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S1 Symmetry operators for the tight-binding model
The symmetry operators for the BdG Hamiltonian of a vortex line (eq. 14 in the main
text) can be decomposed into 5 parts

Ovortex = Oph ⊗Ox,y ⊗Oz ⊗Oorb ⊗Ospin. (1)

Oph is in the Nambu basis. Oxy and Oz are for the sites in the supercell for the vortex
line, z = 0, 1 since there are 2 sublattices. Oorb is for orbitals px, py and pz. Ospin is
for the spin basis.

The particle-hole symmetry operator is

Cph =

(
0 K
K 0

)
, (2)

where K is the complex conjugation operator. The Hamiltonian satisfies
CHBdG(kz)C

−1 = −HBdG(−kz) with C2 = +1.
The magnetic mirror symmetry MT = M11̄0T is written as

MT =

(
eiπ/4iσym11̄0K 0

0 e−iπ/4iσym
∗
11̄0K

)
, (3)

where σy is a Pauli matrix in the spin basis. The phase factors e±iπ/4 are introduced
to cancel the phases generated when rotating the vortex [1]. And m11̄0 is the mirror
symmetry operator for the band Hamiltonian

m11̄0 = m
(xy)

11̄0
⊗ I2 ⊗

 0 1 0
1 0 0
0 0 1

⊗ i√
2
(σx−σy) , (4)

where m
(xy)

11̄0
transforms (x, y) to (y, x) and I2 is an identity in the z basis. And the

origin (0, 0) is the center of the lattice.
The Hamiltonian satisfies MTHBdG(kz)M

−1
T = HBdG(−kz) with M2

T = +1, it acts
as an effective time-reversal symmetry. A chiral symmetry operator can be defined
by Γ = CMT , The Hamiltonian satisfies ΓHBdG(kz)Γ

−1 = −HBdG(kz) with Γ2 = +1
[2–4]. In this case the 1D vortex line in SnTe belongs to Altland-Zirnbauer class BDI
with a topological invariant of integer values [2, 5].

For even Nx and Ny, the system preserves nonsymmorphic symmetries that inter-
change the sublattices [6]. The magnetic glide symmetry GT = GyT is written
as

GT =

(
iσygy(kz)K 0

0 iσyg
∗
y(−kz)K

)
, (5)

gy = g(xy)y ⊗
(

0 e−ikza/2

eikza/2 0

)
⊗

 1 0 0
0 −1 0
0 0 1

⊗ (−iσy) (6)
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and g
(xy)
y transforms (x, y) to (x,−y). And G2

T = −1 at kz = −π/a guarantees a
Kramers degeneracy for the vortex line.

And the screw symmetry operator S4z is written as

S4z =

(
eiπ/4s4z(kz) 0

0 e−iπ/4s∗4z(−kz)K

)
, (7)

s4z = s
(xy)
4z ⊗

(
0 eikza/2

e−ikza/2 0

)
⊗

 0 −1 0
1 0 0
0 0 1


⊗ 1√

2
(σ0 − iσz)

(8)

and s
(xy)
4z transforms (x, y) to (−y, x).

S2 Recursive Green’s Functions
We use recursive Green’s functions [7] to calculate the number of zero-energy states
near the surface. The LDOS di(E) is defined in Eq. 3 of the main text. We calculate
the number of zero-energy states by integrating the LDOS using η smaller than the
lowest nonzero eigenenergy. We checked that for our choice of parameters we can use
η = 10−6, and di(E) can be described by a single Lorentz function.

di(E) ≈ 1

π

∑
Ek=0

⟨i|k⟩⟨k|i⟩ η

(E − Ek)2 + η2
. (9)

The energy integration can be replaced by πηdi(E = 0).
Since the Hamiltonian has no z dependence, the surface Green’s functions can be

obtained recursively [7]. And we define the LDOS for each layer at zero energy as
D(z). We iterate the surface Green’s functions to obtain the LDOS for nz layers below
the surface. Then the number of MZMs can be approximated by

N =

nz∑
z=1

D(z), (10)

the results are shown in Fig. 4(b) in the main text using nz = 100, 200. In Fig. S1
we show D(z) for some values of (µ,EZ). Near the phase transition points the MZMs
penetrate too deep inside the bulk [8, 9], and N deviates from an integer value [e.g.,
Fig. 4(b) in the main text].
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Fig. S1 Distribution of the MZMs D(z) for the top nz = 200 layers. Zeeman energy EZ = 0 in
(a-c) and EZ = 0.015 in (d-f). EF = µ− ED as defined in the main text.

S3 Winding number
The number of MZMs is equal to the winding number

ν =
1

2π

∫ 2π

0

dθ(kz), (11)

where θ(kz) is the angle of the ddd vector in Nambu space. For a vortex line, the winding
number is generalized to include other degrees of freedom (sites, spins, orbitals, etc.),
which is defined as [5, 10, 11]

ν =
1

4πi

∫ 2π

0

dkzTr
[
Γ
HBdG(kz)

dkz
H−1

BdG(kz)

]
. (12)

We show the integrands for some values of (µ,EZ) in Fig. S2. Previous references
for vortex phase transitions only calculated the crossing of vortex line to deduce the
change of the number of MZMs, which leads to ambiguous results when the system
preserves a chiral symmetry that supports multiple MZMs. In Fig. S2 (d-f), we explic-
itly show that ν changes as 2 → 1 → 2, and the result is consistent with the number
of MZMs at each end obtained in the last section.
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Fig. S2 The integrands of the winding number. Zeeman energy EZ = 0 in (a-c) and EZ = 0.015
in (d-f).

S4 Vortex phase transitions for odd Nx = Ny

In the main text we have shown that the single MZM phase may appears between
vortex phase transitions if GT is broken, and confirmed it using an in-plane Zeeman
field that breaks GT . In Fig. S3 we show ν = 1 can also be realized in system with odd
Nx = Ny that breaks GT . The calculations are the same as those for Fig. 4 in the main
text, except that in Fig. S3 (d-g) we show the C4z eigenvalues since S4z is broken.
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Fig. S3 Vortex phase transition in SnTe under an out-of-plane magnetic field. (a) The vortex line
energy at kz = π/a, it can be non-degenerate since GT is broken. The number of MZMs are calculated
using recursive Green’s functions (b) and winding number (c). The black dashed lines denote crossings
at kz = π/a. (d-g) Vortex line energy for different kz , the colors denote the C4z eigenvalues. We use
∆0 = 0.1, ξ0 = 1 for the vortex and Nx = Ny = 21 for the lattice.
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