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Here we give the formal details of our simulation program and report results of a theoretical analysis.





Starting with basic definitions we denote by





	N: the total number of agents operating in our artificial market,


	nc:  the number of noise traders,


	nf: the number of fundamentalists (nc + nf = N),


	n+: the number of optimistic noise traders,


	n-: the number of pessimistic noise traders (n+ + n- = nc);


	p is the market price, pf the fundamental value.





The dynamics of the model are composed of the following elements:





(i) noise traders’ changes of opinion from a pessimistic to an optimistic mood and vice versa: the probabilities for these changes during a small time increment (t are given by (+- (t and (-+ (t and are concretised as follows:





(1)	(+- = �EMBED Equation.3��� ,	(-+ = �EMBED Equation.3���,   �EMBED Equation.3���.





Here, the basic influences acting on the chartists’ formation of opinion are the majority opinion of their fellow traders, �EMBED Equation.3���, and the actual price trend, �EMBED Equation.3���. Parameters �EMBED Equation.3���,�EMBED Equation.3���, and �EMBED Equation.3��� are measures of the frequency of revaluation of opinion and the importance of „flows“ (i.e. the observed behaviour of others) and charts, respectively. Furthermore, the change in asset prices has to be divided by the parameter v1 for the frequency of agents’ revision of expectations since one has to consider the mean price change over the average interval between successive revisions of opinion. The transition probabilities are multiplied by the actual fraction of chartists (that means, it is restricted to such a fraction) because we will also allow interaction with fundamental traders in the next step.





(ii) switches between the noise trader and fundamentalist group are formalised in a similar manner. Formally, we have to define four transition probabilities, where the notational convention is again that the first index gives the subgroup to which a trader moves who had changed her mind and the second index gives the subgroup to which she formerly belonged (hence, as an example, (+f  gives the probability for a fundamentalist to switch to the optimistic chartists’ group):





	(+f = �EMBED Equation.3���,  (f+ = �EMBED Equation.3���


 (2)


	(-f = �EMBED Equation.3���,  (f- = �EMBED Equation.3���.





The forcing terms U2,1  and U2,2 for these transitions depend on the difference between the (momentary) profits earned by using a chartist or fundamentalist strategy:





	 U2,1 =�EMBED Equation.3���


(3)		


	U2,2 = �EMBED Equation.3���.





Hereby, v2 and (3 are parameters for the frequency with which agents reconsider appropriateness of their trading strategy, and for their sensitivity to profit differentials, respectively. Excess profits (compared to alternative investments) enjoyed by chartists from the optimistic group are composed of nominal dividends (r) and capital gains due to the price change (dp/dt). Dividing by the actual market price gives the revenue per unit of the asset. Excess returns compared to other investment opportunities are computed by subtracting the average real return (R) received by the holders of other assets in our economy. Fundamentalists, on the other hand, consider the deviation between price and fundamental value pf (irrespective of its sign) as the source of arbitrage opportunities from which they may profit after a return of the price to the underlying fundamental value. As the gains of chartists are immediately realised whereas those claimed by fundamentalists occur only in the future (and depend on the uncertain time for reversal to the fundamental value) the latter are discounted by a factor s < 1. Furthermore, neglecting the dividend term in fundamentalists’ profits is justified by assuming that they correctly perceive the (long-term) real returns to equal the average return of the economy (i.e. r/pf = R) so that the only source of excess profits in their view is arbitrage when prices are „wrong“ (p ( pf). As concerns the second U-function, U2,2, we consider profits from the viewpoint of pessimistic chartists who in order to avoid losses will rush out of the market and sell the asset under question. Their fall-back position by acquiring other assets is given by the average profit rate R which they compare with nominal dividends plus price change (which, when negative, amounts to a capital loss) of the asset they sell. This explains why the first two items in the forcing term are interchanged when proceeding from U2,1 to U2,2.





(iii) price changes are modelled as endogenous responses of the market to imbalances between demand and supply. Assuming that optimistic (pessimistic) chartists enter on the demand (supply) side of the market, excess demand (the difference between demand and supply) of this group is:





	(4) 	 EDc = (n+ - n-) tc with tc the average trading volume per transaction. 





Fundamentalists’ sensitivity to deviations between market price and fundamental value leads to a law of the type: 





	(5)	�EMBED Equation.3���, ( being a parameter for the strength of reaction.





In order to conform with the general structure of our framework, we also formalise the price adjustment process in terms of (Poisson) transition probabilities. In particular, we use the following transition probabilities for the price to increase or decrease by a small percentage (p = ( 0.001 p during a time increment (t:�





	 (6)	 ((p = max[0, ß(ED+()]  ,  ((p = - min[ß(ED+(), 0] .





where ß is a parameter for the price adjustment speed and ED = EDc + EDf is  overall excess demand (the sum of excess demand by both noise traders and fundamentalists).





(iv) changes of fundamental value: in order to assure that none of the stylised facts of financial prices can be traced back to exogenous factors, we assume that the log-changes of pf are Gaussian random variables: ln(pf,t) - ln(pf,t-1) = (t  and  (t ( N(0,(().





 Simulation Details: the Poisson type dynamics of asynchronous updating of strategies and opinions by the agents can only be approximated in simulations. In particular, one has to choose appropriately small time increments in order to avoid artificial synchronicity of decisions. After some experimentation, we designed a simulation program with some flexibility in the choice of the time increment. Namely, while we found (t = 0.01 to yield satisfactory results for „normal“ times, the phenomenon of volatility bursts required a somewhat higher precision in order to not artificially restrict the maximum price changes between unit time steps. As a consequence, the precision of the simulations was automatically increased by a factor 5 (switching to (t = 0.002) when the frequency of price changes became higher than average. 





Our procedure requires that all the above Poisson rates be divided by 100 or 500, (depending on the precision of the simulation) in order to arrive at the probability for any single individual to change his behaviour during [t, t + (t). Similarly we assume that the auctioneer adjusts the prevailing price by one elementary unit (one cent or one pence) with probabilities w(p or w(p during one time increment. Since the time derivative, dp/dt, has been introduced in the determination of transition probabilities, a word on its interpretation in the simulation experiments is in order. Though one could simply use the price change during the last increment [t - (t, t) instead of dp/dt, this appears somewhat restrictive as according to our simulation design it only leaves the possibilities (p = -0.001 p, 0, and +0.001 p.  In order to get a broader set of possibilities, we considered the average of the prices changes that took place during the interval [t - 0.2, t).





As a slight modification, occurrence of the „absorbing states“ nc = 0 (nf = N) and nc = N (nf = 0) was excluded by setting a lower bound to the number of individuals in both the group of chartists and fundamentalists. In particular, it was assumed that agents cannot switch out of one strategy that has less than 0.8% of the total population N. The intention of this modification is solely to avoid the breakdown of simulations.





Parameter values used in the simulation shown in the main text are:


	N = 500, v1 = 2, v2 = 0.6, ß = 4, 


	�EMBED Equation.3���, ( = 0.01, (1 = 0.6, (2 = 1.5,  (3 = 1,  


	R = 0.0004 (r = R pf), s = 0.75.


The increments of ln(pf) follow a Normal distribution yielding a standard deviation equal to 0.005 for the aggregate of the increments over integer time steps.





 Theoretical Results: 





(i) existence of fundamental equilibrium: A formal analysis of stochastic transition models like the above often proceeds by deriving approximate differential equations governing the time development of mean values of state variables. As shown in a similar model in Lux (1998)�, the above framework can be studied deriving differential equations for the three variables x (opinion index), z (fraction of chartists in population, z = nc/N) and p (market price). The resulting system of differential equations reads:


		dx/dt  = 2 z v1 [Tanh(U1) - x] Cosh(U1) + (1 - z) (1 - x2) v2 [Sinh(U2,1) - Sinh(U2,2)],


	(7)	dz/dt = (1 - z) z (1 + x) v2 Sinh(U2,1)  + (1 - z) z (1 - x) v2 Sinh (U2,2),


		dp/dt = ß (x z Tc + (1 - z) �EMBED Equation.3���Tf) p


	with Tc = tc N, Tf = ( N.





This dynamic system can be shown to possess a number of stationary states (i.e. rest points with dy/dt = dz/dt = dp/dt = 0):





	(i) x* = 0, p* = pf with arbitrary z,


	(ii) x* = 0, z* = 1 with arbitrary p,


	(iii) z* =  0, p* = pf with arbitrary x;





However, items (ii ) and (iii) characterise „absorbing states“ with all agents in the noise trader (z = 1) or fundamentalist group (z = 0) which we exclude by assumption in the simulations. The equilibria of major interest are those depicted in item (i). These stationary states are characterised by a balanced disposition among chartists and the price equal to the fundamental value.








(ii) criticality: A formal analysis of the stability of the continuum of stationary states reveals that stability critically depends on the number of noise traders present in the market. More concrete, one can show that the following holds:





An equilibrium on the line (x* = 0, p* = pf, z*) is unstable (repelling) if 





either (cond 1)     �EMBED Equation.3���


or	(cond 2)  �EMBED Equation.3��� holds.





The interpretation is as follows: From (cond2) one infers that an upper value for the parameter (1, say �EMBED Equation.3���, exists beyond which no stable equilibrium will exist at all. However, given that (cond 2) is not violated (cond 1) may be used to calculate an interval of z values, z < �EMBED Equation.3���, which are candidates for stable equilibria and to demarcate the region of unambiguous instability. The threshold value �EMBED Equation.3��� is obtained by setting the left-hand side of (cond1) equal to zero. It can, thus, be seen as a critical value where the fundamental equilibrium looses its stability. 


� The increment (p has been chosen as small as possible in order to avoid artificial lumpiness of price changes with concentration of the distribution of returns at a few values only.


� Lux, T., The Socio-Economic Dynamics of Speculative Markets: Interacting Agents, Chaos, and the Fat Tails of Return Distributions, Journal of Economic Behavior and Organization 33 (1998), pp 143 - 165.
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