                           ERROR ANALYSIS AND ERROR BUDGET

The error analysis of our 2004-measurement of the Lense-Thirring effect with the LAGEOS and LAGEOS 2 satellites is substantially the same as the error analysis of the LAGEOS III/LARES experiment that was carried out in a very large number of papers and studies of NASA, ASI and ESA (ref. 1-10 below). In particular, in 1989, this analysis was performed under the supervision of an official NASA committee chaired by Peter Bender, with members J. Anderson, J. Armstrong, J. Breakwell, D. Christodoulis, F. Everitt, E. Guinan, R. Hellings, R. King, I. Shapiro, D. Smith and R. Weiss; then, in 1994, J. Ries et al., published a revised error budget of the LAGEOS III experiment (TABLE I below), with a total error of 4% [this 1994 error analysis of Ries et al. is reported in ref. 7] and, in 1998, with a total error of 3%-4% [ref. 6, see also I. Ciufolini et al. 1998, ref. 8].

The only basic differences between the proposed LAGEOS III/LARES experiment and our measurement with LAGEOS and LAGEOS 2 are the following:

(1) The LAGEOS III satellite was assumed to have an offset from the ideal 70° inclination of 0.1°, however LAGEOS 2 has an offset of about 18° from the ideal inclination (its inclination is about 52°).

(2) The Earth gravity field model has dramatically improved since the 1989-1994 analyses, these analyses used the gravity field models GEM-L2 and JGM-3. In the present analysis we used the model EIGEN-GRACE02S produced with observations of the dedicated GRACE satellites.  

(3) The 1989-1994 analyses assumed a constant direction of the spin of the LAGEOS satellites, however, a few years after launch, time variations of the spin orientation and spin rate of these satellites have been observed (see ref. in Andrés, et al., (2004)).

(4) Since the launch of LAGEOS (1976) and LAGEOS 2 (1992), there was a very large number of measurements and theoretical studies (see ref. in Andrés, et al., (2004)) of the behaviour of the spin axis orientation and spin rate of the LAGEOS satellites. As a result of experimental observations and theoretical studies, the LOSSAM model was recently (2004) published and included in our GEODYN analysis in order to accurately describe the LAGEOS satellites’ spin axis behaviour. 

(5) The Earth tides modelling and the modelling of the other time variations of the gravity field (changes in the J2 coefficient, etc.) were much improved since 1994, using the tidal analyses of 6 years of Topex/Poseidon altimeter data and other models and observations (see Ray, 1999-2000).

(6) The period of observation of the present analysis is about 11 years, whereas the LAGEOS III  analysis assumed a period of 3 years only.

(7) The laser-ranging technique, VLBI, etc., had substantial improvements since 1989, for example with the two colours laser-ranging technique to correct for atmospheric refraction errors.

The error budget of the LAGEOS III experiment, as revised by Ries in 1994 (reported in [7], see also [6] and [9]), is summarized in the following table:

	Injection errors
	  1%

	Geopotential
	  0%

	Tides
	  2%

	Thermal effects
	  3%

	Relativity
	  1%

	Stochastics
	  2%

	Total LAGEOS III error budget
	  4%


TABLE I  The 1994-revised (Ries-Peterson) LAGEOS III, 3-year, error budget. See also the 1998 error budget of 3%-4% by Ries et al. [6, 8].

Let us briefly discuss each of these error sources in our present measurement of the Lense-Thirring effect with LAGEOS and LAGEOS 2, on the basis of the above 7 main differences between the two experiments.

(a) Injection errors-geopotential.

This is the error due to the offset of LAGEOS II from the ideal inclination of 70°. By using the EIGEN-GRACE model, with its even zonal harmonics calibrated uncertainties, (J2n, since the covariance matrix was not available to us, we simply added the absolute values of the errors due to the (J2n in our combination (1). We then obtained a total error:
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  ( 4 % of the Lense-Thirring effect.

Nevertheless, the root-sum-square error due to the (J2n is just 3 % of the Lense-Thirring effect. Thus, the error due to the large offset of LAGEOS 2 from the ideal LAGEOS III orbit is only in part compensated by the higher accuracy of the EIGEN-GRACE model.
(b) Geopotential

This error is already included in the injection error.

(c) Tides 

In the 1989-1994 analysis was assumed a total period of observation of 3 years, here the period of analysis is almost 4 times larger. This drastically reduces the tidal error. Indeed, the periodicities of the main tidal effects are well known ([2]-[4] and [9]), are much lower than 11 years, and thus, over 11 years, they are averaged out and/or they can be fitted for. Indeed, we fitted the residuals with a secular trend only or with a trend plus a different number of the main periodic terms. The maximum variation we found in all these different fits was at most a 2 % change in the measured value of the Lense-Thirring effect. See figure (2), figure (3) and the two supplementary figures (1S) and (2S) below. The only main tidal effect with period longer than our period of observation is the 18.6-year tide associated with the Moon node. However, the main effect of this tide is a J2 effect that is completely cancelled using our combination (1). In addition (point (5) above) the modelling of tides and other time variations of the gravity field was much improved since 1994 due to dedicated space mission (TOPEX/POSEIDON) and other observations and studies (see Ray 1999-2000).

    We can then assume a substantial improvement in the tidal error of the present analysis with respect the LAGEOS III error budget. Nevertheless, here we have also included in this error the uncertainty in the long term variations of the even zonal harmonics (other than the long term J2 variations cancelled by our combination (1)). We then obtained the same error budget as the 1994 revised analysis:
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(d) Thermal effects:

Even though the 1989-1994 analysis used the assumption of a constant spin axis orientation of the LAGEOS satellites and, on other hand, the spin axis orientation has shown time-variations a few years after launch, in the present analysis we used the 2004-LOSSAM model (see the above point (4)). Furthermore, the periods of the main solar Yarkovsky and Earth Yarkovsky (or Rubincam effect from the name of his discoverer) perturbations are well determined (see [8] and [9] and references therein). Then, as for the tidal effects, we fitted the residuals with a secular trend only or with a trend plus a different number of the main periodic terms. The maximum variation we found in all these different fits was at most a 2 % change in the measured value of the Lense-Thirring effect. See figure (2), figure (3) and the two supplementary figures (1S) and (2S). Finally, in 2004, Lucchesi and Rubincam (in [9]) have calculated the effect of the Yarkovsky and Yarkovsky-Rubincam effect on the node of the LAGEOS satellites, concluding that, in the measurement of the Lense-Thirring effect with LAGEOS and LAGEOS 2, this error is less than 1% over a period of 6 years only, i.e. about half of our observational period.

Then, by considering a slight improvement in the error due to thermal effects, because our period of observation is about four times longer than that of the 1989-1994 analysis and because of some improvements in the modelling of these effects, by also including albedo modelling errors, we have:
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Relativity

This error refers to the modelling error of the de Sitter effect or geodetic precession of the nodes of the LAGEOS satellites. However, the de Sitter effect, which amounts to about 17 milliarcsec/yr on the nodes of the LAGEOS satellites, is to day measured with 0.7 % accuracy (see also the measurement of the  parameter with accuracy of about 10-5 by Bertotti, Iess and Tortora, Nature 2003).

Thus, the final error is:
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Random and Stochastic Errors and Measurement Errors 

This source of error includes stochastic errors, such as seasonal variations of the Earth gravity field, drag and observation biases, and random errors. Since our period of observation is about 4 times longer than the 3-year period considered in the 1989-1994 analysis, because of the improvements in the satellite laser-ranging technique (point (7) above), and, however, by also including in this error any measurement uncertainty (random and systematic) in the inclination of the LAGEOS satellites, we may conservatively assume the same error budget as the 1989-1994 analysis:

                  
[image: image5.wmf][

]

errors

stochastic

W

&

d

 ( 2 % of the Lense-Thirring effect.

We finally have a total RSS error of ± 5 % including all the known errors (see also ref. [10] by Ries et al.-2003 concluding that, in the measurement of the Lense-Thirring effect using the GRACE gravity models and the LAGEOS and LAGEOS 2 satellites: "a more current error assessment is probably at the few percent level"), but we allow for a total ± 10 % uncertainty to include underestimated and unknown error sources (until more accurate Earth gravity field models will be available, and until additional simulations are completed [11] to exhaustively study the modelling of non-gravitational perturbations and measurement errors). Indeed, if we double the maximum time-independent gravitational error and we also double the non-gravitational perturbations and time-dependent gravitational errors we get respectively 8 %, 4 % and 4 % errors, and thus a total uncertainty of about 10% of the Lense-Thirring effect. Alternatively, if we triple the 3 % RSS error due to the time-independent gravitational field we get a 9 % error, and together with all the other error sources we get an uncertainty of less than 10 %. Nevertheless, it is important to notice that, when a more accurate model of the Earth gravity field will be available, will be straightforward to very accurately re-assess the error of our present analysis by just considering the differences between the J2n of the EIGEN-GRACE model and the J2n of the future model plus its (J2n uncertainties.

	Injection errors-Geopotential
	  4%

	Tides
	  2%

	Thermal effects
	  2%

	Relativity
	  0.4%

	Stochastics
	  2%

	Total Error Budget of the 2004 measurement of the Lense-Thirring effect
	  5%

(10% including underestimated and unknown errors)


TABLE II: The 2004 LAGEOS I /LAGEOS II, 11-year, error budget (the geopotential error is included under injection errors).
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