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Abstract

This document contains the Online Appendices to the paper 'Discretizing Earnings Dynam-
ics: Implications of Gaussian-Mixture Shocks for Life-Cycle Models’. Appendix A describes the
life-cycle model in full, how it is solved, the parameter values used for each of the six calibra-
tions, and how welfare is calculated. Appendix B describes each of the six ’Models’ of earnings
from Guvenen, Karahan, Ozkan, and Song (2021), and provides the parameter values for these.
Appendix C provides details for the discretization of 'Model 4’ (with shocks that depend on
previous period value), and for the discretization of the non-employment shocks.

Matlab codes implementing the discretization method (and many other discretization meth-
ods) can be found at:
https://github.com/vfitoolkit/VFIToolkit-matlab /tree/master /DiscretizationMethods

Matlab codes implementing the models and generating all the results in this paper are
available at:
https://github.com/robertdkirkby /DiscretizedEarningsDynamics

*Kirkby: Victoria University of Wellington. Please address all correspondence about this article to Robert Kirkby
at <robertdkirkby@gmail.com>, robertdkirkby.com.
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A Life-Cycle Model

As explained in Section 3, the household problem is,
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forj=1,...,J and i =1,...,I which index age and permanent type, respectively. Earnings here

is either y or (1 — v)y, and the process for (log) y(z,v,¢€,1,j) is as specified in equation (1); in this

general setting models without v (models 1,3,4) are nested as having v = 0. The parameter values

are given in below. b is a pension, 6 is an income floor (income in non-employment). ¢(a’) is a warm-

% as the
3

warm-glow function, following De Nardi (2004). The terminal period is V (-, J +1) = 0 (the warm-

glow of bequest, which is received at once older than age Jbeq. We set ¢(a’) = ¢

glow of bequests is caputred seperately by ¢(a’)). The permanent type i = 1,...,I determines «;,

and in model 6 only it also determines ;g ;.

The variables are: ¢ is consumption, a is assets, a’ is next period assets, j is model age (actual
age is j + ageshifterj; as reported in table of parameter values), s; is the age-conditional survival
probability, z is exogenous earnings, w is wage, r is the interest rate (rate of return on assets),
pension is the pension, J is total number of periods, Jr is retirement age, ¢(a’) is the warm-glow
of bequests. V(a, z,j) is the value function of a household with assets a, earnings z, and age j.

Households choose ¢ and a’; a consumption-savings decision.

Note that when solving the models, z is multidimensional, e.g., it is often a markov process
on persistent earnings, another markov process on non-employment, and an i.i.d. on transitory

earnings.

We solve the model using VFI Toolkit, which involves pure discretization. We solve the value
function problem GPU parallelizing over all states except the i.i.d. shocks which we loop over. We
then iterate the agent distribution using the Tan improvement. Individual annual earnings are up
to $250,000 (in Model 6) and we use an asset grid from $0 to $5,000,000.) We use 21 points to
discretize z and 9 points to discretize e. The fixed-effect, o;, (and kg ;) is discretized with 5 points
(each, so Model 6 has 25 permanent types of agent). Matlab codes implementing the models and

generating all the results in this paper are available at:

!The asset grid contains 2501 points and the spacing increases with assets. The maximum space between the two
highest grid points is $6,000. If they were evenly spaced, there would be $2000 between grid points, as it is the first
few points are less than a dollar apart and this spacing gradually increases to the aforementioned max of $6,000.
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When performing the welfare analysis in Section 3.4 we calculate welfare as behind-the-veil

expected lifetime utility at birth, that is
W =Eo[V(,j=1)] (1)

where the expectation is taken with respect to the initial age j = 1 distribution of households. The

expectation is over z, v, € in period 1, but also over permanent types o (and HIP & 5 ; in model 6).

That covers is how we compute the welfare in a given environment, e.g., in model 2, or in model 2
with no shocks. The next step is to compute the consumption-equivalent variation (CEV) between
two such environments, between environment A, e.g., model 2 without idiosyncratic shocks, and
environment B, e.g., model 2. Let Wg be the welfare in environment B, calculated by equation (1).
The CEV is calculated as the percentage increase in consumption in environment A that makes
behind-the-veil welfare equal to welfare in environment B, that is we are looking for CEV that
solves WA(CEV) = Wg.

This just leaves us to explain how to calculate W4 (CEV); the behind-the-veil welfare in en-
vironment A when consumption is increased by CEV percent. First ignore CEV for a moment

(when it is zero), and for the model associated with environment A we are solving,
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to get the (optimal) policy function Policy. 4 and the value function V4 (this Vy is what we would
use to calculate Wy in equation (1) if we were interested in it). Note that once we have the policy
function, Policy. 4, the value function V4 can be calculated by iteratively using the formula,

Policyi;“’

Vala, z,j) = + (1= 85)BL(j> 1beq) $(a’ (Policye,a)) + s BE[Va(d (Policye,a), j + 1)|2]

1—-0
We are interested in the value function associated with this consumption policy, but consumption
being increased by CEV percent, call it Vi cpv. Vacpy is calculated from CEV and Policy, 4
by iteratively using the formula,

(1 + CEV) x Policye. A)*~°

1—0

A a,z,j = —Sj 7>Jbeq a Y Z'Cyc,A Sj Ala o icyc,A 7j z
Va( ) +(1—s;)8 yp(d' (Pol )+s;BE[Va(a(Pol ),J+1)|7]

Once we have V4 cgy, then we calculate W4 (CEV) = Ey[Vacrv(-,j = 1)]; that is we just apply

the usual welfare function, equation (1) to V4 cgv. To find the consumption-equivalent variation
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we are looking for CEV that satisfies W4 (CEV) = Wp (the percentage increase in consumption

in every state that gives us the same welfare in environment A as we get in environment B).

When solving for the welfare CEV, we try values of CEV from 0 to 300, in increments of 1
(percentage point) and calculate W4 (CEV'), we then report as our result the value (out of these
301) of CEV that gives the closest value of W4(CEV) to the value of Wp.

The parameters of the life-cycle model differ across the six models (they are all calibrated to the
same targets) and are given in Tables A, except the age-conditional survival probabilities which

are provided in Table A.



Parameters of the Life-Cycle Model: Model 1

Total periods J 76
Retirement period Jr 42
Leave bequests after age Jbeq 56
Age in years at j=1 25
Preferences
Discount factor B 1.06
CRRA o 2.00
Prices and policies
Wage w 4272.19
Interest rate s 0.05
Pension b 15400.00
Income floor 0 6400.00
Warm glow of bequests
relative importance of bequests b1 415.3
bequests as a luxury good P2 0.0
curvature for bequests @3 2.0
Parameters of the Life-Cycle Model: Model 2
Preferences
Discount factor B 1.01
CRRA o 2.00
Prices and policies
Wage w 939.06
Interest rate T 0.05
Pension b 15400.00
Income floor 6 6400.00
Warm glow of bequests
relative importance of bequests b1 326.0
bequests as a luxury good P2 0.0
curvature for bequests $3 2.0
Parameters of the Life-Cycle Model: Model 3
Preferences
Discount factor B 0.99
CRRA o 2.00
Prices and policies
Wage w 2588.19
Interest rate T 0.05
Pension b 15400.00
Income floor 0 6400.00
Warm glow of bequests
relative importance of bequests b1 51.7
bequests as a luxury good P2 1.1
curvature for bequests @3 2.0
Parameters of the Life-Cycle Model: Model 4
Preferences
Discount factor B 1.91
CRRA o 2.00
Prices and policies
Wage w 3400.29
Interest rate T 0.05
Pension b 15400.00
Income floor 0 6400.00
Warm glow of bequests
relative importance of bequests b1 0.0
bequests as a luxury good P2 0.0
curvature for bequests @3 2.0
Parameters of the Life-Cycle Model: Model 5
Preferences
Discount factor B 0.98
CRRA o 2.00
Prices and policies
Wage w 731.03
Interest rate s 0.05
Pension b 15400.00
Income floor 0 6400.00
Warm glow of bequests
relative importance of bequests b1 4.0
bequests as a luxury good P2 6.8
curvature for bequests @3 2.0
Parameters of the Life-Cycle Model: Model 6
Preferences
Discount factor B 1.00
CRRA o 2.00
Prices and policies
Wage w 793.71
Interest rate T 0.05
Pension b 15400.00
Income floor 6 6400.00
Warm glow of bequests
relative importance of bequests b1 8500.0
bequests as a luxury good P2 0.0
curvature for bequests P3 2.0
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B Six processes for Earnings Dynamics

The six earnings dynamics processes we consider are Models 1, 2, 3, 4, 5 & 6 of Guvenen, Karahan,
Ozkan, and Song (2021). This appendix describes all six models in full. Whenever gaussian-mixture

distributions are used the mixture is of two normal distributions.

We can think of the main differences between the models as: Model 1 is a life-cycle AR(1)
with gaussian innovations. Model 2 is a standard life-cycle AR(1) with non-employment shocks.
Model 3 is a life-cycle AR(1) with gaussian-mixture innovations. Model 5 is a life-cycle AR(1)
with gaussian-mixture AR(1) with gaussian-mixture innovations and with non-employment shocks.
Model 6 is a life-cycle AR(1) with gaussian-mixture AR(1) with gaussian-mixture innovations and
with non-employment shocks, which also has heterogenous income profiles. Model 4 is slightly more
complex, it is Model 3, but where the parameters of the AR(1) are also allowed to depend on both

age and income (that is, on the period and on the lagged value of the shock itself).

B.1 GKOS Earnings Dynamics Model 1: Gaussian (without non-employment
shock)

Model 1 of Guvenen, Karahan, Ozkan, and Song (2021) models (log) earnings as,

In(y;) =kj+ o+ 2z + ¢
Kj = ko + #1(5/10) + K2(j/10)
zj = pzj—1+n; n; ~ N(0,00)
2o ~ N(0,00)
ej ~ N(0,0)
a; ~ N(0,04)

where £; is a deterministic life-cycle profile (modelled as a quadratic polynomial), «; is a fixed-effect,
zj is a persistent AR(1) with with gaussian innovations, €; is a transitory iid gaussian distribution.

This model does not contain a non-employment shock.

B.2 GKOS Earnings Dynamics Model 2: Gaussian

Model 2 of Guvenen, Karahan, Ozkan, and Song (2021) models earnings as (1 — v;)y;, where v;

is a non-employment shock; see Section C.2 for explanation of non-employment shocks. It models



(log) earnings conditional on employment as,
In(y;) = kj + ai+ 2 + ¢
Kj = ko + #1(5/10) + K2(j/10)
zj = pzj—1+ 15, 1~ N0, 0p)
29~ N(0,00)
ej ~ N(0,0)
a; ~ N(0,04)

where £; is a deterministic life-cycle profile (modelled as a quadratic polynomial), «; is a fixed-effect,

zj is a persistent AR(1) with with gaussian innovations, €; is a transitory iid gaussian distribution.

B.3 GKOS Earnings Dynamics Model 3: Gaussian-Mixtures (without non-
employment shock)

Model 3 of Guvenen, Karahan, Ozkan, and Song (2021) models (log) earnings as,
In(y;) = kj + o + 25 + ¢

Kj = Ko + k1(4/10) + k2(j/10)?

zj = pzj—1+ g, N~ Iy

20 ~ N(0,0,0)

€ ~ Fe

a; ~ N(0,04)
where the important differences from Model 1 are that both the innovations to the the persistent
shocks, namely 7n;, and the transitory shocks themselves, €;, are modelled as gaussian-mixtures

rather than normal distributions. Both are modelled as a mixture of two normal distributions.

This model does not contain a non-employment shock.

B.4 GKOS Earnings Dynamics Model 4: Gaussian-Mixture depending on age
and lagged value (without non-employment shock)

Model 4 of Guvenen, Karahan, Ozkan, and Song (2021) models (log) earnings as,
In(y;) = kj + a; + 25 + ¢
Kj = Ko + k1(j/10) + K2(j/10)?
) = pjzj-1t i 0~ E g
20 ~ N(0,0,0)
€ ~ Fej

Q; ~ N(O, O’a)



Like Model 3 both €; and the innovations to z; are gaussian-mixtures, and this model does not have
non-employment shocks. The difference is that the gaussian-mixture distribution of the innovations

to z;, namely F}, ;.. , has parameters that depend on both j and the lag of the AR(1) itself, z; 1.

B.5 GKOS Earnings Dynamics Model 5: Gaussian-Mixtures

Model 5 of Guvenen, Karahan, Ozkan, and Song (2021) models earnings as (1 — v;)y;, where v;
is a non-employment shock; see Section C.2 for explanation of non-employment shocks. It models

(log) earnings conditional on employment as,

In(y;) = kj + a; + 25 + ¢
Kj = Ko + #1(5/10) + K2(j/10)
z2j = pzj—1+ny, g~ I
2o ~ N(0,0,,0)
€; ~ I,

G ~ N(Oa Ua)

where the important differences from Model 2 are that both the innovations to the the persistent
shocks, namely 7;, and the transitory shocks themselves, €;, are modelled as gaussian-mixtures

rather than normal distributions. Both are modelled as a mixture of two normal distributions.

B.6 GKOS Earnings Dynamics Model 6: Gaussian-Mixtures and Heterogenous
Income Profiles

Model 6 of Guvenen, Karahan, Ozkan, and Song (2021) models earnings as (1 — v;)y;, where v;
is a non-employment shock; see Section C.2 for explanation of non-employment shocks. It models

(log) earnings conditional on employment as,

In(y;) = (kj + Kpij) + i + 25 + €
kj = ko + £1(j/10) + r2(j/10)?
Kpij = Kpi(d/10)
zj = pzj—1+ 0 i~y
29 ~ N(0,00)
€; ~ Fe

(a7/7 K/ﬁﬂ) ~ N(O’ Za’ﬂ)

where the important difference from Model 5 is the inclusion of heterogenous income profiles, the

kg, terms, which act as a permanent type that modify the slope (linear) term of x; (they leave



the constant and quadratic terms of «; unaffected).? Notice also that the two permanent types,
a; and kg j, are not independent; they are modelled as joint normally distributed. As in model 5
both the innovations to the the persistent shocks, namely 7;, and the transitory shocks themselves,

€;, are modelled as gaussian-mixtures rather than normal distributions.

B.7 Parameters for Earnings Dynamics

We report the parameters of the earnings dynamics processes in Table B.7. Note that this is
essentially just a copy-paste of numbers from Guvenen, Karahan, Ozkan, and Song (2021) and is

done purely for convenience/clarity.

G indicates gaussian innovations, mix indicates guassian-mixture innovations. HIP=heterogenous
income profiles. Note that in the model, j = 1 corresponds to age 25. Note that the deterministic
life-cycle uses j/10, rather than j. Guvenen, Karahan, Ozkan, and Song (2021) also report the
standard errors of the parameters for Model 6: because they have a few hundred million observa-
tions the standard errors are two to three orders of magnitude smaller than the point estimates as

*

are unimportant for our present purposes. *: -1 was the lower bound on p,; during estimation,

and point estimate is up against this bound.

mixzproby, 1 is the probability of the first of the two mixture distributions. The other is given by
mixprob, 2 = 1 —mixprob, 1. The mean of the second of the mixture distributions is determined as
the mean of the mixture is zero (by assumption/definition), so ju,; 2 = —(mizproby i, 1)/ micprob,
(simple rearrangement of sum(weights*means)=0). Same applies to mixture probabilites and means

for e.

2The awkward notation of kg, ; is because I wish to use 3 for the discount factor in the life-cycle models, but
also want to not depart too far from Guvenen, Karahan, Ozkan, and Song (2021) who call it ;.

10



Parameters for Earnings Processes

Model |1 2 3 4 5 6
Functional forms
AR(1) component G G mix mix mix mix
— Probability age/inc. - - no/no yes/yes no/no  no/no
Non-employment shocks | no yes no no yes yes
— Probability age/inc. - yes/yes - - yes/yes yes/yes
Transitory shocks G G mix mix mix mix
HIP no no no no no yes
Parameters
p 1.005 0.967 1.010  0.992 0.991 0.959
mixproby, 1 0.05  (below) 0.176 0.407
Hnp,1 -1.0* -1.0*  -0.0524 -0.085
op,1 0.134  0.197 1.421 1.070 0.113 0.364
Tp,2 0.010  0.032 0.046 0.069
72,0 0.343 0.563  0.213  0.446 0.450 0.714
A 0.030 0.016  0.0001
mixprob 0.118 0.088 0.044 0.130
fe 1 -0.826  0.311 0.134 0.271
Te,1 0.696 0.163 1.549  0.795 0.762 0.285
Te2 0.020  0.020 0.055 0.037
o 1.182  0.655 0.273 0473 0.472 0.300
og 0.196
COTT o3 0.768
Deterministic Life-Cycle Parameters (x;)
ag X zl 0.740  2.569  2.547  2.176 2.746 2.581
a; X xj/10 0.337 0.766  -0.144  0.169 0.624 0.812
as x x(j/10)? 0.070  -0.152 -0.059 -0.100  -0.167  -0.185
Nonemployment Shock Probability Function Parameters (v;)
a, X 1 -3.036 -2.495  -3.353
by X j -0.917 -1.037  -0.859
Cy X T -5.397 -5.0561  -5.034
dy X jXxj -4.442 -1.087  -2.895
Normal Mixture Probability Function Parameters (7;)
a; X1 0.05  -0.474  0.176 0.407
b, X j 1.961
Czyy X Tj—1 -3.183
d., X jXxj_1 -0.187

11



C Discretization

This section just covers two further details relating the to discretization of the earnings processes.
They are minor relative to the content of the main body of the paper and are included here for

completeness.

C.1 Parameters depend on lagged-value

We now turn to discretizing z; in Model 4, which is the same as in Section 2 except that now
the gaussian-mixture innovation parameters are allowed to depend on the lagged value of z; itself;
actually we will only allow the mixture probabilities to depend on the lagged value of z;, the means
and standard deviations of the normal distributions being mixed can only depend on j. To be

precise, we will discretize z; given by,
2= pzi-1+ 05 1~ Fyjz (2)

q
— E . .42
Fn:jzzjfl - wl,zjle(tulv Jn,i)
=1

This creates a challenge for our previous approach as we do not know the standard deviation
of Fy j.,_, prior to creating the quadrature grid as it depends on z;_1. Our approach is simply to
evaluate the standard deviation given z; 1 = 0, which we know to be relevant as by construction z;
is zero mean (it is an AR(1) with zero-mean innovations and no constant term). We then construct

the grid based on this in the same was as before.?

C.2 Non-employment shocks

The actual processes we discretize following Guvenen, Karahan, Ozkan, and Song (2021) also
include a non-employment shock, v;, which takes a value of 1 for non-employment and 0 for
employment. Actual earnings are then (1 — v;)y;, where In(y;) follows an earnings process.* This
shock is important to capture that younger people often have some periods of zero earnings; Kaplan
(2012) uses a similar shock in a model with endogenous labor and justifies it as a reduced-form way

to capture the concepts of search-matching labor market models.

3We originally used an iterative approach, in which this was the first step, and we then did a second step: Based
on the quadrature grids for each age we can recalculate the parameters using values for z;_1 at each (lagged) grid
point, then the calculate the standard deviation at each grid point, and then take the maximum of these standard
deviations and use that to recreate the grid. But this second step did not perform well in practice and just the single
step seems to work fine.

4Guvenen, Karahan, Ozkan, and Song (2021) actually allow a slightly more general process during estimation,
namely that v; takes the values 0 and min(1, exp())), but since their estimates of A are always greater than zero this
simplifies to 0 and 1 for the actual estimated processes.
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The probability that v; equals 1 is given by p,(J, 2); so v; = 0 with probability 1 — p.,(J, ;).

This probability p,(j,%;) depends both on age, and on the current value of the persistent shock
zj. Guvenen, Karahan, Ozkan, and Song (2021) model as p,(j, zj) = %{;j)),
J:%j

§o +&17 + &2z + 3525

where §; .. =

After z; has been discretized this is simply a matter of creating a Markov process on v; that
takes the values 0 and 1 and with the transition probabilities depending on j and z;. Creating
this as a joint Markov on (zj,v;) is "trivial’ once z; has already been created. "Trivial’ is of course
conditional on a solid understanding of discrete Markov processes, but we will not attempt to
explain it here. Interested readers can see the codes® where it occupies just a few lines as a for-loop

over the states.
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