Supplementary Information for “Time integration
of quantized tensor trains using the interpolative
dynamical low-rank approximation”

1 QTT in Fourier space

In Section 2.3, the PDE is solved in the Fourier representation instead of the standard
real-space basis. This is still efficient in the low-rank representation. In Fourier space,
the quantization procedure is the same, except the basis functions are now of the form
on(x) = exp(i2nnx), and a binary mapping between n and hyperindices (o1, ...07)
are used:
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This choice of basis still offers a multiscale representation, with the splitting of the o
at grid level m separating the low frequency modes (o1, ...0,,) from the high frequency
modes (041, ..-0L)
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Converting the real-space operations in the PDE to Fourier space is done by taking
the Fourier transform. In the case that an analytical form is not readily accessible,
one can efficiently compute it numerically in the QTT representation since the Fourier
transform is low rank [1, 2]. Constructing the operator explicitly can also be preferable
to avoid issues with artificial ringing effects.

For example, consider the convolution operation, which takes two inputs and
generates an output. Ref. [3] explains the construction of the QTT representation,
determining that it is of rank 2. It can also be expressed explicitly
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where F is the matrix representation of the Fourier transform, such that
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Fig. 1: QTT ranks versus L for Fourier representation of diag(z) and diag(z?).

Since the Fourier transform can be written in QTT form, then this operator can be
also be efficiently constructed in a way analogous to the zip-up algorithm !: starting
from ¢ = 1, contract all tensors associated with index o;. If not at the end of the
chain, perform the QR decomposition, setting @ as the i'" tensor core and associating
R with the i 4+ 1 site. Once the new QTTs are constructed, perform the standard
canonicalization procedure sweeping from site L to site 1. With an rank-truncation
threshold of € = 10—, it also returns a QTT of rank 2, regardless of resolution.

To measure the m' spatial moment of some function f that it is in the Fourier
basis, one will need to perform the convolution Fz™ x f. The linear operator that
performs this operation M f = (f = Fa™) is
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For the first and second orders, the ranks are larger than their real-space counterparts,
but plateaus at about 20 at high resolutions (large L), as shown in Fig. 1.

Once these operators are constructed offline, one can solve the PDE in the Fourier
basis without explicitly converting to a real-space representation.
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