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Formulating a richness estimator by adopting a mean field theory (Rossberg 2013; O’Sullivan, Knell, and Rossberg 2019; Wilson and Lundberg 2004; Wilson et al. 2003). We are going to demonstrate using the density dependent Lotka Volterra equation.
Given a dynamic system of the form,
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where ,  and that 
This follows that 
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At equilibrium , the substituting in Equation (2) we get the following.
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,
	(3a)
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Now we look for the expectation of Equation (3b),
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From Chapter 16 in Rossberg (2013), we are going to present the Equation (1) is scaled vector form as follows; 
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At equilibrium becomes,  
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Let  , in this case we have the diagonal entries of  are all 1s, it follows that, , but again, ,  following that  and  following that  , which in matrix form becomes , Now changing notation, ,  then A = .
We assume that of all the diagonal entries of  i.i.d.. We also assume that all the entries of  are i.i.d and independent of . The entries of  are i.i.d. (not necessarily independent). Because of this we can write splitting means and residuals, 
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The   are residuals of i.i.d. random Variables,
	
	

	(8a)

(8b)


Then taking the product of  and  it follows that
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Since   
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Simplifying Equation 12(a), 12(b) it follows that 
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Assume that  are uncorrelated, thus 
Now we take the expected values of each entry of the equation 
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Since  it follows that

Therefore, of each species (each entry)

In vector and matrix notation it becomes
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Now going back, substituting Equation (3) into Equation (2), we get 
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The average of all off-diagonal entries of matric  is given by:
 ,
Since the diagonal entries of  , and their average is 1.
Then the total average of all entire is given by
 ,
It follows that, 
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From Equation 3, we look at the i-th entry and we have, 

It follows that, 

Since      it follows that                          
Therefore , since are i.i.d random Variables.
It follows that,

 ,
As ,  and 
 which implies that  
We use the law of standard propagation of errors,
,
In our case  and , so 
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Note: 
It follows that, 
,
We know that 
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Then

which simplifies to 
	
	
	(20)


Now going to the mean field theory, 
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Taking expectations of Equation (21), we obtain


We know that , therefore

Since 
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It follows that 
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Referring to equation (13)

For the first entry,

We know that 


We know that , then 
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We know that,  and , simplifies to
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	(25)


After expanding the terms in Equation (24) without summation and  as follows


Expanding and collecting terms with  and it simplifies to,

It simplifies to

Going back to Equation (8)

We know that , therefore

Taking the Variance, it follows that


We know that  , 
 
As gets larger than 100,  can be approximated by , therefore we have,
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By the definition of the coefficient of Variation  and the assumption that  and as  goes to 1, it follows that,

The simplified richness estimator is given by
	
	
	(27)                                                                  


Richness estimator for a non-equilibrial open community has the following assumptions:
1. [bookmark: _Ref149026545]Equation (11) is the richness estimator for open system at equilibrium. 
1. Species richness is affected by mean introduction rate.
1. Species richness is affected by the mean growth rate .
Although not analytically derived, there are a few clues help conceptualize the richness estimator of an open saturated community. First, in an open community, openness and invasibility should be essential to prescribe the stasis of a dynamically balanced species richness (Hui et al., 2016, 2021). This suggests that an open community under constant introduction of new species should be structurally affected by the introduction rate (the mass effect). Second, the community transition should reflect the process of competitively superior ones among introduced species taking over the recipient community, analogues to the advancing wave solution of advantageous genes (Fisher, 1937). This suggests a joint effect of the average recruitment rate of rare species and the interspecific interaction strength between resident species. Finally, a large community can certainly host more species (e.g., the power law species-area relationship). After an exhaustive method of trial-and-error, with help from these clues for constructing the formula, we propose the following richness estimator for an open saturated community,
				(28)
Our next step is to check whether the two estimators above are related to the expected extinction rate or the travelling wave.
