.3) r=5 Finite-Volume WENO Reconstruction in 2D

The reconstruction polynomial at fifth order is given by



u(x,y) = Ugo U, X+u,y + uxx(x2—1/12) + Myy(yz—l/lz) +tu,xy
+u . (x3 —3x/20) tu,, (y3 —3y/20)+uxxy (x2 —1/12)y + uwx(yz —1/12) (A1)
(¥ =327 /14+3/560) +u,, (v —3y /14+3/560)+u,,, (x* —3x/20)y

Hity, 201 =39/20)+u,, (= 112) (37 =1/12)

One-dimensional WENO-AO can be used to obtain the ¥, U, U . and U . terms and also the

u B u

ys Uy, u,, and U, terms. Fig. A.2 shows us nine possible stencils that can each be used to

evaluate the u,,u, .U, U U, and u  cross-terms. The central stencil was added for stability

reasons and has a linear weight that is 100 to 400 times larger than the linear weights of the other

four directionally-biased stencils. Our choice of nine stencils in Fig. A.2 gives us nine possible

evaluations of the cross-terms U, U, U, U, 4, and u , which we catalogue below. For the

stencil S; we obtain

u,, =(=12110u, , +24780u, , —8190u, , +1330u, ; —8190u,, +1050u, , +1330u,, —7630u,
—1330u,, +2527u,, —11790u,, —7630u, —1330u,, +2527u, —11790u, )/ 4200 ;
u, =A75u, 5 —490u,  +70u, , +350u,, —=35u, , = 70u;, —210u,, —210u, +990u,
+140u, +70u,, —56u , —330u,, )/140 ;
u,, =175u,5—490u, , +350u, , = 70u, 5 + 70u,, —35u, , +140u, +70u,, —56u, . —330u
-210u,, —210u,,, +990u , ) /140 ;

XXXX

U =(=70uy +210u,, —210u, , +70u;, —420u,,, —2520u, —70u, —70u,,
=TTu,,, —90u, )/ 420 ;
Uy, =(=70uq,+210u,, —210u, , + 70u, ; = 70u, = 70u,, —77u, —90u,
—-420u,,, —2520u,, ) /420 ;
=(—Tugo+28u,, —14u, , —14u,  +Tu,, +14u  +42u  +102u +14u,

+42u,, +102u,, )/28 .

(A.12)

u xXXyy

wyy

For the stencil S; we obtain



u,, =(12110u,,-24780u_,, +8190u_, , —1330u_, ; +8190u_,, —1050u_, , —1330u_;, —7630u,
+1330u,, +2527u, +11790u,, +7630u, +1330u,, —2527u,, +11790u , )/ 4200 ;

u,, =175uy,—490u_,  +70u_,, +350u_,, —35u_,, —70u 5, —210u,  +210u  +990u
+140u, +70u,, —56u ,, —330u,, )/140 ;

uy, =(=175u,,+490u_, —=350u_, , +70u_, ; = 70u_,, +35u_, , +140u, —70u,  —56u  +330u,
+210u,, +210u ,, —990u,, ) /140 ;

vy

U =(T0uy o =210u_, +210u ,, = 70u 5, —420u, +2520u . +70u, +70u ,

+7Tu,, +90u,, )/ 420 ;
Uy, =(T0uy, =210u,, +210u_,, =70u_, ;= 70u, +70u,, —77u, +90u, AL
+420u,, +2520u,, )/ 420 ; (A13)
U, = (—Tugo+28u_ —14u_, —14u_, +Tu_,, +14u, —42u  +102u . + 14uyy
+42u,, +102u )/ 28 .
For the stencil S;3 we obtain
u,, =(=12110u,,+24780u_, , —8190u_, , +1330u_, ;—8190u_, , +1050u_, , +1330u ,_,
+7630u, —1330u, —2527u, —11790u, . +7630u, —1330u , —2527u,  —11790u )/ 4200 ;

U, = (_175”0,0 + 490u_l,_1 =70u_, , - 350u_2’_l + 35u_2,_2 + 70u_3’_1 +210u  —210u_ —990u
+140u, = 70u,, —56u,, +330u,, )/140 ;

uy, =(=175u,,+490u, | =350u, , +70u_, ;—70u, ,+35u, ,+140u —70u  —56u,  +330u,
+210u,, —210u,,, —990u,,, ) /140 ;

XXXX

Uy =(T0u o +210u | —=210u, | +70u;_, +420u, ., —2520u, . +70u, —70u,
+77u,, —90u,, )/ 420 ;
Uy, =(=70u,,+210u_, | =210, ,+70u_; 4 +70u, —70u, +77u,  —0u A4
+420u,, —2520u,, )/ 420 ; (19
U =Tug o +28u  —14u, , —14u, +7u, ,+14u, —42u  +102u  +14u,

—42u, +102u,,)/28 .

vy

For the stencil S4 we obtain



u,, =(12110u,,—24780u, | +8190u, , —1330u, ,+8190u, , —1050u, , —1330u, , +7630u,
+1330u,, —2527u, +11790u,,, —7630u, +1330u,, +2527u, , +11790u,, )/ 4200 ;
u, =(=175u,,+490u, , —70u, , —350u, | +35u, , +70u; , +210u +210u  —990u

+ 140uy - 70uW - 56uyyy + 330uyyyy) /140 ;
U, = (1 T5u,, — 490ul,71 + 350ulr2 - 70ul’73 + 70u2,71 - 35u2’72 +140u +70u  —56u_ —330u,

~210u,, +210u,, +990u,, )/ 140 ;

Uy = (70uy o —210u, _, +210u, | —70u, _, +420u,, +2520u . — 70uy + 70uyy

—=Tu,, +90u,, )/ 420 ;

Uy, =(T0uy o —=210u, , +210u; , —70u, 5 +70u, +70u, +77u, +90u, (A15)
—420u,,, +2520u )/ 420 ;

U, =Tugo+28u, 14w, , —14u, | +7u, ,+14u, +42u  +102u

+14uyy —42um +102uyyyy)/28 .

For the central Ss stencil we obtain

u,, =(=1470u,,—1330u_, , —1330u, , +8820u,, —2870u, , —2870u, , +1050u, , —2310u,
+3990u,, +837%u,,, +26970u,,. —2310u, +3990u , +837%,  +26970u,, )/ 4200 ;
u,, =(=105u,,+70u_, —70u,, +70u, , + 70u,, —35u, , —210u  —210u  —690u
—140u, -210u,, —364u,,, —690u,, )/140 ;
u,, =(=105uy,+70u, , —70u,, +70u, , +70u,, —35u, , —140u, —210u, , —364u  —690u,

~210u,, ~210u,, —690u,, )/140 ;

U = (2100, =70u_,, —210u,, +70u, , —420u,, —840u,  +210u, +210u,

+23 lu,, + 270uyyyy) /420 ;
uy,, =210u, =700, , —210u,, +70u, , +210u, +210u, +231u  +270u, . (A16)

—420u,, —840u, )/ 420 ;

U, =(Tugo +28u, —14u,, —14u,, +Tu,, +14u, +42u, +102u +14u

+42u,, +102u,, )/28 .

For the central S¢ stencil we obtain



u,, =(1470u,,+1330u_, , —8820u_,, +2870u_, , +2870u_,, —1050u_, , +1330u,, —2310u,
—-3990u,, +837%,,, —26970u,, . +2310u, —3990u , —8379u , —26970u,, )/ 4200 ;
u, =(=105u,,=70u_,, +70u_ , + 70u_,, —=35u_,, +70u,, —210u , +210u  —690u
—140u, —210u , —364u,, —690u , )/140 ;
u, =105uy,—=70u_,  +70u_,, —=70u_,—=70u_,, +35u_,,—140u +210u  —364u +690u

+210u,, +210u,,, +690u,, ) /140 ;
U = (=210 +210u_, | = 70u_,, +70u,, —420u  +840u, —210u, —210u,,

-231u,,, -270u,, )/ 420 ;
Uy, =(=210u,+70u_,  +210u_, = 70u_, , +210u, —210u,, +231u , —270u,, .

’ ’ ’ ’ ' A17

+420u,, +840u )/ 420 ; ( )

U =(Tug o +28u —14u ) —14u, +Tu,, +14u, —42u  +102u +14u
+42u,, +102u )/ 28 .

For the central S7 stencil we obtain

u, =(=1470u,,+8820u_, | —2870u_, , —1330u_,, —2870u_, , +1050u_, , —1330u, , +2310u,
+3990u,, —8379u,,, +26970u,,. +2310u, +3990u,, —837%  +26970u, )/ 4200 ;
Uy, =A05u,,+70u_, |, =70u_, ,—=70u_, +35u, ,—70u_,+210u, —210u, +690u,
—140u, +210u,, —364u,, +690u, )/140 ;
u,, =A05u,,+70u_, |, —=70u_, ,—=70u_, —70u_, +35u, , —140u, +210u, —364u  +690u,
+210u,, —210u ,, +690u ) /140 ;

XXXX

vy

Uy = (2100, —210u,  +70u, , —70u, , +420u, . —840u  —210u, +210u,,
—-231u,, +270u,, ) /420 ;

=(210u,, —210u_, _, +70u_ _, =70u_,, —210u, +210u,, —231u,, +270u,,
+420u,,, —840u,, )/ 420 ;

=(-Tuyy+28u_ —14u | ,—14u,  +7u, ,+14u  —42u  +102u  +14u
—42u,, +102u,,)/28 .

How (A.18)
Yyyy
umy

wyy

For the central Sg stencil we obtain



u,, =(1470u,,+1330u_, , —8820u, , +2870u, , +1330u,, +2870u, , —1050u, , +2310u,
—3990u,, —837%,,, —26970u,, —2310u, —3990u,, +837%u, , —26970u, )/ 4200 ;
u, =105u,—=70u_,  +70u, |, —70u, ,—7T0u, ,+35u, ,+210u +210u  +690u,_
—140u, +210u,, —364u,, +690u , )/140 ;
u, =(=105u,,=70u, , +70u, ,+70u,, +70u, ,—35u, ,—140u, —210u —364u —690u
-210u,, +210u ,, —690u, ) /140 ;

vy

= (=210uy, +70u_, | +210u,_, —70u, | +420u,, +840u . +210u, —210u,,
+231u,, ~270u,,,)/ 420 ;

uxxxy

vy

uy,, =(=210u,,+210u, | —70u, , +70u,, —210u, —210u , —231u  —270u,,. ( )
' ' ' ' ; A.19
- 420um, + 840uwyy) /420 ;
U, = (_7”0,0 + 28“1,71 - 14”1,72 - 14u2771 +7u, , +14u, +42u, +102u + 14uyy
—42u, +102u ) /28 .
For the central So stencil we obtain
u, =13u_, /30-11u_,_,/240-13u_,, /30+11u_, /240 —11u_,_, /240+11u_,, /240
—13u, _, /30+11u,_, /240 +13u,, /30 —11u,, / 240+ 11u, _, / 240—11u,, /240 ;
U, = (_”-1,-1 tu_, —u +u1’1) / 4—uy —lluyyy /10 ;
U, = (—u_y_ —u_y, +uy ) /4—u —1lu_ /10 ;
U =—U 24w, /124u, [24—u,,/24+u,_/12—u, /12-u, ,/24+u,, /24 ;
Uy =—u, 24w, 1 24+u  /12—u,/24+u,_ /12—u,_,/24—u,/12+u,, /24 ;
U =—Ugo U, /4+u71,1 /4+ul,71 l4+u, /[4-u, —%,,. /7—uyy —9uyyyy /7 .
(A.20)

The smoothness indicator for eqn. (A.11), written as a sum of perfect squares, is given by



IS = (u, +u__ /10) +?(um +123u__/455)° +72—%1ui

X

L2186 s 10 + 2 41230/ 455)
2275 xXxx y vy 3 Yy vy (A 2 1 )
781 , 1421461 , 7 ) '
+2_Ouyyy +T75Llyyyy +g(1/lxy +13u~’¢\’~0) /140+l3uxyyy /140)
47 , 47 , 88841 , | . 5083
+—u,  t—u, ,  +——- U, tU, +—U,,. —U,,, +—u_ .
10 ™ 10 ™ ZIOO(W" ) 16800( » " Hom) 270

This completes our description of finite volume r=5 WENO reconstruction in 2D.

A.4) r=4 WENO Reconstruction in 3D

(Y30 b I T M

Up to third order, there are no cross terms that simultaneously involve “x”, “y” and “z”
moments. Therefore, our description of the differences introduced by three-dimensional

reconstruction start at fourth order. At fourth order, the reconstruction polynomial has one term,

(Y4

u,. which simultaneously involves “x”, “y” and “z” moments. The reconstruction polynomial at

fourth order is given by

u(x,y,z) =, +uxx+uyy+uzz+uM(x2 —1/12)+uyy(y2 ~1/12)+u_(z* -1/12)

(x’ —336/20)+uyyy(y3 -3y/20)+u_(z° —=3z/20)

zzz

tuy xy+u, yz+u xz+u

XXX

+u_ (x*=1/12)y+u_ (x> =1/12)z+u_ x(y* -1/12)+u,_(y* —1/12)z

xxy xxz Xyy yyz

+u_x(z° —1/12)+u}zzy(22—1/12)+u

Xzz /:

(A.22)

xyz .

xyz

One-dimensional WENO-AO can be used to obtain the U, , U, and U, terms and also the 4, , u

xxx »y

and U, terms and also the u,, U, and U, terms. Furthermore, the two-dimensional WENO-AO

can be used to obtain the ¥ ,u U U, and u__cross-terms. As with Figs.

Xy xxy O xyy 0 uyz’uyyz ’uyzz’ uxz’ XXz
A.1 and A.2, we use three integer subscripted variables to denote zones in three dimensions. The
integer subscripts denote the relative position of the zone we are considering relative to the zone

of interest, which is always denoted by u,,,. There are eight possible stencils that can each be

which we catalogue below.

used to evaluate the three-dimensional cross term U,

For stencil S; we obtain



:ul,l,l _Eu —u _uzz _uyzz —u

22z Xzz

wz _uxxz _uxz _uz _uyz

11 11
_uyy _Euyyy _uxyy _uxy _uxxy _uy _ux _u0,0,0 _Euxxx _um

For stencil S; we obtain

xyz :_u—l,l,l +Euzzz _uxzz +uzz +uyzz + uyyz +uxxz _uxz +uz +uyz

11
+uyy +Euyyy _uxyy —uxy +uW +1/ly —ux +u0,0,0 —Eum +uxx

For stencil Sz we obtain

11
u :_ul,-l,l +Euzzz +uxzz +uzz —u

o + uyyz tu,, +u, +u, — uyz

yzz

XXX XX

11 11
‘tu ——u, fu —u —u —u U Uy U, tu
) 0,0,0
10 e 10

For stencil S4 we obtain

11
uxyz :_ul,l,—l _Euzzz +uxzz +uzz +uyzz _uyyz _u)ocz _uxz _uz _uyz

11 11
+u +Bum+uw+uxy+uxxy+uy+ux+u0’0,0+ﬁu +u

»y Xxx xx

For stencil Ss we obtain

11
Z’lxyz :u—l,—l,l _Buzzz +uxzz _uzz +uyzz _uyyz _uxxz +uxz _uz +uyz
11
—u,, +Buyyy +uW —Uu,, +Z/lxxy +My +u, —Up o0 +Eum —Uu,,
For stencil S¢ we obtain
Z’txyz =u—l,l,—l +Euzzz +uxzz _uzz _uyzz +uyyz +uxxz _uxz +uz +uyz
11 11
_uyy _Euyyy +uxyy +uxy _uxxy _uy +ux _u0,0,0 +E”xxx _uxx

10

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)



For stencil S7 we obtain

11
uxyz :ul,-l,—l +Euzzz _uxzz _uzz +uyzz +uyyz +u)ocz +uxz +uz _uyz
11 11 (4.29)
Uyt Euyyy Ty Tl T U, TU, —U U0 Euxxx Uy -
For stencil Ss we obtain
11
ux)z u 1,-1,-1 Euzzz _uxzz +uzz _uyzz _uyyz _uxxz +uxz _uz +uyz
1 1 (A.30)
tuy, - Euyyy Ty Tl Tl U U Uy g T U Tl

The smoothness measure for each of the eight stencils is given by

IS = (u, +u, /100 +13u2 /3+781u, / 20+ (u, +u,,, /10)* +13u?, /3+781u%, /20
+(u, A, 1100 +13u> /3+781u2, / 20+ 7w / 6+ Tu, | 6+ Tu /6 (A31)
47Ul 110+ 47U, 110+ 47>, /10+47u, /10 +47u /10+47u>, /10+61u>_ /48 .

This completes our description of finite volume r=4 WENO reconstruction in 3D.
A.5) r=5 WENO Reconstruction in 3D

The reconstruction polynomial at fifth order is given by

u(x,y,z) =, +uxx+uyy+uzz+uxx(x2 —1/12)+uyy(y2 —1/12)+u_(z* -1/12)
_(2-32/20)
(y* -1/12)z

+um,(x2 —1/12)y+um(x2 —1/12)z+uwx(y2 —-1/12)+u

wz

+u_x(z"—1/12) +uyzzy(z2 -1/12)+u,, xyz

it (1 =327 14+3/560) +u,, (" -3)7 /14+3/560)+u... (z* - 327 /14+3/560)
U, (x* =3x/20)y +u_(x° —3x/20)Z+umy)c(y3 -3y/20)+u,,, (»’=3y/20)z
+u__x(z' —32/20) +uyzzzy(z3 —3z/20)+u,,, (x> =1/12)(y* -1/12)

Jruyyzz(y2 =1/12)(z* =1/12) +u__ (x* =1/12)(z> =1/12) +u___(x* =1/12)yz

xp(z> =1/12) .

wyy (

xxyz
+ uwzx(y2 —1/12)z+u

xyzz

(A.32)

11



One-dimensional WENO-AO can be used to obtain the U, U, U . and U, . terms and also the

u,, u,, u, and #,, terms and also the u,, U

»wy , U and U

... terms. Furthermore, the two-

Y44

dimensional WENO-AO can be wused to obtain the u ,u,.,u, ., ...,

uyz’uyyz ’uyzz ’uyyyz ’uyzzz ’uyyzz’ uxz’uxxz ’uxzz ’uxxxz ’uxzzz and uxxzz cross-terms. There are nine pOSSIble

stencils that can each be used to evaluate the three-dimensional cross terms U, ., U, . .U, and Uy,

. The central stencil was added for stability reasons and has a linear weight that is 100 to 400 times

larger than the linear weights of the other four directionally-biased stencils. For each of the nine

stencils, we have nine possible evaluations of the cross-terms u,_,u__,u__ and u__ which we

xXyz? " xxyz 2 xyyz Xyyz

catalogue below.

For the stencil S| we obtain

u, = (_350”0,0,0 + 560uu’1 - 70“1,1,2 — 70ul’2,1 — 70uz’1,1 —280u, —140u  +112u _+660u_
+18%, +18% . —7T0u, +70u,, —70u,  +70u, . —210u, —70u  +18%,,
- 280uy —140uyy +1 12uWy + 660uym +189% —70u

- 2 1 Ouxz - 70uxzz + 1 89uxzzz wyz yyz
+70u,,,. ~210u,, —70u, . +18%u, . —280u, —140u_ +112u_ +660u,_)/140 ;

yyzz

XXzz

yzzz zzzz

U, =(T0uyy,—140u,  +70u,,, —140u,, —420u,  —1020u . —420u  —420u —140u
—140u,,, —140u  —140u . +70u, +70u , +77u, +90u

+7Tu,,,. +70u, +70u,  +70u_+70u,_ +77u, . +70u, +70u_+77u_, +90u._)/140 ;

. Z: zzzZ

Uy, = (70”0,0,0 — 140141,1’1 + 701,11,2’1 +70u, +70u_+77u_ +90u__ +77u__— 140uxxyy +70u,
+70u,,.. —140u,, —420u,,, +70u, +70u . +77u,  —140u, —420u  —1020u

—420u,, —140u, . —140u . +70u, +70u_ +77u_. +90u_.)/140 ;

Xzzz

ZZZZ

U, = (70u070’0 — 140“1,1,1 + 7Ouu,2 +70u, +70u_+77u_ +90u_  + 77umy + 70um + 70uxw
—140u __ + 70uxy + 70uxyy + 77uxyyy —140u __ —420u
+70u,, +77u,, +90u,, —140u, —140u . —420u

vy Yyzz

+ 70uy
—140u_ —420u__ —1020u

Xzzz

)/140 .

yzzz zzzz

(A.33)

For the stencil S; we obtain
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U, = (350”0,0,0 =560u_,,, +70u_,, +70u_,, +70u_,,, —280u, +140u  +112u,
—-660u,  +189%, +18% +70u  —70u,  +70u,  —70u,  —210u —70u,,

+189u,,, —210u, —70u,_ +189u__+280u, +140u  —112u, —660u, —189u
+70u,, —70u,,_ +210u,_ +70u,_ —18%u __ +280u, +140u_ —112u_ —660u__)/140 ;

= (T0uy o0 —140u_, |, +70u_,,, —140u,, +420u, —1020u, +420u,, +420u,.

uxxyz
—140u,,, —140u  —140u, . —140u . +70u, +70u, +77u,, +90u
+7Tu,,,. +70u, +70u,  +70u_+70u,_ +77u, . +70u, +70u_+77u_, +90u___)/140 ;
U, = (=70uy o + 140L¢71,L1 - 70”—1,2,1 +70u, —70u_+77u_ —90u__ +77u__+140u oy
—70u,. —70u, . —140u , —420u,, +70u_+70u_ +77u__ +140u, +420u
+1020u,, +420u,, +140u,, +140u, . —70u, —70u_ —77u_. —90u...)/140 ;
U, = (_70”0,0,0 + 14Ou_1’1’1 — 7Ou_1’L2 +70u, ~70u_+77u_ —90u__ + 77umy — 70uxxy

= 70u,,, +140u . +70u  +70u , +77u,, —140u,_ —420u _ —70u,

xxXyy
+140u,_. +420u .. +140u_ +420u__. +1020u

—=70u,, —7Tu,, —90u,  +140u 3 )/140 .

wyzz zzzZ

(A.34)

For the stencil S; we obtain

u,,. =350u,,,—560u, \, +70u_,,+70u_,, +70u, ,+280u, +140u —112u  —660u
+18%u,, —18% . —70u,, —70u,, +70u. . —70u,. —210u, +70u,, +18%  +210u,
+70u,, —18% .. —280u, +140u , +112u , —660u, +18%u,  _+70u  —70u,  —210u,
—T0u,,. +189u .. +280u_ +140u_ —112u_ —660u__.)/140 ;

Xzzz

yzzz

= (=70uy,, + 1400, —70u, ,, +140u,  +420u  +1020u —420u +420u .
—140u,,, +140u , +140u _ +140u . +70u, —70u, +77u, —0u
+7Tu,,. —70u, —70u, . +70u, +70u,_ +7Tu,_. —70u —70u, —7Tu_. —90u__)/140 ;

nwyz

uxxyz
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ug,. =(T0u,, =140, +70u; ,, +70u, +70u,, +77u, . +0u, +77u, . —140u
+70u,, +70u,.. —140u,, +420u , +70u _ +70u_ +77u . —140u  +420u

-1020u,,,, +420u,, . —140u - 140u e T 70, +70u_, + 77um +90u__)/140 ;

zzzz

U, =(=70uy,,+140u, , —=70u, ,, —=70u —70u, —77u  —Ou  +77u ., +70u,,

XXXX

= 70u,,, +140u . +70u, —70u , +77u,, +140u . +420u . + 70u = 70u,,

Xzzz

+77u,, —90u,, +140uyyzz—140uyzz—420u +140u_ +420u__+1020u )/140

yzzz 2ZZZ

(A.35)

For the stencil S4 we obtain

u,, =(=350u,,,+560u_, , =70u ,=70u ,, —70u, ,+280u —140u  —112u
+660u, . +18%u, —18%u, _+70u, +70u, —70u,  +70u, . —210u +70u,,

XXzz

+18%u,,, +210u, +70u _—189% +280uy—140u -112u, +660u, —18%,

XzZZ yy

~70u, +70uy}zz+210uyz+70uyzz—189u —280uz—140uzz+112um+660u )/140 ;

yzzz 2zZzZ

U, =(70uy,+140u_, |, =70u_, , +140u,, —420u  +1020u +420u —420u,
—140u,,, +140u +140u . +140u, _ +70u, —70u , +77u , —90u

xxzz Wy

+ 77”W —=70u,,. —70uyyzz +70u, +70u,, +77u, . —70u, —70u_ —7Tu_ —90u__)/140 ;

yzzz ZZZZ

ug,. =(70uy,,+140u_, |\, —=70u_, ,, +70u, =70u, +77u, —0u,_ +77u . +140u
—70u,. —70u,_. —140u, +420u, +70u_+70u_ . +77u . +140u,, —420u

Xzzz

+1020u,,, —420u,, +140u +140u _—70u, —70u_ —77u__. —90u )/140

ZZZZ

Uy =70u o —140u_, , +70u_, , =70u, +70u, —7Tu,  +90u,  +77u,  —70u,,
+70u,,, —140u . +70u,, —70u, , +77u,, +140u, . +420u, . —70u, +70u,,

xyyy xzzz

~7Tu,, +90u,, —140%22 +140um +420u,... —140u_, —420u_, ~1020u_)/140 .

yzzz zzzz

(A.36)

For the stencil S5 we obtain
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U, = (350u0’0,0 — 56Oul’l,_1 + 7Ouuj_2 + 7Oul’2,_l + 70u2’1’_1 +280u, +140u  —112u  —660u
-18%,, +18% +70u,  —70u, —70u  —70u, +210u  +70u  —189u
—=210u_ +70u,. +18%u . +280u, + 140uyy -1 12um, —660uyyyy +18%u _ —T70u

yyyz yyz
~70u,,. —210u,, +70u,, +189u __ —280u, +140u_ +112u_ —660u__)/140 ;

xxzz xyyy

yzzz 2ZZZ

= (=70uy, +140u,, , —70u,, | +140u,  +420u  +1020u . +420u, . —420u,
+140u,,, +140u,, , —140u _ +140u . —70u, —70u , —7TTu, —0u, +77u
+70u,,. —70u,_ +70u_—T0u,_ +77u,_ +70u, —70u_ +77u_ —90u__)/140 ;

ZZZZ

uxxyz

ywzz yzzz

=(=T0uy o +140u,, |, —70u, , —70u, —70u, —7Tu,  —Ou, . +7TTu,.
+70u,, —70u,. +140u,, +420u, , +70u _ —70u _ +77u

+140u,, +420u,
+1020u,,, —420u,  —~140u _ +140u )/140 ;

Uy, +140u oy

XzzZ

+70u, —70u_ +77u__ —90u

yyzz 2222

= (70u4 4 —140u,, , +70u;, , +70u, +70u, +77u,  +0u +7Tu, . +70u,
+70u_ —140u___ + 70uxy +70u oy T TU, — 140u __ +420u

xxyy xxzz

Z’lxyzz
+ 70uy + 70uyy

Xzzz

+77u,, +90u,, —140u,  —140u . +420u _ —140u_ +420u_, —1020u__)/140 .
(A.37)
For the stencil S¢ we obtain
U, = (—350@1070’0 +560u_,, , — 70”71,1,—2 - 70u4’2771 - 70u72’1,71 +280u, —140u_ —112u__
+660u,,. —189% +18% . —T0u  +70u, +70u, . +70u,. +210u +70u,,
-189%,,, —210u  +70u . +18%u  —280u, —140u , +112u  +660u,  —18%u
+70u,, +70u,,  +210u, —70u, . —18%u . +280u, —140u, —112u_, +660u_..)/140 ;
U, =(70uy,,+140u_, | =70u_,,  +140u  —420u  +1020u, —420u +420u
+140u,,, +140u,,  —140u  +140u . —70u, =70u,, —77u,,, —O0u,  +7Tu,,.

+70u,,, —70u,  +70u, —70u_ +77u,. +70u —70u_+77u_ —0u__.)/140 ;

yzzz ZZZZ
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=(T0uq o —140u_, ,+70u_, ,—70u +70u, —7Tu,  +90u_ +77u, . —140u

XxxXZ xxyy

—70u,. +70u, +140u, +420u  +70u_ —70u _ +77u,_ —140u 6 —420u

y
—-1020u ,,, +420u,, +140u . —140u,_ —70u +70u_ —77u_. +90u__)/140 ;

y nyz

uxyyz

zzzz

= (_70”0,0,0 + 140”71,1,71 — 701471’1,72 +70u, —70u_+77u_ —90u__ +77u
—70u,,, +140u . +70u  +70u,, +77u,, —140u, . +420u
- 77uyyy -90u_ +140u___+ 140uyzz —420u

vy yyzz

oy 70uxxy

—70uy —70uyy
)/140 .

uxyzz
Xzzz

+140u_ —420u__ +1020u

yzzz ZZZZ

(A.38)
For the stencil S7 we obtain

u, = (_350”0,0,0 + 560ul,_l,_1 — 7Oul’_,,_2 - 70u1’_2’_, — 70“2,_1,_1 —280u, —140u  +112u
+600u, —189% —18% +70u  +70u  +70u  +70u_ +210u,, —70u,,
189, +210u, —70u . —18% . +280u, —140u, —112u , +660u +189u

~210u,, +70u,_ +189u,__ +280u, ~140u_ —112u_ +660u

yyyz

+70u,,. +70u )/140 ;

wzz yzzz zzzz

+420u_ +420u

= (70u0,0,0 - 140ul,—l,—l + 701"2,—1,—1 - 140uxx - 420uxxx - lozouxxxx XXXy XXXZ
+140u,, —140u, +140u, . —140u . —70u, +70u, —T7u,  +90u,  +77u,, .
)/140 ;

— 70uyyz + 70uyyzz + 70uyz — 70uyzz +77u,__—70u_+70u_ —77u__ +90u

uxxyz

yzzz ZZZZ

= (=T0uy o, +140u, , |, —=70u, , | —=70u, =70u, —7Tu,  -u, +77u,. +140u
+70u,, —70u,.. +140u,, —420u,, +70u, —70u _ +77u . +140u, —420u
+1020u,,, +420u,, —140u, +140u, . +70u, = 70u_ +77u_, —90u__)/140 ;

uxyyz

Xzzz

U, = (—70“0,0,0 + 14Oul,_1’_1 — 70ul,_1’_2 =70u, ~70u, —77u_ —90u __ + 77umy + 70uxxy
—70u,,, +140u . +70u,, —70u , +77u,, +140u . —420u, . +70u, —70u,,

xxXyy xxzz
+77u,, ~90u, +140u, +140u_ —420u__ +1020u__) /140 .

)yzz

xyy

~140u,_ +420u

zzzz

vy yzzz

(A.39)

For the stencil Sg we obtain
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u,. =(350uy,,—-560u, , +70u , ,+70u , +70u, , ,—280u +140u  +112u

-660u,  —18% —18%u  —70u  —70u,  —70u  —70u . +210u, —70u,,

~189u, +210u, —70u,_ —189u __ —280u, +140u, +112u  —660u,  —189u

Yy yyyz

~70u,, —70u,, +210u,_ ~70u, ~18%u, __ —280u_+140u_+112u_ —660u__)/140 ;

ZZZZ

U, = (70u0,0,o — 140”71,71,71 + 70u72’71;1 —140u  +420u__ —1020u
+ 140um —140u

—420u,,, —420u
vy 71400 —140u,  —T0u +70u , —77u,, +90u, +77u
—70u,,. +70u, +70u,_—70u_ +7Tu,. —70u +70u_—7Tu._ +90u

XXXX XXXZ

yyz

)/140 ;

2ZZZ

U, = (70uo,0,0 - 140u71,71,71 + 70@:71,72;1 =70u +70u_—77u_ +90u__ +77u__— 140umy
—T0u,. +70u, +140u,, —420u  +70u_ —70u_ +77u, . —140u  +420u
—-1020u ,,, —420u,,,. +140u,,. —140u . —70u_ +70u_ —77u_. +90u__)/140 ;

uy.. =(T0u,—140u_, ,  +70u_, , , =70u +70u, —7Tu,  +0u,  +77u., —70u,
+70u,,, —140u, . +70u,, —70u, , +77u

XxXzz

Xy + 14-Ou)czz - 420uxzzz - 70My + 70”\/})

—7Tu,, + 90uyyyy - 140uyyzZ + 140uyzz - 42()uyzzZ —140u_ +420u__ —1020u__)/140 .
(A.40)
For the central stencil So we obtain
U,.= (_u—l,—l,—l +”71,71,1 +”71,1,71 —U_1 +”1,71,71 Uy U + “1,1,1) /8 5
uxxyz = (”—1,—1,-1 U T U4 +u—1,1,1 +u1,-1,—1 U T U +”1,1,1)/8
—u, —lluyyyz /IO—IIMyZZZ /10 ;

Uy = (u71,71,71 U gy TU T Uy Uy Uy Uy u1,1,1) /8 (A.41)

—u_—1lu__/10-11u__/10 ;
Uy.. = (u-l,-l,—l tUy Uy T Uy Uy Uy T Uy +“1,1,1)/8

—u, - 1 lumy /10-1 luxyyy /10 .

The smoothness indicator for eqn. (A.32), written as a sum of perfect squares, is given by
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IS = (u, +u,, /10)° +13(u,, +123u,, /455)* /3+ 781}, / 20+1421461u?, / 2275+ (u, +u,, /10)’

+13(u,, +123u,,, / 455)* /3 + 781ujyy /20+ 1421461ujyyy 12275+ (u, +u._ /10)*
+13(u_ +123u__

/455)° /3+781u’, /20+1421461u? / 2275+47u;, /10+4Tu;, /10
+47u, 110+4Tu /10+47u; /10+4Tu;_ /10+61u;,_ /48

2 2
o 1140+ 13, /140)* / 6+ T(u,, +13u,,. /140+13u,. /140)* / 6
2 2 2 2
+7(u,, +13u,,, /140+13u,_., /140)* / 6+ 88841(u>, +u? )/ 2100+ (u,,, —u,, )’ /16800
2 2 2 2 2
+5083u,, /270 +88841(u> , +u’.)/ 2100+ (u,,, —u,._)* /16800 +5083u> _ /270
+88841u,, +u2 )/ 2100+ (u,.., —u,.)* /16800 +5083u>  /270+10999%> /2160

+10999u> _/2160+10999u> /2160 .

xXyyz xyzz

yVyy

+7(u,, +13u

Xzzz

(A.42)

This completes our description of finite volume r=5 WENO reconstruction in 3D.
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Supplement B

We now present a strategy for satistfying all the coefficients in eqns. (2.8), (2.9) and (2.10)
of Section II in a format that also satisfies all the constraints. We do this in such a way that the
person seeking to make a computer implementation simply has to sequentially follow all the steps

that are given below.
Let us denote D; **and D" to be the facial values of the y- and z-gradients in the right

x-face of the right neighbor to the zone that we are considering. Similarly, let D;" and D to
be the facial values of the y- and z-gradients in the left x-face of the left neighbor to the zone that

denote them by a,, and ajxy

we are considering. We can define three possible values of @ y

xxy 2

for each of the two smaller stencils and a , for the larger stencil. We can write

@y =(D)"=2D7" 4D )[2 5 ai, =(D) 2D +D7)[2 5 @, = (e, +al,)/2 - B

xxy
We can achieve a CWENO-style non-linear hybridization of the three stencils as follows
w = 1/((a)'my)2 +g) ;W= 1/((afxy)2 +g) ;oW = 100/((5@@ )2 +g) ;

lewl/ wl+w2+w3) ; szwz/(w1+w2+w3) ; v_v3:w3/(w1+w2+w3) : (B.2)

a —wa +WCl +wa

XXy

Here ¢ is any very tiny positive number. A similar strategy can be applied to obtain &,,, by using
D™ | DI, DI and D™ . We can also use a similar line of reasoning to obtain b, and D,

; an analogous line of reasoning gives us €. and C . . By matching the quadratic cross terms in

yzz *

the faces we also obtain
_ X+ yx- . _ _ny . _ 7+ z—
a, = Dyz Dyz ; bxyz =D " -D." ; Cye = ny ny ) (B.3)

By matching the fourth order facial values at the right and left x-faces we obtain

_ X+ x— . _ X+ yx— .
Ayyye = D nyz +D nyz / 2 > oy = D wyz D wyz 2
(B.4)
_ x+ x— . _ X+ pyx—
yzzz - szzz + Dyzzz / 2 s axyzzz - Dyzzz D yzzz  *
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Doing the same at the upper and lower y-faces gives

bXX)CZ = D)ZX;;Z Dy_ /2 ; X)CXVZ = Dy+ _Dy_ ;

Xxxz Xxxz XXXz
(B.5)
— y+ y= . — y+ _ -
bxzzz - D xzzz +D xzzz / 2’ > xyzzz =D xzzz D xzzz  °

Doing the same at the top and bottom z-faces gives

zZ+ z— . _ z+ z— .
D +D / 2 ° cxx.xyz =D XXy D xxxy

xxxy XXXY (B 6)
_ z+ z— . z+ z—
r)yy - D xyyy +D Xyyy / 2 ? Cny)Z D Xyyy -D xyyy ot

We now wish to satisfy all the fourth order constraints and some of the second order constraints.

This is accomplished by first defining three auxiliary variables, & , g and y . We obtain

=35(q, —2a,,-2b,,—c,. )12 ; B=35(q.-a,. —2b,.-2¢_ )12 ;

B.7
V= 35(q)~z _2axxz _bxyz _2cxzz )/12 : ( )

The above equation also ensures that the second order constraints involving the cross terms are
satisfied. The six fourth order constraints are also satisfied in an energy-minimizing fashion by

making the following choices

ax‘mf} bxyyyy =@ bX‘Ofy}’ _Za CXXWZ/ 2 ) ax’fyyy 2a CW},VZ / 2 5

byyy)z - yzzzz - ﬂ yyzzz = —2ﬁ - axyzzz /2 5 cyyyzz = _2ﬂ_axyyyz /2 5 (Bg)
axx xzzzz - 7/ 5 axxzzz = _2}/ xyzzz / 2 5 Cxxxzz = _2 7/ - bxxxyz / 2’

By matching the third order facial values in the right and left x-faces we obtain

Do = D;‘J; +DX /2 axvyyy/6 > Gy = D;;y _D% 5
a.. = (Dx+ —|—Dx7 /2 axxzzz/6 , a = Dzzz _Dx— : (B9)

zzz Xzzz

_ X+ x— . _ X+ x— ., X+ x— . x—
y N D +D /2 ? ax)’yZ_D} Dyyz 2 ay DyZZ+D /2 4 a‘cyzz_ yzz -D yzz  *

Similarly, matching the third order facial values in the upper and lower y-faces gives

b, =(DL+DL)[2-b,[6 ; =D -D’
b..=(Dx+Dx)[2-b,,.. /6 ; bym =D -D) (B.10)
b Dy++D:cvxz /2 5 _D)i; D)ix; > bx D);Vszr+D):)zz /2 > cyzz =D)cszzr D;‘z; .

Likewise, matching the third order facial values in the top and bottom z-faces gives
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Coo =(Di+DL) /2= /6 5 €. =D -Di,

¢, =(Dj +D3)/2-c,,. [6 cyvyZ:D”—DZ’ ; (B.11)
=(D;, + D, /2 ;€. =D -Di : ¢, =(D+Dj, )/2 ; ¢, =D -D,

Applying the third order constraints while minimizing the energy in the field gives

= (G =Dy = Cor )[4 5 By =(dy =Gy =€y )[4 5 o = (G = =D )[4

bxxyy - (q\:xy /20 5 a\’xxy = 14b\:xyy/9 5 C = 3(qrxz - xxyz /20 5 ax;x = 14Cxxzz/9 5
XX}’Y = 3(q’f}"y X)TVZ )/20 ) nyy = 14axxyy /9 ) cyyzz = 3 quz )/20 ) yyyz = 14cyyzz/9 )
axxzz = 3 (qxzz _bxyzz /2() ; szzz = szz /9 ’ V)zz = 3(qyzz - axyzz /20 ; cyzzz = 14byyzz /9 ;
axxyz = bxyyz = nyzz = quz / 6 °
(B.12)
Matching the second order facial values in the right and left x-faces gives
Dx+ +Dr /2 axxyy/6 ;A ZD;; —D;y_ ; (B.13)

a :(Dx+ Dxf /2 a../6 ; a_=DS-D5 D” D" /2 axxyz/6.

Similarly, matching the second order facial values in the upper and lower y-faces gives

Myy > bxxy = D;: _Di: 5
(B.14)
bzz=(th++th )/2—byyzz/6 ; b..=DI-D. bxz=(D§+D;‘)/2—bxyyZ/6 :

b, =(D} +Dy) /2

Likewise, matching the second order facial values in the top and bottom z-faces gives

=(D”+DZ* )/2=ceaf6 i c=DL-DL

(B.15)
—(D5 405 )[2=¢,. 6 e, =Dy =Dy e, =(Dy+D5)/2-c,. /6

Some of the second order constraints were resolved in eqn. (B.7). But we still have three more

second order constraints which can now be resolved as

(qxx—bxx —-c, )/3 ; (qyy a,, _nyz)/3 ; czzzz(qzz—am—byzz)/?a . (B.16)

Matching the first order facial values at the right and left x-faces gives
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=(D;+D;)/2-a,,[6-a,,[70 ; a,=(D)"-D; )-a,,/10 ;

(B.17)
az=(D:++Dz)(7)/2_axxz/6_axxxxz/70 ; aXZ:(DZX+_D:7) ’CXXZ/IO °
Similarly, matching the first order facial values at the upper and lower y-faces gives
b _(Dy++Dy /2 bxw/6 X)YW/70 ’ b :(D;Jr_DJ}Vi)_bwy/lO ; (B 18)
b, =(D2*+D27)/2-b, [6-b, . [70 : b, =(D~D)=b,. /10 . '
Likewise, matching the first order facial values at the top and bottom z-faces gives
¢, = D”+DZ 2—c_[/6—c_.]70 ; c_.=\D"—-D)—c_./10 ;
( / Xzz / ‘CZZZZ/ A ( ) / (B. 19)
=(Dj"+D]")/2=¢c,.[6-¢,... /70 ; ¢.=(D]"=Dj )=c,./10 .
The three first order constraints then give us
= (qf b, - C /2 3 qxxx /40 (q.x}}/ + quZ /24 + 3 axxxx /14 + xxyy .XXZZ /1 2
+ (bxyzz + cxyyz )/24 + 3( XXXy + bxyy) )ocxz xzzz )/40 5
=(q,-a,-c.)/2-3q,,/40~(q,, +4,. ) [24+3b,,, 14+ (b, +b,..) /12 5.20)
+ (awz e )[2443(a, +ay, +e, +e )[40
:(qz _a _b /2 3qzzz/40 (qsz +qyyz /24+3czzzz/14+( x‘czz yyzz /12
+(ay,. +b,.)[24+3(a,. +a..+b,,. +b..)[40 .
Matching the zeroth order facial values at the right and left x-faces give
=(Dy +D;7)[2-a,[6-a,. /70 ; a =(Dy" =Dy )-a,/10 . (B.21)
Similarly, matching the zeroth order facial values at the upper and lower y-faces gives
bo - (D(')VJr +D(')Vi )/2_byy/6 yyyy/70 ’ by - (D(;)V+ 7) yyy/lo ) (B.22)
Likewise, matching the zeroth order facial values at the top and bottom z-faces gives
=(D;"+D;7)[2=c.[6=c...[T0 ; ¢ =(Dj"=Dj )-c../10 . (B.23)

The constant part of the constraint is actually a consistency condition and gives us consistency

with the equation given in eqn. (2.5). It is given by

22



a. +by +c, _3(axxx +byyy +c.. )/20 _(axyy ta.. +bxxy +byzz T Co TC), )/12 (B.24)
=4, _(qxx 4, +qzz)/12 )

The equations in this Supplement tell us how to start with the facial moments in eqns. (2.2), (2.3)

and (2.4) and obtain the volumetric modes in eqns. (2.8), (2.9) and (2.10).
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Fig. A.1 shows the four upwinded stencils for obtaining the cross terms in 2D at fourth order. They are labeled S, to S, and the
direction of the wind is also shown with an arrow. The stencil S; is a central stencil at fourth order. The zone of interest, where
the reconstruction has to be carried out, is shaded and labeled “0,0”. The other zones are labeled relative to that zone.
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Central Stencil

Fig. A.2 shows the eight upwinded stencils for obtaining the cross terms in 2D at fifth order. They are labeled S, to Sg and the
direction of the wind is also shown with an arrow. The stencil Sy is a central stencil at fifth order. The zone of interest, where
the reconstruction has to be carried out, is shaded and labeled “0,0”. The other zones are labeled relative to that zone.
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