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I. EFFECTIVE ACTION IN THE BAND-PROJECTION FORMALISM

To study the core physics of the superconducting state in a multi-band system, it is convenient to project the
attractive interaction onto the target flat band. In this section, we derive the effective action for the single-band
description, with the full numerical results presented in the next section.

A. Linearized gap and number equations

To begin with, we consider a general local attractive Hubbard interaction:
Hipo = U el 1l Ciattiar. (S1)
o
Here U denotes the attractive interaction strength driving the superconducting order. In real space, ¢ and « are the

site and orbital index, respectively. The fermion operator ¢ in the momentum space can be expressed by Fourier

. a,ko
transform via

1 ) 1 .
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coz,ka - m ;6 e Ciaor Ciao = m ;el " ca,ka' (82)
Therefore, we can rewrite the interacting Hamiltonian in the momentum space as
. U R R R ~
Hiyy = *F Z CL,k_‘_qTCL,_k¢ca,—k/¢ca,k/+qT- (83)
¢ akk’q
For the convenience of the analytical treatment, we approximate the interaction term [IH3] as
; u ot 4 . 5
L Y krarlh ik iCo ke rat- (S4)
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Here we have used g = U/(Ny,N.) to characterize the effective interaction. We then project the interaction term
onto the target flat band by éq ke — Uk, ()dke, Where ag, denotes the band-basis electron annihilation operator.

Then from Hiy, the effective action S after the band projection can be expressed as

S = Z QLo (—ZUJn + gko) ke — g Z éqeqv (85)

q

where 0, = >, A*(k,q)a—k ak1qr. Here A(k,q) = 3, uktqt(@)u—r (@) = (ukiqt|u” ) is introduced as the form
factor. Here we have used the notations k = (k,w,) and ¢ = (g, Q) with w,, (,,) the fermionic (bosonic) Matsubara
frequencies.

After a standard Hubbard-Stratonovich decoupling, one can find the action in the Nambu basis ¢y, ¢ = (ak+qt, G-k i)T
takes the form as

AP o A
$=3. ; + > G g¥has (S6)
q k,q
where
A—1 —iwy, — 1y, + fk‘-i—qT —A(k, Q)Aq
Son= (T A ). 50
After integrating out the fermionic field, we can get
A,
A‘Z] = Z ; k ,q? (SS)
q
and expanding it up to the second order in A,, the Gaussian action around the trivial saddle point A; = 0 reads
Sc [Ag) = S[Ag =01+ > T AP, (59)
q
in which the coefficient
525[A,]
rjl= =% =g ' —x§ (S10)
a dA%OA, Ag=Az=0 1

is the pairing propagator, and the pairing susceptibility reads

e_ L 1 —np (Ektqt) — e (E-ky) Al a2
Xa N, zk: §k+qT+§—k¢—iQm | ( 7q)| ’ (Sll)

At the static limit (Q,, = 0), x5 = Xg:(q,o)v and the linearized gap equation is given by gxg = 1.

Near the critical temperature, following the Nosieres and Schmitt-Rink (NSR) method [4], we consider the Gaussian
fluctuations contribution to the thermodynamic potential as = Qg — 37! Zq InT,, where Qy = S[A, = 0]/3, and
the number equation says N, = —0Q/0u,. We can rewrite 2 in terms of a phase shift defined by I';—(g.i0,, sw+i0) =
ITy=(q,i2n —w) | €xP[£i¥(q,w)]. So the number equation incorporating the effects of Gaussian fluctuations is given by
N, = Noo + Ngo, where

NOU:;Z[l—t nh (5’5’””, (S12)

oo w
Z/ dw 8\1'(‘1’ 0¥(g,w) (S13)

Ole

We can introduce the filling factor v, = N,/N.. In the ideal flat-band limit, we have {ge = —pio. When vy = v =v

i
and pp = p) = g (no spin-population imbalance), we have xg = tanh (%—“) 1;2%‘1). Then we consider the number

equation, the free part is 2vg = Ny/N. = 1+ tanh ('%“) If we only consider the contribution from Np, i.e., neglecting

the fluctuations, we can recover Eq. (6) in the main text regardless of the filling factor. However, if we include Ng,
it is not the case for general filling. But worth mention that, Eq. (6) can approximately stand even with fluctuations
when Su <1, where xg — 8 (1 — di‘(q)) /4. When neglecting Ng, this condition corresponds to the neighborhood
of half filling.



B. Corrections from Gaussian fluctuations

Then we seriously consider the corrections brought by Ng, the dynamical pairing propagator at the ideal flat-band
limit is

-1 _ -1 @ 1- Jil(q)
I, =g tanh ( 5 ) Ui, (S14)
For the convenience of calculation, we notice that
ov Jsin¥ dcos ¥
— =cos V¥ —sinW¥ , S15
o cos o sin o (S15)
where cos ¥ = Rel“q:(q’m"ﬁwiio)/\Fq:(q’mm%w)\ and sin ¥ = Iqu:(q,mmeHO)/\Fq:(q’mmﬁw) ‘
If we replace €2, by w + ic, ¢ is an infinitesimal positive number, we can obtain
Cu+w)’+e—g2u+w) (1 - d%(g)) tanh (%“)
cos¥ = , (S16)
= - 5 -
\/[(Q,u +w)’ + 02} (Q,u +w—g(1-d%(q)) tanh (%")) + 2
—gc (1 —d%(q)) tanh (%)
sin¥ = . (S17)
= - 2 -
\/{(Q,M +w)’ + 02} (2,u +w—g(1—d%(q)) tanh (%“)) + ¢?
Then from Eq. we have
ov —gc (1 —d>
5 - gc ( A(Q)) B ~ (S18)
B 9 cosh? (’%“) {<2u+wg(1 — d%(q)) tanh (%)) +02}
2gc (1 — Ji‘(q)) tanh (%) (4,u +2w—g (1 — JQ ) tanh (%))
o (519)
[(2,u +w)’ + 02} [(2u +w—g(1—d%(q)) tanh (B )) + 02]
To evaluate N¢g, we use d(z + a) = lim. 04 %m to
ov 1—d?
— = |on— g7 @) B § (2,u+w—g(1—a734(q))tanh (5#)) — 276 (2p + w), (S20)
o 2 cosh? (ﬂ ) 2
so that we arrive at
1—d?
NG = —2N.np(—2u) + Z 2 — M ny (—Q,u +g (1 — di‘(q)) tanh (iﬂ)) (S21)

q 2 cosh? (57“)

Then we want to show that, even in the presence of Gaussian fluctuations, the FFLO state with the highest critical
temperature can still be determined solely by Ji‘(Q). We dope the half filling with dv, then the chemical potential
becomes pi. Besides, we use the linearized gap equation concerning the FFLO state with finite momentum @, namely,
Bg = 4x/ [(1 — ca(Q)) tanh (w)] to replace the corresponding B¢ in the number equation, in which we use x = Su/2
for convenience. Then we reduce the number equation to

_1 2z (1 - d5(q)) dz ((Q) — d4(q))
51/7§tanhx78 Z[ Sh2e (1= &, (Q))l/[exp< 17%4(@34 > 1]. (S22)

We observe that the solution of z is independent of g, which implies the critical temperature is always proportional
to g. When fixing dv, the solution of z is only determined by the value of d? (@), so does the critical temperature.

However, unlike the free case, 8. may not be a monotonic function of d2 2(Q) now. We can plot B.q-d%(Q) curve
to look for the global minimum point of B.q (highest critical temperature) then we can find out the corresponding
FFLO instability with Jil(Q). We calculate the critical temperatures corrected by Gaussian fluctuations in Fig.
as a comparison of Fig. 3(b) in the main text. We can see that the emergence of FFLO instability in the presence of
Gaussian fluctuations on the whole aligns with the predictions from QGD and AQD.
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FIG. S1. (a) Teq(n) from Eq (6) in the main text (dashed orange line) and from Gaussian fluctuations correction (solid blue
line) for q =q(&+9),q € [0,7], at n = 0. (b) Same calculations for n = 0.25. In our calculations, we set {;, = 3 and
1—

G=¢0+n)/01-n), dopmg factor ov = 0.1.

II. SELF-CONSISTENT MULTIORBITAL MEAN-FIELD THEORY

In this section, we provide the detailed methodology for the mean-field numerical simulations discussed in the main
text. To be specific, we perform the decoupling of the on-site attractive Hubbard interaction within the mean-field
approximation:

Hypy =U Z CZaTCZa‘LCza\LC'LaT

N,
~ Z ( o€, k+chT k¢+h'c'> + FCZ|A04|2)

(S23)

where we have used A, = —U (éy,—k|Cak+qr) and A, = A,(g) can be determined by the self-consistent gap
equation for a given Cooper pair momentum g. The full mean-field Hamiltonian can be rewritten in the Nambu basis

T
P(k,q) = (éA,kJquaéB,k+qT»éL,_k¢7éE,_k¢> as

N,
= Uk a)Hpac(k, @) (k. @) + D T[H g — p(@)lza] + 77 D [Aal’, (S24)
k,q k.q «
in which
_( Hitqr — 1(@)I2x2 diag(As)
Hpac(k,q) = < diag(Al) —HT, 4 p(q)laxe ) (525)

where diag(A,) = diag(A4, Ag) and the momentum q = ¢,& + ¢,§. The grand potential is defined as

Qu(q), Aalq), gl = —% log Z = —% In Tr[e~##vr]

= ST~ plalana) + Ng 218 - % DT [ (1 et o)

= Xk:Tr(H—ki — u(q)lax2) + i Z 1AL % — %;ln (1 +675E"(k’Q)) ,
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FIG. S2. (a)-(c): The A — T relation for the n = 0.1 (in BCS region) states paired with the finite momenta of ¢ = ¢(Z + ),
and ¢ = 0, 0.197, 0.247 respectively. The favoured finite-momentum @ = 0. (d)-(f): The A — T relation for the n = 0.23
(in FFLO region) states paired with the same ¢ in (a)-(c), and the favoured finite-momentum @ = 0.247. In (a)-(f), A4 is
donated by the red solid curve and Apg is donated by the black dashed curve. In these figures, when A4 # Apg, we only show
the A4 > Ap solution. Of course, there is another solution at Ag > A4 due to the equivalence of A, B orbital.

where E,(k, q) is the n-th eigenvalue of the BAG Hamiltonian Hpqg(k, ). By minimizing the grand potential with
respect to the pairing potential A, we can get the self-consistent equation:

0
OA7,

Ne
U

Aa(@) + D (Ca,—kitakiar) =0,
k

U U . (S27)
Aal@) = =57 2_(Ca-kiCakrat) = — 37 > T {Uk,qMaUk,qﬁ ~
¢k ¢k
And the filling factor v can be obtained from the thermodynamic relation:
o0 o S s s
N =2N_.v 787/1 = Z<Ca,kTCaakT =+ Co ko) Cakl =+ Cp et Cb, kT =+ Cb,kicb»’ﬂ)’
k (S28)

2= 14 30T (4] 7. © Tosoldi )]
k

where U]

k,q is the unitary operator that diagonalizes the BAG Hamiltonian as Z/{,];qHBdG(k:7 q)Uy,q = diag(Ey,), My =
0010 0000
(1) 8 8 8 , Mp = 8 8 8 é , and the density matrix p = %diag (m) In turn, if the particle number
0000 0100
(filling factor v) is fixed, the chemical potential u(q) can be determined from this equation. Finally, the free energy
density (

F(q)

1
Ne

up to a constant given by the summation . >, Tr(H_g,)) is:

(Unla), Dla).a] + p(@)N) = 3 |80 -

1
BNe

S (14 0.
nk

(S29)
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FIG. S3. The superconducting phase diagram of the (-lattice model. The red solid line labels T¢o(n), the black dashed line
labels T.q(n), where Q = Q(z& + §). The BCS regime and the FFLO regime are labeled in light blue and yellow, respectively.
Parameters used here: U = 0.4¢, {, =3, W/U = 0.1 in (a) and W/U = 0.2 in (b).

We note that in the previous section, the band-projected interaction Hamiltonian is approximated under the uniform
pairing condition, where we only consider the trivial irreducible representation as the intra-orbital pairing channel,
such that A,g o< dop is selected as the only relevant pairing channel, while other pairing channels are neglected. To
demonstrate that this approximation is valid near the critical temperature in this model, we plot the A — T relation
for different values of the QGD 7 and finite momentum q in Fig. At low temperatures, Ay and Ap can differ
depending on 1 and q. However, near the critical temperature, we observe that A 4 = Apg, which satisfies the uniform
pairing condition. This observation explains why our critical temperature analysis, based on the uniform pairing
condition, aligns well with the numerical results.

We also provide additional numerical results for the case of finite band dispersion. To ensure a narrow bandwidth
compared to the band gap and the interaction strength, we maintain the condition W <« U <« 2t. In Fig. [53| we show
the phase diagram for W/U = 0.1 and W/U = 0.2. Compared to Fig. 4 in the main text, it is evident that the region
corresponding to the FFLO phase shrinks as W/U increases. In particular, Fig. (b) shows that the FFLO states
are confined to a very narrow region. From this trend, it is reasonable to infer that further increasing W/U could
lead to the complete disappearance of the FFLO states. This observation supports the claim made in the main text.

IIT. ADDITIONAL MODELS FOR FFLO PHASE WITH QGD
A. (-lattice model on triangular lattice

In the main text, we investigate a (-lattice model on a square lattice, which preserves C; symmetry. To further
demonstrate the generality of our approach, we extend our analysis in this section to a triangular lattice featuring
two orbitals (A and B) per site. Analogously, we can express the Bloch Hamiltonian as follows

Hio = —1 ()‘m sin Capk + ma'>\y Ccos Capk) - M(r}\Oa
3
S30
pk:ZCos(k-Rj). (530)

Jj=1

where Ry = a(1,0), Ry = a(—1/2,v/3/2), R3 = a(—1/2,—+/3/2). We calculate the averaged anomalous quantum
distance a?,f](q) for this model in the absence and presence of QGD, as shown in Fig. ¢) and (d), respectively. For
comparison, we also present the corresponding plots for the square lattice model from the main text in Fig. (a) and
(b). In all panels, the dark blue regions indicate the global minimum of d(q). We observe that in both (a) and (c),
when 1 = 0 the global minimum of J%(q) occurs at ¢ = 0. However, in (b) and (d), the global minima shift away from
q implying the FFLO instability, as discussed in the main text. Notice that in Fig. b), the FFLO states exhibit
four-fold degeneracy, whereas in Fig. d)7 they display six-fold degeneracy. This difference arises from the distinct
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FIG. S4. Averaged anomalous quantum distance J%(q) for the square and triangular {-lattice model, in the absence (presence)
of QGD. (a) Square lattice for n = 0. (b) Square lattice for n = 0.6. (c¢) Triangular lattice for n = 0. (d) Triangular lattice for
n = 0.6. Other parameters used here: (; =1, ¢t = 1.
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FIG. S5. (a) The superconducting phase diagram of (-lattice model with an inversion breaking term ~. The Q > 0 (weak helical
superconducting state) and Q < 0 (strong helical superconducting state) regimes are colored in blue and yellow, respectively.
Parameters used here: U = 0.4¢, {(; = 3, 7 = 3. (b) The red curve shows the finite-momentum Q = Q(1, 1) versus QGD (7).
Meanwhile, the blue curve is the corresponding diode efficiency ©. When increasing 7 to across the phase boundary n = 0.26,
the diode efficiency © is enhanced dramatically, and the sign of @ is reversed. (c) and (d) The free energy (red curve) and
supercurrent (blue curve) of 2 highlighted points in (a) with the temperature 7' = 0.17p but different 1 [ = 0.24 in (c¢) and
0.29 in (d)]. Both the free energy and the supercurrent are normalized to [-1, 1]. The green point is in the Q > 0 phase, and
the red point is in the @ < 0 phase.

crystalline symmetries of the Bloch functions. These results underscore the universality of our theory across various
model Hamiltonians.

B. Flat-band helical pairing state and superconducting diode effect

Helical superconductivity can be realized in noncentrosymmetric superconductors with the aid of an in-plane mag-
netic field [5]. To emulate an analogous helical pairing state in a flat-band system with QGD, we introduce an
additional inversion-breaking term manually into the (-lattice model. This is done by modifying (recall that the
periodic function is k. = (;Pk)

o = Cobr + moy(sink, + sink,). (S31)

Here the v term breaks the inversion symmetry in the Bloch wave function such that a_g, # ok, while still
preserving the time-reversal symmetry as og4+ = a—g, when n = 0. However, when n # 0, this term lifts £Q
degeneracy [see free energy plot in Fig. d)], resulting in FF-type pairing state. Here the Cooper pair momentum
is along the T' — M line as q = ¢(%, 9).

The mean-field numerical results are summarized in Fig. In this case, the finite momentum pairing state is
favored for any nonzero 7. Interestingly, Q(n) shows a sharp change near a critical 7)., manifested as the sign change
[see Fig.[S5| (b)], which suggests a first-order phase transition. In Fig. [S5|(a), we color the @ > 0 and Q < 0 regions
in blue and yellow, respectively. This is an analog to the weak and strong helical superconducting states [5].

Recently, the superconducting diode effect (SDE), in which the magnitudes of the critical supercurrents differ in
opposite directions, has been studied in helical superconductors [5], [6]. Inspired by this, here we also calculate the
diode efficiency © = (Joy — [Jo—|)/(Jey + |Jo—|) in Fig. [S5(b), where J . is the upper and lower critical supercurrent



in the (1, 1)-direction. It shows that a dramatic enhancement of © appears near 7., which is similar to what has been
proposed in Ref. [5].

The supercurrent can be evaluated by J(q) = 2[0F(q)]/dq, and the minimized free energy can be calculated from
Eq. . To give a clearer picture of the phase transition, in Fig. c¢) and (d), we show the free energy F(q) (red
curves) as well as the supercurrent J(¢) (blue curves) for the two points (green and red dots) in Fig.[S5[a). In the blue
region [Fig.|S5| (a)], the global minimum of the free energy F(q) is at @ > 0 [Fig. |S5| (¢)], but |@Q| is small, associated
with the small diode efficiency. When 7 > 7. [Fig. [S5| (d)], the pairing state with @) < 0 becomes the global minimum.
In this case, an enhanced diode efficiency can be observed in Fig. b).

C. Inter-flavor FFLO phase within pseudo-Landau levels

In this section, we explore the formation of the FFLO phase in pseudo-Landau level systems. As schematically
illustrated in Fig. [S6] we consider a strained spinless Dirac material with a series of pseudo-Landau levels under a
uniform pseudomagnetic field. The K and K’ valleys are time-reversal partners, which naturally leads to the inter-
flavor Cooper pairings in the presence of attractive interactions. Under this scenario, we consider Cooper pairs form
within Landau level n; from K valley and ny from K’ valley. Here, an imbalance in the populations of the two flavors
(such as valley polarization), i.e., ux # pr may lead to n; # ne, where QGD comes into being as the quantum
metrics of the different pseudo-Landau levels are distinct, and the FFLO phase can manifest. This scenario is also
proposed in Skyrmion crystals [7].

To evaluate the critical temperature T,,, we first use the form factor of Landau levels on the torus geometry to
obtain the anomalous quantum distance [g]:

(S (k@) () = Gl ko @)k () = e300k [T pamon g igyro—medor’ (s32)
2.
Here ¢ = (gz + q,)/V/2 and L (z) is the generalized Laguerre polynomial. And we have used \u,*ff(—k)) = [uf (k)).
Then we use the formula in main text T.q/Tp = 1 — d%(q) to calculate T4 as summarized in Fig.

Firstly, we notice that the zero-momentum pairing is favored when n; = ny = n as shown in Fig. b). Notice
that for Landau levels the quantum metric satisfies [ ¢r(g, (k)] = 2n + 1. Thus T,,/To =1 — Z”Q—Jrlq2 for small ¢. In
Fig. [S6|c), when ny # ns, it can be seen that a global maximum occurs at ¢ = @ corresponding to the FFLO phase.

We can make an rough estimation of the finite momentum @ by evaluating 9[L72~"1(¢?/2)(q/v/2)"2~™]/8, = 0 at
q = Q, leading to

—QL2TMTHQ?/2) + (na — 1) L2 7™(Q?/2) = 0. (S33)

Expanding it to the lowest order of () and at large ny, no, we can make an approximate result as

O~ 2(n2 — "1)(23) _[2(n2 —nq)(na —ng +1) (S34)
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FIG. S6. (a) The inter-flavor (valley) pairing involves the electrons on Landau level n; from K valley and no from K’ valley.
(b) The T,q for the BCS-type pairing (Q = 0) at n; = na = n. (c) Calculated T.q/To for the FFLO pairng at n; # na. (d)
The stablized finite momentum @ scales as \/n2 — /n1 at n1 = 10.



For ny close to ny, @ ~ /ny — /N1 as demonstrate in Fig. d). We can also observe a direct relationship between
@ and the QGD, as the quantum metrics of the different Landau levels are distinct.
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