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1 A Simple Bibliometric Study

The modern framework distinguishing alpha, beta, and gamma diversity was formally
introduced by Robert H. Whittaker in the 1960s [1], with the goal of describing how
biodiversity is partitioned across environmental or spatial gradients. In this frame-
work, alpha diversity refers to the species diversity within a single site or local habitat,
while gamma diversity refers to the total species diversity across different habitats
within a large geographic area. The connection between these scales is mediated by
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beta diversity, which characterizes the turnover or differentiation between local com-
munities [2, 3]. Whittaker’s work laid the foundation for using dissimilarity measures
in beta diversity analysis, allowing ecologists to better understand the complexity of
ecological communities.

In the subsequent decades, the concept of beta diversity has expanded beyond its
origins in plant ecology to become a cornerstone of biodiversity research in diverse
ecosystems [4, 5]. A growing recognition that community composition can vary sig-
nificantly even within seemingly homogeneous environments has driven interest in
more granular analyses of beta diversity. At the same time, advances in statistical and
computational methodologies, alongside the rise of high-throughput sequencing tech-
nologies, have enabled researchers to explore ecological variation at unprecedented
scales. These developments have facilitated macroecological studies of forests and coral
reefs [6] as well as fine-scale investigations of microbial communities in soils, oceans,
and host-associated environments [7, 8]. In microbiome research, where communities
are inherently dynamic and often shaped by host physiology, environmental gradients,
and evolutionary history, beta diversity plays a crucial role in elucidating patterns of
microbial variation and their functional implications.

Fig. 1 Upper: The number of publications mentioning “microbiome” (blue) and both “microbiome”
and “beta diversity” (red) indexed in PubMed from 2012 to 2024. Microbiome-related studies have
grown exponentially, exceeding 10,000 publications per year, while beta diversity studies have shown
a steady increase. Lower: The proportion of beta diversity studies within microbiome research, which
has more than doubled from approximately 5% in 2012 to over 12% in 2024, reflecting the increasing
recognition of beta diversity in microbial ecology. Analysis and visualization are done using R package
RISmed and ggplot2.

The increasing prominence of beta diversity in microbiome research is reflected
in publication trends. A bibliometric analysis of PubMed-indexed studies (Figure 1)
shows that publications on microbiome research have experienced exponential growth
over the past decade, surpassing 10,000 papers per year in recent years. While beta
diversity studies constitute a smaller fraction of this body of literature, they have
also shown a steady upward trajectory, with their proportion among microbiome-
related studies more than doubling from 5% to over 12% since 2012 (Figure 1). This
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trend underscores the growing recognition of beta diversity as a fundamental con-
cept in microbial ecology and suggests that understanding compositional variation is
becoming increasingly central to microbiome research. Despite this expansion, how-
ever, there remains a lack of consensus on how best to quantify beta diversity in
different microbiome contexts.

2 Introduction of Commonly Used Beta Diversity
Measures

Let N denote the number of samples and K the number of observed taxa. For sample
i, let aik represent the absolute abundance (sequence read counts) of taxon k, with

corresponding relative abundance rik = aik/ai·, where ai· =
∑K

k=1 aik. Let pik =
I(aik > 0) denote presence–absence indicators.

2.1 Jaccard Distance

The Jaccard index, introduced by the Swiss botanist Paul Jaccard in 1901 [9], is one of
the earliest measures of similarity and diversity between two sets of species. Originally,
it considered the presence-absence information of the elements in two finite sets A and
B. The Jaccard similarity index is mathematically defined as:

J(A,B) =
|A ∩B|
|A ∪B|

.

Here | · | is the cardinality of a set. Hence, |A ∩B| represents the number of elements
present in both A and B and |A ∪ B| represents the number of elements present in
A or B. The Jaccard index yields a value between 0 and 1, where 0 denotes disjoint
sets and 1 denotes identical sets. The corresponding Jaccard distance, often used as a
dissimilarity measure, is given by:

dJ(A,B) = 1 − J(A,B) = 1 − |A ∩B|
|A ∪B|

.

This definition yields a proper distance-like metric that increases as the sets become
less similar and satisfies the properties of a metric on the space of all finite sets [10–12].
For presence–absence data, the Jaccard distance between samples i and j is defined as

dJ(i, j) = 1 −
∑

k pikpjk∑
k I(pik + pjk > 0)

.

The Jaccard index extends to non-binary data by representing sets as non-negative
vectors, denoting degrees of membership. In this setting, set operations are replaced
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with element-wise minima and maxima. For abundance data, the generalized (non-
binary) Jaccard similarity index [13] is defined as

Jnon-binary(i, j) =

∑
k min(aik, ajk)∑
k max(aik, ajk)

.

This extension accommodates continuous or abundance data, allowing for a more
nuanced comparison of communities or feature sets. The non-binary Jaccard index
collapses to the binary case when all values are restricted to 0 or 1. After more than a
century, Jaccard-based measures remain indispensable in a broad range of applications,
capturing essential notions of similarity and difference with a conceptual elegance
that has proven timeless. It continues to find widespread application in fields such as
ecology, information retrieval, and machine learning [14].

2.2 Kulczyński Dissimilarity

The Kulczyński dissimilarity is named after Stanis law Kulczyński, a Polish botanist
and phytosociologist. In 1928, Kulczyński introduced this measure to quantify the
similarity between ecological communities, originally using species presence-absence
data [15]. His work focused on understanding the relationships among vegetation sam-
ples, and the Kulczyński dissimilarity has since become a valuable tool in studies of
ecology, community structure, and biodiversity assessment.

The original binary version based on presence-absence data is given by:

S
(binary)
ij =

1

2

(∑
k pikpjk∑
k pik

+

∑
k pikpjk∑
k pjk

)
.

This formula reflects the original form of the measure, which accounts purely for species
occurrences without considering their abundances. The definition was later extended
to handle species abundance, making it a more nuanced measure of dissimilarity. This
extension is especially useful when in contexts where the proportional overlap of species
abundances between samples is of interest.

For abundance data, the Kulczyński similarity index between two samples i and j
is defined as [16–18]:

Sij =
1

2

(∑
k min(aik, ajk)

ai·
+

∑
k min(aik, ajk)

aj·

)
.

The term
∑

k min(aik, ajk) captures the shared abundance of each species between
the two samples, highlighting overlap in species composition. The denominators
ai· =

∑
k aik and aj· =

∑
k ajk normalize the shared abundances relative to the over-

all abundances. The Kulczyński dissimilarity is then calculated by subtracting the
similarity from one [19]:

Dij = 1 − Sij =
1

2

(∑
k |aik − ajk|

ai·
+

∑
k |aik − ajk|

aj·

)
.
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By averaging the normalized shared abundances and subtracting from one, the Kul-
czyński dissimilarity balances contributions from both samples and provides a measure
of dissimilarity that does not overly penalize species with small distribution ranges. It
is also considered a suitable alternative to the Jaccard distance for analyzing groups
of species with overlapping distributions, as species with small distribution areas can
be grouped alongside those with larger ones when there is a subset relationship [20–
22]. This makes the Kulczyński distance a valuable tool in ecological studies aiming to
assess biodiversity patterns and community structures across different environments
or temporal scales.

2.3 Bray-Curtis Dissimilarity

The Bray–Curtis dissimilarity was first introduced by Bray and Curtis [23] in 1957.
They developed this measure to interpret complex ecological data related to forest
communities. Since then, the Bray–Curtis dissimilarity has become one of the most
well-known tools to quantify compositional differences among ecosystems. It assesses
the difference between two communities via the abundances of various species present
in each community. Its modern form is mathematically defined as

BCij =

∑
k |aik − ajk|∑
k (aik + ajk)

.

This formulation quantifies the dissimilarity by summing the absolute differences in
the abundances of species and normalizing it by the total abundances of both com-
munities. In practice, if relative abundances are used for this calculation, Bray-Curtis
dissimilarity is just half the Manhattan distance as shown in Supplementary Equation
(1). Notably, the Bray–Curtis dissimilarity is also mathematically related to the quan-
titative Sørensen similarity index [24, 25] QSij , as both emphasize shared species
abundance while ignoring joint absences. The formula can be expressed as

BCij = 1 − QSij = 1 −
2
∑

k min (aik, ajk)∑
k (aik + ajk)

.

However, it is important to note that the Bray–Curtis dissimilarity cannot be con-
sidered as a true distance because it does not satisfy the triangle inequality [26].
Furthermore, as [27] pointed out, Bray-Curtis dissimilarity between two communities
often comes from the difference in “size” (or sequencing depth) rather than true com-
position. These limitations mean that while the Bray–Curtis dissimilarity is highly
effective for comparing community compositions, it may not be suitable for analy-
sis that rely on the properties of distance, such as certain ordination techniques and
distance-based clustering algorithms.

2.4 UniFrac Dissimilarity

Unlike traditional ecological diversity metrics designed for plants and animals,
UniFrac dissimilarity was specifically developed for microbiome research [28]. By
incorporating phylogenetic relationships among microbial taxa, it refines community
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similarity assessment beyond what abundance- or presence-based measures offer. Both
unweighted and weighted versions of UniFrac will be introduced in the following
paragraphs.

The unweighted UniFrac distance was developed by Lozupone and Knight [29]
in 2005. It quantifies the dissimilarity between microbial communities by leveraging
phylogenetic information, focusing exclusively on the prevalence of taxa [29]. Math-
ematically, it is defined as the fraction of the lengths of unshared branches for two
communities in a phylogenetic tree, that is,

dUnweighted UniFrac(i, j) =

∑K̄
k=1 bk|pik − pjk|∑K̄

k=1 bkI(pik + pjk > 0)
,

where K̄ denotes the number of branches and bk is the branch length of the k-th edge.
The unweighted UniFrac dissimilarity accounts for evolutionary relationships among
taxa, offering a robust approach to capture community differences beyond simple tax-
onomic comparisons. Considering the presence or absence of taxa, it emphasizes rare
or unique evolutionary lineages, which makes it particularly valuable in ecological
studies where such lineages might reflect critical environmental adaptations or evolu-
tionary pressures [29–31]. A graph illustration on calculating the unweighted UniFrac
distance between two samples is provided in Figure 2.

Fig. 2 Unweighted UniFrac between two samples ’Circle’ and ’Square’.
The blue triangle represents a taxon that does not belong to either of the two samples. The unshared
branch lengths, representing phylogenetic branches unique to each community (highlighted in pur-
ple), are summed and divided by the sum of the unshared branch lengths and shared branch lengths
(highlighted in black). This distance quantifies the phylogenetic dissimilarity between the two com-
munities by comparing unique evolutionary lineages to the overall tree structure.
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The Weighted UniFrac, introduced by Lozupone et al. [32] in 2007, extends the
unweighted UniFrac distance by incorporating the relative abundances of taxa within
microbial communities. Unlike the unweighted version, weighted UniFrac quantifies the
dissimilarity between communities not only based on the phylogenetic distances of taxa
but also by weighting these distances according to their relative abundances [32, 33].
Mathematically, it is defined as [32]:

dWeighted UniFrac(i, j) =

∑K̄
k=1 bk|aik − ajk|∑K̄
k=1 bk|aik + ajk|

The numerator accounts for the weighted differences in abundance along each branch,
while the denominator normalizes this difference by the total branch length of the
phylogenetic tree. By combining evolutionary relationships and relative abundances,
Weighted UniFrac offers a more nuanced measure of community dissimilarity, captur-
ing both taxonomic composition and ecological dominance. As a result, it particularly
useful in studies where abundance disparities between communities are important,
such as those involving environmental gradients or host-associated [28, 32].

2.5 Minkowski Distance

Minkowski distances, introduced by Hermann Minkowski in the early 20th century [34],
form a family of metrics that unify various notions of distance under a single math-
ematical framework. For points x = (x1, x2, . . . , xK) and y = (y1, y2, . . . , yK) in a
K-dimensional space, the Minkowski distance is defined as

dp(x, y) =

(
K∑
i=1

|xi − yi|p
)1/p

,

where p ≥ 1. For microbiome data, the Minkowski distance between community i and
j is

dp(i, j) =

(
K∑

k=1

|aik − ajk|p
)1/p

.

The Minkowski distances qualify as true distance ensured by the Minkowski inequal-
ity [35]. By adjusting the parameter p, one can seamlessly transition between different
distance measures, each characterized by distinct geometric and analytical properties.

When p = 2, the Minkowski distance becomes a special case known as the
Euclidean distance

d2(x, y) =

√√√√ K∑
i=1

(xi − yi)2,

whose roots trace back to Euclid’s Elements [36]. The Euclidean distance represents
the shortest straight-line path between two points, making it intuitively appealing and
widely used. A key property of Euclidean distance is its rotational invariance: rotations
and translations of the coordinate system do not alter the measured distances. This
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Fig. 3 Comparison of level sets for Manhattan distance (p = 1) and Euclidean distance (p =
2), illustrating the diamond-shaped geometry of Manhattan distance and the circular geometry of
Euclidean distance.

invariance is crucial in many applications, ensuring that the distance captures intrinsic
relationships rather than coordinate-based artifacts. As a result, Euclidean distance
serves as the foundation for numerous statistical and machine learning techniques,
including principal component analysis [37–39], clustering methods like K-means [40,
41], and regularized linear regression [42, 43]. Its squared form also appears naturally in
optimization problems, where minimizing squared Euclidean distances often simplifies
to solvable analytical solutions [44].

When p = 1, the Minkowski distance becomes a special case known as the
Manhattan (or taxicab) distance

d1(x, y) =

K∑
i=1

|xi − yi|.

It is so named because it reflects distances one might travel along a grid of perpen-
dicular city streets [45]. Unlike the Euclidean distance, the Manhattan distance does
not directly measure “straight-line” displacement; instead, it sums absolute differ-
ences across each dimension. This shift changes the geometry of the space, producing
diamond-shaped level sets rather than circular ones, as illustrated in Figure 3. Such
geometry can be advantageous in contexts involving high-dimensional data, where
the Euclidean distance may become less interpretable or dominated by large outliers.
The Manhattan distance also tends to preserve meaningful differences in cases where
numerous features are zero-inflated, a common occurrence in microbiome data and
species abundance matrices [16]. Its sensitivity to coordinate axes and additive nature
sometimes makes it the preferred measure in fields like text mining and genomics,
where absolute differences in counts or frequencies are more meaningful than squared
deviations [16, 46].
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In ecology, conservation science, and microbiome research, selecting a suitable
Minkowski distance helps quantify compositional differences among communities and
detect gradients of biodiversity or microbial assemblages [47]. In machine learning,
the choice of p influences the shape of clusters and the performance of distance-based
classifiers, potentially improving outcomes when data exhibit particular distributional
or structural characteristics [44].

2.6 Chi-square Distance

The chi-square distance is a statistical measure that quantifies the dissimilarity
between two distributions, especially in histogram comparison or compositional data.
Its origins trace back to the pioneering work of British mathematician Karl Pearson in
1900 [48]. Pearson introduced the chi-square statistic as part of his development of the
goodness-of-fit test, a method designed to evaluate how well observed data align with a
theoretical distribution, especially within categorical data and contingency tables [48].
While his initial focus was on hypothesis testing against theoretical distribution, the
chi-square statistic was later adapted as a measure for comparing empirical distribu-
tions directly, without referring to any theoretical distribution [49]. This adaptation
expanded its utility across various fields, including image processing, pattern recog-
nition, machine learning, and biological sciences, where comparing distributions of
categorical data is essential [50].

The chi-square distance can be computed using the formulation from the vegan R
package [51]:

χij =

√√√√√ K∑
k=1

(
aik

ai·
− ajk

aj·

)2
ā·k

=

√√√√ K∑
k=1

(rik − rjk)
2

ā·k
,

where ā·k = a·k/N and a·k =
∑

i aik. The transformation rik/
√
ā·k is usually referred

as chi-square transformation. It aggregates the values across all communities for each
species k and takes average according to the number of communities. This normal-
ization term acts as a weighting factor to adjust for the relative importance of each
species based on its contribution to the total abundance.

The chi-square distance has become an invaluable tool in various applications. In
microbiome research, it is employed to compare the composition of microbial commu-
nities by measuring differences in the abundance of microbial taxa between samples
[16]. It is also the distance function that inherent in correspondence analysis [39]. The
chi-square distance enables researchers to detect significant variations in microbial
populations, especially rare species that might be critical in understanding disease
mechanisms or ecological dynamics [16].

2.7 Hellinger Distance

Hellinger distance, established in the context of probability theory by Ernst Hellinger
in 1909 [52], measures the dissimilarity between two probability distributions in a
way that is both bounded and symmetric [53]. Unlike traditional measures that might
magnify large discrepancies or diminish the importance of rare components, Hellinger
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distance applies a square-root transformation to the probability values, ensuring that
both common and rare categories contribute meaningfully to the assessment. For two
discrete probability distributions P = (p1, p2, . . . , pK) and Q = (q1, q2, . . . , qK), the
Hellinger distance is defined as

dHellinger(P,Q) =
1√
2

√√√√ K∑
i=1

(
√
pi −

√
qi)2.

This formulation constrains the distance to lie within the interval [0, 1], with 0
indicating identical distributions and 1 representing maximum divergence.

Hellinger distance has found broad utility in ecology, microbiome research, and
other biological and environmental sciences [54], where the underlying data often
represent relative abundances rather than absolute counts,

dHellinger(i, j) =
1√
2

√√√√ K∑
k=1

(
√
rik −√

rjk)2.

By incorporating a square-root transformation, the measure downweights dominant
taxa and alleviates the influence of very small proportions, improving robustness
against sampling errors and compositional biases. In statistical inference and machine
learning, it provides stable and interpretable comparisons between distributions,
facilitates clustering and classification tasks, and can enhance performance in non-
parametric estimation [55–57]. Its versatile nature and sound mathematical properties
make Hellinger distance a valuable tool for capturing patterns and differences in
complex, probability-based data sets [58].

2.8 Mahalanobis Distance

Mahalanobis distance, introduced by Prasanta Chandra Mahalanobis in 1936 [59],
provides a multivariate measure of dissimilarity that accounts for correlations among
variables. Unlike Euclidean distance, which treats each dimension independently,
Mahalanobis distance adjusts for the covariance structure of the variables, giving more
balanced, scale-invariant assessments of how similar or different points are in a mul-
tidimensional space. For two vectors x = (x1, x2, . . . , xK) and y = (y1, y2, . . . , yK),
and an variance–covariance matrix Σ [60], the Mahalanobis distance is defined as

dM (x, y) =
√

(x− y)T Σ−1(x− y).

This formulation not only re-scales features according to their variances, but also
reduces redundancy by down-weighting directions of high correlation. Its use spans
fields such as ecology, where it helps discern ecological niches by comparing species
assemblages under correlated environmental gradients [16], and in pattern recognition,
machine learning, and outlier detection, where capturing the “shape” and internal
structure of data is critical. Mahalanobis distance’s ability to incorporate covariance
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information makes it a powerful tool for multivariate analyses, guiding the identifica-
tion of clusters, discriminating among groups, and improving classification accuracy
in complex, high-dimensional data sets.

In microbiome analyses, each dimension commonly represents an OTU (Opera-
tional Taxonomic Unit), and the matrix Σ reflects the variance and covariance of these
OTUs across samples,

dM (i, j) =

√√√√ K∑
k=1

K∑
l=1

(aik − ajk)(Σ−1)k,l(ail − ajl),

where (Σ−1)k,l is the (k, l)-th element of Σ−1. Notably, as R packages vegan [61] and
phyloseq [62] do, we replace the true covariance matrix Σ with the sample covari-
ance matrix S. It is derived from the abundance patterns of OTUs rather than their
representative sequences, while Pavoine et al. 2004 [63] interprets Σk,l as the dis-
tance between species k and l. In microbial applications, since number of OTUs is
usually larger than number of samples, the inverse of Σ does not exist. Alterna-
tively, general inverse could be considered. By incorporating these abundance-based
covariance structures, Mahalanobis distance can capture the correlated nature of
microbial communities more accurately. Literature on multivariate analyses in micro-
bial ecology [16, 64] underscores the importance of considering abundance-based
covariance patterns, as they help in revealing meaningful ecological interactions and
community-level structures.

2.9 Aitchinson Distance

Aitchison distance, introduced by John Aitchison in 1982 [65] in the context of com-
positional data analysis, provides a meaningful notion of distance that respects the
simplex structure inherent to compositional vectors. Traditional distances defined on
the Euclidean space, such as the Minkowski distances, are not well-suited for com-
positional data. This is because compositional data are characterized by nonnegative
components that sum to a constant. Moreover, the unit-sum constraint and differences
in absolute scale can further distort the distances when these traditional measures
are applied. The Aitchison distance circumvents these issues by mapping composi-
tions into a log-ratio space, where standard Euclidean geometry can be applied. The
Aitchison distance is defined as

dA(i, j) =

(
K∑

k=1

(
log

rik
g(i)

− log
rjk
g(j)

)2
) 1

2

,

where

g(i) =

(
K∏

k=1

rik

) 1
K

.
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This formulation treats ratios of parts, rather than their absolute differences, ensuring
that the analysis focuses on relative information—crucial in fields such as geochem-
istry or microbiome research, where relative abundances carry more interpretative
significance than absolute counts [66, 67].

In practice, compositional data are often characterized by the presence of zeros,
the occurrence of outliers, and heavy-tailed distributions. To address such complexi-
ties, robust versions of the Aitchison distance have been developed [68]. These variants
incorporate robust estimators of center and scatter, or employ zero-replacement tech-
niques that maintain the compositional nature of the data while diminishing the
influence of problematic values. By reducing sensitivity to extreme observations and
properly handling zeros, robust Aitchison distances enhance stability and reliabil-
ity in real-world applications, improving interpretations of ecological niches, dietary
patterns, environmental pollution gradients, and microbial community structures.

3 Construction of Dissimilarity Measures

Category Space Class Dissimilarity Metric? Euclidean?

scale difference Rn or Sn D1(x,y) = ∥ψ1(x)− ψ1(y)∥p

Euclidean Yes Yes
Manhattan Yes No
Mahalanobis Yes Yes

Chord Yes Yes
Aitchison Yes Yes

Robust Aitchison Yes Yes
Chi-square Yes Yes

difference scale Rn or Sn D2(x,y) = ∥ψ2(x− y)∥p

Bray-Curtis No No
Kulczyński Unclear Unclear

Weighted UniFrac Likely No

presence difference Hn D3(x,y) = 1− x·y
ψH (x,y)

Jaccard Yes No
Unweighted UniFrac Yes No

distribution difference Distributions Df (P∥Q) =
∫
X f

(
dP
dQ

)
dQ

Hellinger Yes Yes
Jensen-Shannon Yes Unclear

Table 1 Classification of commonly used dissimilarity measures. Measures Category 1 operate in
Euclidean space (abundance data) or compositional simplex (relative abundance data) and compute
the Lp norm after applying a normalization function ψ1 to each data point individually before
calculating the difference. Measures in Category 2 also operate in Euclidean space or compositional
simplex but differ by first computing the difference between data points and then applying a
normalization function ψ2. Measures in Category 3 are Defined in the Hamming space Hn and
usually assess dissimilarity based on presence-absence data. Measures in Category 4 measures the
dissimilarity between probability mass functions, which can also be applied to relative abundance
data.

Table 1 presents a classification of commonly used dissimilarity measures. In this
section, we present the detailed constructions of each dissimilarity measures.

The first category consists of dissimilarity measures that normalize the abundance
by normalization function ψ1(·) or relative abundance vectors separately and applies
Lp norm to evaluate there difference. We list the corresponding normalization functions
of the dissimilarity measures as follows:

• Euclidean, ψ1(x) = x, p = 2.
• Manhattan, ψ1(x) = x, p = 1.
• Mahalanobis, ψ1(x) = Σ−1/2x, p = 2.
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• Chord, ψ1(x) = x/ ∥x∥2, p = 2.
• Aitchison, ψ1(x) = CLR(x), p = 2, x ∈ Sn, where CLR(x) represents the CLR

transformation.
• Robust Aitchison, ψ1(x) = Σ−1/2CLR(x), x ∈ Sn.
• Chi-square, ψ1(x) = χ(x), p = 2, x ∈ Sn, where χ(x) represents the chi-square

transformation.

The second category of dissimilarity measures normalizes the elementwise dif-
ferences in relative abundances before applying the Lp norm. We list the detailed
construction of dissimilarity measures in category 2 as follows:

• Bray-Curtis, ψ2(x− y) = |x− y|/ ∥x + y∥1, p = 1.
• Kulczyński, ψ2(x− y) = |x− y|/ 2

∥x∥1+∥y∥1
, p = 1.

• Weighted UniFrac, ψ2(x−y) = b◦|x−y|/ ∥b ◦ (x + y)∥1, p = 1 where b represents
the vector of branch length from each nodes to their nearest ancestor nodes and ◦
represents Hadamard product (element-wise product).

The key distinction between these two categories lies in whether normalization is
applied directly to the raw data before computing differences or to the differences of
the raw data themselves. Hence, the theoretical justification of the dissimilarity in
the second category is difficult. If we use relative abundance, the denominator (total
abundance) in the Bray–Curtis formula becomes constant (usually 2), simplifying the
math:

BCij =

∑
k(rik − rjk)

2
,

BCij = 1 −
∑
k

min(rik, rjk),

which becomes a scaled Manhattan distance. Bray–Curtis on relative abundances may
reduce the impact of sample depth differences, which is good when you want to com-
pare community structure rather than raw load. Compositionality still matters, since
relative abundances are constrained (they must sum to 1). Some researchers pre-
fer log-ratio transformations (e.g., CLR) for downstream analyses like clustering or
regression.

Category 3 includes dissimilarity measures defined in Hamming space and is usually
applied to presence-absence data. Since the Hamming inner product x · y is usually
used as a measure of similarity of two Hamming vectors, the dissimilarity measures in
this category is one minus the normalized similarity. For Jaccard, the normalization
function is ψH(x,y) =

∑
i I(xi + yi > 0). For unweighted UniFrac, since there are

branch length assigned to each OTU, it does not follow the form listed in the table.
Instead, it requires a little modification

dUnweighted UniFrac(x,y) =

∑
i bk[I(xi + yi > 0) − xiyi]∑

i biI(xi + yi > 0)

= 1 −
∑

i bkxiyi∑
i biI(xi + yi > 0)

,
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which makes it similar to a weighted version of Jaccard. The theoretical justification
of dissimilarity measures is also difficult. Though there are some proof existing, most
of them are still not Euclidean due to the data in Hamming space having different
geometrical feature compared to Euclidean space. Hence, diagnostics is also suggested
before applying.

The fourth category takes use of the concept of f -divergence and use relative
abundances as probability mass function. In its mathematical formulation, the Radon-
Nikodym derivative [69] naturally works as a measure of dissimilarity between two
probability measures. Hence, we regard the dissimilarity measures in the fourth cate-
gory as average normalized measures based on Radon-Nikodym derivative, where the
average is weighted average based on probability measure Q and f works as the nor-
malization function. When applied to relative abundance data, the general form of the
fourth category is

Df (i, j) =

K∑
k=1

rjkf(
rik
rjk

).

However, not all dissimilarity measures under this category are metric. Theoretical
justification or diagnostics are required before applying them to downstream analysis.
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4 Supplementary Results: Metric Property and
Euclidean Deviation (FNI) of Dissimilarity
Measures

(1
)

(2
)

(3
)

(4
)

(5
)

(6
)

Dataset

Euclidean

Manhattan

Mahalanobis

Chord

Aitchison

Robust A tch son

Ch -square

Bray-Curt s

Kulc-yńsk 

We ghted Un Frac(GUniFrac)

Weighted UniFrac(Phyloseq)

Jaccard

Unweighted UniFrac

D
is

si
m

ila
ri

ty

Fig. 4 Metric property of dissimilarity measures across datasets. This heatmap indicates whether
each dissimilarity measure satisfies the metric property within each dataset. Blue squares denote that
the dissimilarity is metric; red squares indicate violations of the metric condition. Dissimilarities are
grouped and color-coded by category to facilitate interpretation across types of measures.
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(1) (2) (3) (4) (5) (6)
Dataset

Euclidean

Manhattan

Mahalanobis

Chord

Aitchison

Robust A tch son

Ch -square

Bray-Curt s

Kulc-yńsk 

We ghted Un Frac(GUniFrac)

Weighted UniFrac(Phyloseq)

Jaccard

Unweighted UniFrac

D
is

si
m
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ty

Fig. 5 Euclidean deviation (FNI) of dissimilarity measures across datasets. The bubble plot visu-
alizes the Fraction of Negative inertia (FNI) for each dissimilarity measure across datasets. Larger
bubbles correspond to higher FNI values, indicating greater deviation from Euclidean geometry. An
FNI of zero implies that the dissimilarity is Euclidean for that dataset. Dissimilarity labels are color-
coded by category.
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5 Diagnostics and Remedy Results

In summary, the diagnostics across datasets (Tables 2, 3, 4, 5, 6, 7) show that classic
metric choices—Manhattan, Euclidean, chord, Hellinger, (robust) Aitchison, Jaccard,
binomial, CAO, and χ2—are consistently flagged as metrics and yield zero PCoA
negative inertia (Euclidean invariably at 0%), whereas several abundance-weighted or
alternative indices (e.g., altGower, Morisita, Horn, and occasionally Kulczyński) are
non-metric and exhibit sizeable negative inertia fractions (often ∼15–21%); Chao and
Raup are among the most problematic, with large NegCounter/ZeroCounter values
and the highest negative fractions (up to ∼48–49%). Without remedies (Table 8),
non-phylogenetic performers are typically Bray–Curtis and CAO, while phylogenetic
measures—especially weighted UniFrac—can be strongest when the phylogeny aligns
with signal (e.g., Pig Gut: weighted UniFrac pseudo-F ! =!10.92, pseudo-R2 = 0.2007,
MiRKAT R2 = 0.1895), and this pattern broadly persists across additional datasets
(including IBD wgs). Applying the Higham projection (Table 9) modestly increases
or stabilizes pseudo-F/pseudo-R2 for many distances (notably boosting phylogenetic
measures in Covid and Pig Gut; e.g., Pig Gut weighted UniFrac to pseudo-F = 11.67,
pseudo-R2 = 0.2116), while MiRKAT R2 tracks these gains. In contrast, Tikhonov
regularization (Table 10) generally shrinks effect sizes—most visibly for weighted
UniFrac (e.g., Pig Gut pseudo-F drops to 4.93, pseudo-R2 to 0.1017)—yet largely pre-
serves the within-dataset ranking (Bray/CAO among top non-phylogenetic; weighted
UniFrac often leading when appropriate). Together, these results indicate: (i) met-
ric validity and Euclidean embeddability issues are concentrated in a subset of
abundance-weighted/coverage-based indices, (ii) Higham correction is preferable when
maintaining or slightly enhancing signal while enforcing PSD structure, and (iii)
Tikhonov offers a conservative, stabilizing alternative at the cost of attenuated test
statistics.
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Table 2 Diagnostic results for each dissimilarity measure applied to the cardiovascular dataset.
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Table 3 Diagnostic results for each dissimilarity measure applied to the Concordance oral 16S
dataset.

19



D
is
si
m
il
a
ri
ty

Is
M
et
ri
c

N
eg

C
o
u
n
te
r

Z
er
o
C
o
u
n
te
r

P
co

a
N
eg

F
ra
c

p
se
u
d
o
F

p
se
u
d
o
R
2

p
v
a
lu
e

M
iR

K
A
T

R
sq
u
a
re
d

m
a
n
h
a
tt
a
n

Y
E
S

0
0

2
.1
4
%

1
.4
7
4
6
8

0
.1
6
5
6
3

0
.0
0
1

0
.0
1
3
3
3

eu
cl
id
ea

n
Y
E
S

0
0

0
%

1
.2
1
4
0
5

0
.1
4
0
4
7

0
.0
4
2
0
4

0
.0
1
7
4

ca
n
b
er
ra

Y
E
S

0
0

0
%

1
.1
5
8
3
2

0
.1
3
4
8
9

0
0
.0
1
6
1
9

cl
a
rk

Y
E
S

0
0

0
%

1
.1
0
7
4
1

0
.1
2
9
7
3

0
0
.0
1
6
3
9

b
ra
y

Y
E
S

0
0

0
.2
6
%

1
.4
5
3
6

0
.1
6
3
6
5

0
0
.0
1
4
5
2

k
u
lc
zy

n
sk
i

Y
E
S

0
0

0
.5
4
%

1
.4
2
8
1
5

0
.1
6
1
2
5

0
0
.0
1
3
7
2

ja
cc
a
rd

Y
E
S

0
0

0
%

1
.2
9
2
6
6

0
.1
4
8
2
2

0
0
.0
1
5
2
9

g
o
w
er

Y
E
S

0
0

4
.3
2
%

1
.0
9
5
2
2

0
.1
2
8
4
9

0
.0
8
0
0
8

0
.0
1
5
8
3

a
lt
G
o
w
er

N
O

0
.0
1
1
4
7

0
2
0
.8
4
%

0
.8
8
9
7
4

0
.1
0
6
9
6

0
.6
6
6
6
7

0
.0
1
2
1
8

m
o
ri
si
ta

N
O

0
.0
0
0
3
9

0
8
.2
3
%

1
.2
0
2
5
9

0
.1
3
9
3
3

0
.0
7
8
0
8

0
.0
1
1
0
9

h
o
rn

N
O

0
.0
0
0
3
6

0
8
.2
0
%

1
.2
0
2
8
2

0
.1
3
9
3
5

0
.0
8
8
0
9

0
.0
1
1
1

m
o
u
n
tf
o
rd

Y
E
S

0
0

0
%

1
.0
0
4
9
2

0
.1
1
9
1
6

0
0
.0
1
6
9
2

ra
u
p

N
O

0
.1
1
8
3
6

0
.6
4
4
7
6

4
9
.1
5
%

0
.4
1
4
9
5

0
.0
5
2
9

0
.1
3
7
1
4

-0
.0
0
8
8
6

b
in
o
m
ia
l

Y
E
S

0
0

0
.8
1
%

1
.4
8
1
6
5

0
.1
6
6
2
9

0
0
.0
1
5
8
6

ch
a
o

N
O

0
.0
0
1
7
6

0
1
7
.1
5
%

1
.4
3
0
9
1

0
.1
6
1
5
1

0
.0
0
8
0
1

0
.0
1
0
1
4

ca
o

Y
E
S

0
0

0
%

1
.4
6
0
8
3

0
.1
6
4
3
3

0
0
.0
1
4
4
4

m
a
h
a
la
n
o
b
is

Y
E
S

0
0

0
%

1
0
.1
1
8
6
4

0
.0
1
5
0
2

0
.0
1
6
9
5

ch
is
q

Y
E
S

0
0

0
%

1
.2
5
2
4
7

0
.1
4
4
2
8

0
0
.0
1
8
2
6

ch
o
rd

Y
E
S

0
0

0
%

1
.2
0
4
8
8

0
.1
3
9
5
6

0
.0
2
3
0
2

0
.0
1
5
0
5

h
el
li
n
g
er

Y
E
S

0
0

0
%

1
.4
1
9
4

0
.1
6
0
4
2

0
0
.0
1
3
5
4

a
it
ch

is
o
n

Y
E
S

0
0

0
%

1
.5
7
5
5
8

0
.1
7
4
9
8

0
0
.0
1
3
4
8

ro
b
u
st
.a
it
ch

is
o
n

Y
E
S

0
0

0
%

1
.3
1
3
8
8

0
.1
5
0
2
9

0
0
.0
1
5
0
6

u
n
if
ra
c
u
n
w
ei
g
h
te
d

Y
E
S

0
0

0
%

1
.3
0
0
5
8

0
.1
4
8
9
9

0
0
.0
1
5
0
7

u
n
if
ra
c
w
ei
g
h
te
d
p
h
y
lo
se
q

N
O

1
E
-0
4

0
7
.1
4
%

1
.8
5
4
0
4

0
.1
9
9
7
3

0
.0
0
1

0
.0
0
8
8
2

u
n
if
ra
c
w
ei
g
h
te
d
g
u
n
if
ra
c

Y
E
S

0
0

4
.3
8
%

1
.2
1
9
8

0
.1
4
1
0
4

0
.1
3
0
1
3

0
.0
1
3
7
7

Table 4 Diagnostic results for each dissimilarity measure applied to the Covid dataset.
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Table 5 Diagnostic results for each dissimilarity measure applied to the HIV Gut dataset.
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Table 6 Diagnostic results for each dissimilarity measure applied to the IBD 16S dataset.
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Table 7 Diagnostic results for each dissimilarity measure applied to the Pig Gut dataset.
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Dissimilarity pseudo F pseudo R2 MiRKAT Rsquared
cardiovascular bray 1.61735 0.06986 0.003

Concordance oral 16S bray 0.93848 0.04678 0.0047
covid bray 1.4536 0.16365 0.01452

HIV gut bray 1.2506 0.09239 0.01463
IBD 16s bray 1.38867 0.10372 0.01314
IBD wgs bray 1.31194 0.10542 0.01291
Pig gut bray 5.46593 0.11163 0.09123

cardiovascular cao 2.01599 0.08561 0.00409
Concordance oral 16S cao 1.14492 0.05648 0.00556

HIV gut cao 1.17225 0.0871 0.01548
IBD 16s cao 1.32689 0.09956 0.00889
IBD wgs cao 1.27089 0.10246 0.01422

cardiovascular chao 0.65216 0.0294 0.00052
Concordance oral 16S chao 0.82996 0.04159 0.00365

covid chao 1.43091 0.16151 0.01014
HIV gut chao 1.02449 0.07697 0.01097
IBD 16s chao 1.09752 0.0838 0.00996
IBD wgs chao 0.75732 0.06369 0.0096
Pig gut chao 4.89073 0.10107 0.08074

cardiovascular jaccard 1.51568 0.06576 0.0033
Concordance oral 16S jaccard 1.00561 0.04995 0.00595
Concordance oral 16S unifrac unweighted 1.22786 0.06033 0.00659

cardiovascular unifrac weighted gunifrac 1.7549 0.07536 0.00353
Concordance oral 16S unifrac weighted gunifrac 0.86975 0.0435 0.00283

covid unifrac weighted gunifrac 1.2198 0.14104 0.01377
HIV gut unifrac weighted gunifrac 1.02873 0.07726 0.00957
IBD 16s unifrac weighted gunifrac 1.4507 0.10785 0.01908
IBD wgs unifrac weighted gunifrac 1.30498 0.10492 0.02381
Pig gut unifrac weighted gunifrac 8.93685 0.17043 0.14691

cardiovascular unifrac weighted phyloseq 1.44689 0.06296 0.00226
Concordance oral 16S unifrac weighted phyloseq 0.86975 0.0435 0.00283

covid unifrac weighted phyloseq 1.85404 0.19973 0.00882
HIV gut unifrac weighted phyloseq 0.93881 0.07099 0.00786
IBD 16s unifrac weighted phyloseq 0.98643 0.07596 0.01034
IBD wgs unifrac weighted phyloseq 1.02117 0.08402 0.00728
Pig gut unifrac weighted phyloseq 10.92424 0.20072 0.18948

Table 8 Results without applying any remedial measures for each dissimilarity measure across

different datasets. Each row shows the PERMANOVA pseudo-F statistic, pseudo-R2, and MiRKAT
R2 values computed without Higham correction or Tikhonov regularization.
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Dissimilarity pseudo F pseudo R2 MiRKAT Rsquared
cardiovascular bray 1.74914 0.07513 0.0035

Concordance oral 16S bray 1.01089 0.0502 0.00565
covid bray 1.45796 0.16406 0.01458

HIV gut bray 1.26877 0.09361 0.01496
IBD 16s bray 1.45303 0.10801 0.0139
IBD wgs bray 1.36777 0.10941 0.01366
Pig gut bray 5.46714 0.11165 0.09125

cardiovascular cao 2.03228 0.08624 0.00414
Concordance oral 16S cao 1.1542 0.05692 0.00581

HIV gut cao 1.18867 0.08822 0.01569
IBD 16s cao 1.36084 0.10185 0.00931
IBD wgs cao 1.27353 0.10265 0.01426

cardiovascular chao 1.25552 0.05509 0.00308
Concordance oral 16S chao 1.15665 0.05703 0.00763

covid chao 1.76348 0.19185 0.01377
HIV gut chao 1.29223 0.09517 0.01629
IBD 16s chao 1.47969 0.10977 0.01469
IBD wgs chao 1.30062 0.1046 0.0199
Pig gut chao 5.59982 0.11405 0.09188

cardiovascular jaccard 1.51569 0.06576 0.0033
Concordance oral 16S jaccard 1.00831 0.05008 0.00597
Concordance oral 16S unifrac unweighted 1.24972 0.06134 0.00678

cardiovascular unifrac weighted gunifrac 2.04262 0.08664 0.00458
Concordance oral 16S unifrac weighted gunifrac 1.00144 0.04976 0.00416

covid unifrac weighted gunifrac 1.27994 0.14698 0.01511
HIV gut unifrac weighted gunifrac 1.12547 0.08392 0.01154
IBD 16s unifrac weighted gunifrac 1.65212 0.12102 0.02231
IBD wgs unifrac weighted gunifrac 1.47011 0.11664 0.02729
Pig gut unifrac weighted gunifrac 9.42701 0.17811 0.15373

cardiovascular unifrac weighted phyloseq 1.67729 0.07226 0.00305
Concordance oral 16S unifrac weighted phyloseq 1.00144 0.04976 0.00416

covid unifrac weighted phyloseq 2.01959 0.21375 0.01178
HIV gut unifrac weighted phyloseq 1.02521 0.07702 0.009
IBD 16s unifrac weighted phyloseq 1.11338 0.0849 0.01202
IBD wgs unifrac weighted phyloseq 1.12748 0.09196 0.0115
Pig gut unifrac weighted phyloseq 11.67488 0.2116 0.20037

Table 9 Results after applying Higham correction to each dissimilarity measure across different

datasets. Each row shows the PERMANOVA pseudo-F statistic, pseudo-R2, and MiRKAT R2

values following Higham matrix adjustment.
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Dissimilarity pseudo F pseudo R2 MiRKAT Rsquared
cardiovascular bray 1.44935 0.06306 0.00324

Concordance oral 16S bray 1.07054 0.05301 0.00585
covid bray 1.43635 0.16203 0.01475

HIV gut bray 1.24717 0.09216 0.01423
IBD 16s bray 1.32115 0.09918 0.011
IBD wgs bray 1.27547 0.10279 0.01112
Pig gut bray 5.39175 0.11028 0.08984

cardiovascular cao 1.33273 0.05828 0.00329
Concordance oral 16S cao 1.1355 0.05604 0.00595

HIV gut cao 1.16712 0.08676 0.01296
IBD 16s cao 1.12454 0.08568 0.00616
IBD wgs cao 1.22063 0.0988 0.01202

cardiovascular chao 1.07329 0.04748 0.00297
Concordance oral 16S chao 1.13508 0.05603 0.00631

covid chao 1.37005 0.15571 0.01634
HIV gut chao 1.18032 0.08765 0.01193
IBD 16s chao 1.1305 0.0861 0.00679
IBD wgs chao 1.07249 0.08787 0.00646
Pig gut chao 2.69382 0.05832 0.03566

cardiovascular jaccard 1.51477 0.06572 0.0033
Concordance oral 16S jaccard 1.01575 0.05043 0.00599
Concordance oral 16S unifrac unweighted 1.24003 0.06089 0.00673

cardiovascular unifrac weighted gunifrac 1.26428 0.05546 0.00328
Concordance oral 16S unifrac weighted gunifrac 1.09925 0.05435 0.00569

covid unifrac weighted gunifrac 1.25596 0.14462 0.0156
HIV gut unifrac weighted gunifrac 1.14088 0.08497 0.01105
IBD 16s unifrac weighted gunifrac 1.30348 0.09798 0.01254
IBD wgs unifrac weighted gunifrac 1.18906 0.0965 0.01227
Pig gut unifrac weighted gunifrac 6.45844 0.12928 0.1051

cardiovascular unifrac weighted phyloseq 1.2756 0.05593 0.00299
Concordance oral 16S unifrac weighted phyloseq 1.09925 0.05435 0.00569

covid unifrac weighted phyloseq 1.39239 0.15785 0.01495
HIV gut unifrac weighted phyloseq 1.12523 0.0839 0.01035
IBD 16s unifrac weighted phyloseq 1.0691 0.0818 0.00598
IBD wgs unifrac weighted phyloseq 1.07024 0.0877 0.00577
Pig gut unifrac weighted phyloseq 4.92544 0.10171 0.08364

Table 10 Results after applying Tikhonov regularization to each dissimilarity measure across

different datasets. Each row shows the PERMANOVA pseudo-F statistic, pseudo-R2, and MiRKAT
R2 values following Tikhonov adjustment.
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