
Supplementary Figures

Supplementary Figure 1: Sample and measurement schematic. a) Optical

microscope image (false colors) of the main elements of the sample. b) SEM image of one

of the Josephson junctions in the transmon. c) Simplified schematic of the room

temperature electronics, and the cryogenic setup and wiring used in the experiment.
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Supplementary Figure 2: State control with the hybrid sequence. The plot

shows a simulation of the population on the three levels as a function of the width of the

last 0− 1 pulse, σ01 (horizontal axis) and the length τ of the initial nonadiabatic pulse

(vertical axis), in the dissipationless case. The separation between the STIRAP pulses was

ts = −92 ns, the same as in Fig. 4 from the main text.
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Supplementary Figure 3: Energy levels with a split first excited state. The

diagram shows the energy levels with the first excited state split into |1〉 and |1′〉. The red

arrows indicate the transitions driven by the applied fields. The dotted lines are other

possible levels created after the thermal cycle.
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Supplementary Figure 4: The first transition frequency after thermal cycling.

Plot of the first transition frequency of the transmon as a function of external magnetic

field after the thermal cycling, showing the appearance of a split-line structure. Here the

squares and the circles are the maximum values of the two peaks extracted from the

experimental data. At larger values of the external flux the peak shifted upwards (red)

becomes less visible. The continuous lines are fits with the expression of the first transition

frequency of the transmon, see Ref. [1], with a shift δEJ = h× 27.5 MHz in one of the

junctions.
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Supplementary Figure 5: Transmon spectrum before and after thermal

cycling. We measure the phase shift of the cavity around the first transition frequency a)

before and b) after the splitting at a flux point corresponding to the minimum of the

transition frequency (see Supplementary Figure 4), where the transmon is the least

sensitive to magnetic flux noise. The green lines represent experimental data, and the red

lines are fits by using the least squares method a) with a single Lorentzian function and b)

with a sum of two Lorentzian functions. See also Ref. [2] for more details.
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Supplementary Note 1: Sample and measurement setup

The superconducting QED circuit [1] consists of a capacitively-shunted Cooper pair box

(a transmon), with tunable energy level separation under the application of an external mag-

netic field. The qubit can be excited by applying a continuous wave or pulsed microwaves.

The readout system is realized as a λ/4 coplanar waveguide cavity (resonator) which allows

the quantum non-demolition measurement of the state of the transmon [3, 4]. A picture of

the sample is shown in Supplementary Figure 1a),b), and a schematic of the measurement

setup at room temperature and in the dilution refrigerator is presented in Supplementary

Figure 1c).

The transmon is essentially an artificial atom with energy levels ~ωj yielding transition

frequencies denoted by ωj,j+1 = ωj+1−ωj, and can be modelled as an anharmonic oscillator.

With the standard notations in the field of superconducting devices, EJ denoting the Joseph-

son energy of the qubit and EC the total charge energy (including the shunt capacitor), the

anharmonicity is ~ω12 − ~ω01 ≈ −EC in the asymptotic limit EJ � EC. The usual way to

manipulate the state of the circuit QED system is to apply microwave drive signals either

to the gate of the transmon or to the coupled transmission line cavity. If the frequency of

the drive ω
(Ω)
j,j+1 matches the transition frequency between two states of the system, the sys-

tem goes through Rabi oscillations with frequency Ωj,j+1, resulting in transfer of population

between the two states.

We model our system using the driven Jaynes-Cummings Hamiltonian describing a mul-

tilevel qubit coupled to a cavity (resonator) of frequency ωres. A measurement tone of

frequency ωmeas is coupled with strength εmeas into the resonator from the input capacitor.

The total Hamiltonian is then

ĤJC =
N∑
j=0

~ωj|j〉〈j|+ ~ωresâ
†â+

N−1∑
j=0

~gj,j+1 (|j + 1〉〈j|â+ h.c.)

+
N−1∑
j=0

~Ωj,j+1

2

(
|j + 1〉〈j|e−iω

(Ω)
j,j+1t + h.c.

)
+ ~εmeas

(
â†e−iωmeast + h.c

)
,

(1)

where |j〉 are the eigenstates of the N -level transmon corresponding to the eigenenergy ~ωj.

Here we have applied the rotating wave approximation to the driving and the measurement

fields, retaining only energy-conserving terms. We also only keep the coupling between

consecutive energy levels with the corresponding near-resonant fields.
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The single mode resonator, described by the annihilation (creation) operator â (â†),

couples to the qubit transition j → j + 1 with the Jaynes-Cummings coupling strength

gj,j+1. In the dispersive regime, when the qubit is detuned from the cavity and the number

of photons in the resonator is not too large such that 4〈â†â〉
[
g2
j,j+1/(ωj+1 − ωj − ωres)

2
]
� 1,

we can perform a generalized Schrieffer-Wolff transformation with displacement operator

D̂ = exp
[
Â
]
, where

Â =
N∑
j=0

gj,j+1

ωj+1 − ωj − ωres

(â|j + 1〉〈j| − h.c.) , (2)

on the Hamiltonian in Eq. (1), resulting in Ĥ → D̂ĤD̂†. Next, we expand

eÂĤe−Â = Ĥ +
[
Â, Ĥ

]
+

1

2

[
Â,
[
Â, Ĥ

]]
..., (3)

with gj,j+1/(ωj+1−ωj −ωres) as a small parameter, and we retain terms up to second order.

The Jaynes-Cummings interaction between the qubit and the resonator cancels exactly and

we are left with

Ĥdisp−JC =
N∑
j=1

~ (ωj + χj−1,j) |j〉〈j| − ~χ0,1â
†â|0〉〈0|

+ ~ωresâ
†â+

N∑
j=1

~ (χj−1,j − χj,j+1) â†â|j〉〈j|

+
N−1∑
j=0

~Ωj,j+1

2

(
|j + 1〉〈j|e−iω

(Ω)
j,j+1t + h.c.

)
+ ~εmeas

(
â†e−iωmeast + h.c

)
.

(4)

Here the dispersive shifts χj,j+1 are defined as

χj,j+1 =
g2
j,j+1

ωj+1 − ωj − ωres

. (5)

In obtaining Eq. (4), several terms have been neglected. A two-photon Hamiltonian resulting

from the Jaynes-Cummings interaction couples states separated by two ladder indices,

N−2∑
j=0

(2ωj+1 − ωj − ωj+2)~gj,j+1gj+1,j+2

2(ωj+2 − ωj+1 − ωres)(ωj+1 − ωj − ωres)
â2|j + 2〉〈j|+ h.c.. (6)

Then there are terms resulting from the commutator of Â with the drive,∑
j

gj,j+1

ωj+1 − ωj − ωres

a

[
~Ωj−1,j

2
e−iω

(Ω)
j−1,jt|j + 1〉〈j − 1|

−~Ωj+1,j+2

2
e−iω

(Ω)
j+1,j+2t|j + 2〉〈j|+ ~Ωj,j+1

2
eiω

(Ω)
j,j+1t (|j + 1〉〈j + 1| − |j〉〈j|)

]
,

(7)

7



and with the measurement pulse

~εmeas

∑
j

gj,j+1

ωj+1 − ωj − ωres

[
|j + 1〉〈j|e−iωmeast + h.c.

]
. (8)

Several arguments can be invoked to neglect these terms: some are second-order detuned

processes such as Eq. (6), and the rest would produce only first-order corrections to the

dominant driving term. Moreover, when the qubit is driven, the resonator is not populated,

and therefore the relevant terms left in Eq. (7) contribute only as a renormalization of the

decoherence of the second excited state.

Next, we set the ground state as a reference for the energy levels by subtracting a quantity

~ω0

∑N
j=1 |j〉〈j| from the resulting Hamiltonian. Further, we move into a multiple-rotating

frame defined by the transformation

Û(t) = |0〉〈0|+
N∑
j=1

exp

[
i

j−1∑
k=0

ω
(Ω)
k,k+1t

]
|j〉〈j|, (9)

which transforms the Hamiltonian as Ĥ → ÛĤÛ †+i~(dÛ/dt)Û †. We also perform a rotation

with respect to the cavity at the measurement frequency, Ûmeas = exp
[
iωmeasâ

†ât
]

resulting

in a similar transformation Ĥ → ÛmeasĤÛ
†
meas + i~(dÛmeas/dt)Û

†
meas. Finally, this yields

Ĥdisp−JC =
N∑
j=1

~

(
ωj − ω0 + χj−1,j −

j−1∑
k=0

ω
(Ω)
k,k+1

)
|j〉〈j| − ~χ0,1â

†â|0〉〈0|

+ ~ (ωres − ωmeas) â
†â+

N∑
j=1

~ (χj−1,j − χj,j+1) â†â|j〉〈j|

+
N−1∑
j=0

~Ωj,j+1

2
(|j + 1〉〈j|+ h.c.) + ~εmeas

(
â+ â†

)
.

(10)

The excitation of the qubit to the energy level j ≥ 1 results in a measurable shift of the res-

onator transition frequency by χj−1,j+χ0,1−χj,j+1, thus enabling a quantum non-demolition

measurement of the transmon state. This is realized by monitoring the response of the cavity

near the resonance under the application of a measurement pulse. Before the measurement

field is applied, that is during the STIRAP pulses, the number of photons in the cavity - and

therefore the ac-Stark shift on the transmon - is negligible. In this case the only effect of the

resonator on the qubit is that its vacuum fluctuations produce a small Lamb-shifted renor-

malization of the energy levels, ω̃j = ωj + χj−1,j for j ≥ 1 and ω̃0 = ω0, with corresponding
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transition frequencies ω̃j,j+1 = ω̃j+1 − ω̃j. Let us introduce the detunings as

δj,j+1 = ωj+1 + χj,j+1 − ωj − χj−1,j − ω(Ω)
j,j+1

for j ≥ 1 and δ01 = ω1 + χ01 − ω0 − ω(Ω)
01 for the first transition.

Next we focus on the STIRAP by considering only the three lowest eigenstates of the

transmon, i.e. the states |0〉, |1〉, and |2〉. This eventually leads to a very simple three-level

form for the system Hamiltonian

Ĥ(t) =
~
2


0 Ω01(t) 0

Ω01(t) 2δ01 Ω12(t)

0 Ω12(t) 2(δ01 + δ12)

 . (11)

To simplify the notation, in the expression above as well as in the main paper we have

eliminated the comma between subscript indices whenever this does not lead to confusion,

for example we write g0,1 ≡ g01, ω0,1 ≡ ω01, Ω0,1 ≡ Ω01.

Several sources of noise affect the transmon, as discussed in detail in Ref. [1]. The

main advantage of the transmon with respect to the previously used charge qubit, from

which it is derived, is the insensitivity to charge noise. The flux noise can be minimized

by operating the device near the so-called flux sweet point, where the first-order derivatives

of the transition frequency with respect to external flux cancel. For relaxation, important

decay channels are the measuring resonator, the line used for magnetic flux biasing, and

spurious electromagnetic modes of the sample holder, ground planes, etc.. To simulate

the decoherence, we use the master equation for the density matrix in Lindblad form, see

Methods Eqs. (7,8). Thus we assume that the Markovian approximation is valid, that

is, that the characteristic decay time of the autocorrelation function of the environment

is much smaller than the inverse of the decoherence rates Γ−1
j,k , (Γ

ϕ
j,k)
−1, with j > k and

j, k ∈ {0, 1, 2}. For relaxation processes, this approximation is well satisfied due to the fact

that modes such as those of the flux bias line are dissipative, and resonances such as those

from the measuring coplanar waveguide cavity and those of the sample holder are far off

detuned from the qubit. We assume that this holds as well for the dephasing processes. For

our sample, the decoherence is anyway dominated by relaxation processes, therefore this

approximation is not critical. This is supported also by the fact that, when extracting the

decoherence times, we find that the exponential decay predicted by the Lindblad form gives

a very good matching to the data.
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Supplementary Note 2: Derivation of the global adiabaticity con-

dition

Adiabatic processes should satisfy |〈±|(d/dt)|D〉| � |ω± − ωD|, which, when employing

the expressions of the eigenvalues presented in Methods, leads to∣∣∣∣∣Ω̇01(t)Ω12(t)− Ω01(t)Ω̇12(t)

[Ω01(t)2 + Ω12(t)2]3/2

∣∣∣∣∣� 1, (12)

for δ01 = 0 and sin Φ = 1.

For Gaussian pulse shapes with equal amplitudes

Ω01(t) = Ω exp

[
− t2

2σ2

]
, (13)

Ω12(t) = Ω exp

[
−(t− ts)2

2σ2

]
, (14)

we can find a global adiabatic condition by integrating Eq. (12) over time

π

2
�

∞∫
−∞

√
Ω01(t)2 + Ω12(t)2 dt. (15)

The remaining integral above does not have an analytical solution. However, it can be shown

that it is an increasing function of ts; moreover, the values at ts = 0 and ts = ∞ can be

calculated analytically, and they are 2
√
πσΩ and 2

√
2πσΩ, respectively. Thus, we have to

select the minimum value 2
√
πσΩ to obtain the constraint, and we get

4√
π
σΩ� 1. (16)
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Supplementary Note 3: Calibration and measurement protocol

We first determine the transition frequencies of the transmon by measuring the Rabi

frequency of a driven transition as a function of the drive frequency. This gives ω̃01/2π =

5.27 GHz, ω̃12/2π = 4.82 GHz.

The used measurement setup is shown in Supplementary Figure 1. To characterize the

STIRAP process we determine the state of the three-level transmon by probing the coupled

transmission line cavity with a measurement signal. Due to the dispersive shift in the

cavity resonance frequency, the response of the cavity to the probing microwave signal is

different depending on the state of the transmon. To measure the cavity response we apply

a homodyne detection scheme, where the incoming microwave signal is downconverted to

DC using an IQ-mixer. The resulting in-phase and quadrature signals are given by

〈Î(τ)〉 = −η〈â+ â†〉,

〈Q̂(τ)〉 = iη〈â− â†〉,
(17)

where η is a factor describing the losses of the conversion and the other constants. By

preparing the transmon in the states |0〉, |1〉, and |2〉 and then measuring the corresponding

cavity response, we can associate the response of each of the states with a variable rj(τ) =

{〈Îj(τ)〉, 〈Q̂j(τ)〉}, and then describe the cavity response of every other state as a linear

combination of rj(τ)

rmeas(t, τ) =
∑
j=0,1,2

pj(t)rj(τ). (18)

The measured signal is therefore a linear combination of the responses of each state, weighted

by the population pj(t) = Tr[ρ(t)|j〉〈j|] of the state,
∑

j=0,1,2 pj(t) = 1 and 0 ≤ pj(t) ≤ 1 [5].

This can be understood by introducing the operator corresponding to rmeas(t, τ), r̂meas(τ) =∑
j=0,1,2 rj(τ)|j〉〈j| and thus obtaining Eq. (18) as rmeas(t, τ) = Tr[ρ(t)r̂meas(τ)].

For a given trace rmeas(t, τ) in the I −Q plane, we determine p0, p1, and p2 by applying

the least square fit method to invert Eq. (18). To implement the least squares fit method

we employ the Levenberg-Marquardt algorithm, using the measurement response data up

to τ = 1500 ns. As pre-processing, the data is multiplied with an exponential weighting

function exp[−τ/w], with w = 700 ns. This allows us to use predominantly the data from the

beginning of the response curves, where the effect of decoherence on the distinguishability

of the states is minimal.
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In Fig. 1c) in the main text we present the 〈Î(τ)〉 traces corresponding to the system in

the ground state (blue), first excited state (green), and second excited state (red), together

with the trace for the density matrix at a time t = 450 ns (cyan) during the STIRAP

protocol. The calibration trace of the first excited state is obtained by applying a resonant

π pulse to the |0〉 → |1〉 transition, while the calibration trace of the second excited state is

obtained by first populating the first excited state with a π pulse, and then applying another

π pulse in resonance with the |1〉 → |2〉 transition. This allows us to infer the density matrix

of the system, given a set of measured 〈Î(τ)〉, 〈Q̂(τ)〉 traces. The main source of error in

this procedure is produced by decoherence. The decay from the upper states during the

calibration pulses results in a small inaccuracy, which produces a small overestimation of

the populations in the tomography. We minimize this error as postprocessing by including

the effect of decoherence in the calibration.
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Supplementary Note 4: Hybrid sequence

In Fig. 4 in the main text we present the results of applying a nonadiabatic (hard) pulse

on the 0 − 1 transition before the STIRAP sequence. This creates a superposition of the

ground state and the first excited state as the initial state for STIRAP. As a result, the

population on state |0〉 that can be transferred to state |2〉 by STIRAP is reduced compared

to the situation without the Rabi pulse. Also, because now the state |1〉 is populated, the

STIRAP pulses will produce Rabi oscillations between all the states.

From Fig. 4 we can see that the population on the state |2〉 stabilizes to a non-oscillatory

value immediately after the overlap between the adiabatic pulses, exactly like in the standard

STIRAP sequence, while the population of states |0〉 and |1〉 continues to oscillate until the

end of the last adiabatic 0 − 1 pulse. After the extinction of the 1 − 2 pulse, the period

of these oscillations is determined only by the remaining 0 − 1 pulse at the end of the

sequence, and, as can be seen by inspecting the figure along the vertical axis, this period

is independent of the pulse length of the nonadiabatic pulse. In the case of state |2〉, its

final population is determined only by the length of the initial remaining population on

the state |0〉 after the nonandiabatic pulse, and it is independent of the parameters of the

STIRAP sequence. To show this, in Supplementary Figure 2 we present the results of a

simulation of the population of all the states at the end of a hybrid sequence as a function

of the width σ01 of the Gaussian 0−1 pulse (horizontal axis) and for a variable length of the

nonadiabatic pulse (vertical axis). For simplicity we consider here the dissipationless case.

One can clearly see the features mentioned above, with only small modifications at small

σ01, where the adiabatic condition is not well satisfied.

These hybrid sequences therefore enable the preparation of three-level states with pop-

ulations determined by independent pulses. This can be used as a novel tool in quantum

control of qutrits. For example, in our experiment, for nonadiabatic pulse lenght τ = 25 ns

we have prepared near the end of the hybrid sequence at t = 283 ns a state with populations

p0 = 0.37, p1 = 0.33, p2 = 0.30. This is not exactly a pure state because of decoherence, but

nevertheless it is close to an equal-superposition state between the three levels.
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Supplementary Note 5: STIRAP as a route to holonomic quan-

tum computing

The phases of the driving fields, which we ignored so far, can lead to interesting new ways

of qubit manipulation through the accumulation of geometric phases. For completeness, here

we briefly discuss this situation. We show that the Hamiltonian in this case is identical to

that used in proposals for holonomic quantum gates, and we calculate the Berry phase

arising in the STIRAP process [6]. If the phase factors are retained in the driving fields, we

obtain the following three-level form for the system Hamiltonian

Ĥ(t) =
~
2


0 Ω∗01 0

Ω01 2δ01 Ω12

0 Ω∗12 2(δ01 + δ12)

 . (19)

Let us denote by ϕ the phase difference between the driving fields, therefore we can take

Ω01 = |Ω01|, Ω12 = |Ω01| exp(−iϕ). At two-photon resonance δ01 + δ12 = 0, the eigenval-

ues/eigenvectors problem at a time t has the solution ω+ = δ01 +
√
δ2

01 + |Ω01|2 + |Ω12|2,

ω− = δ01 −
√
δ2

01 + |Ω01|2 + |Ω12|2, and ωD = 0, with corresponding eigenvectors

|+〉 = sin Φ|B〉+ cos Φ|1〉,

|−〉 = cos Φ|B〉 − sin Φ|1〉,

|D〉 = cos Θ|0〉 − sin Θeiϕ|2〉,

(20)

where the bright state is |B〉 = sin Θ|0〉 + cos Θeiϕ|2〉. The angle Θ is defined by tan Θ =

|Ω01(t)|/|Ω12(t)| and parameterizes the rotation in the {|0〉, |2〉} subspace, while Φ is defined

in the same way, as an angle of a right triangle with vertices
√

(|Ω01|2 + |Ω12|2)/2 and√
(|Ω01|2 + |Ω12|2 + δ2

01)/2 + δ01/
√

2.

The Berry phase accumulated during a STIRAP sequence can be calculated from the

standard Berry’s connection formula

γBerry = i

∫ Rf

Ri

〈D|∇R|D〉dR, (21)

where the integral is taken along a contour in the (Θ, ϕ) space,

R =

 Θ

ϕ

 . (22)
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For a general trajectory starting at an initial time ti, this yields at time t [6]

γBerry(t) = −
∫ ϕ(t)

ϕ(ti)

sin2 Θdϕ. (23)

Because the energy eigenvalue of the dark state is zero, from the time ti to time t the system

would only pick up a geometrical phase,

|D(ti)〉 → eiγBerry(t)|D(t)〉. (24)

After a full STIRAP process the state then changes as

|0〉 → −eiγBerry(tf )+iϕ(tf )|2〉. (25)

In holonomic quantum computing, the geometric phase γBerry is used to construct single-

qubit phase gates.
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Supplementary Note 6: STIRAP with a split intermediate state

We analyze here in more detail the results presented in Fig. 6, with the aim of providing an

understanding of the physical mechanism responsible for this structure. Before embarking

into evaluating possible microscopic models, a few important observations are in place.

Firstly, if we examine the pattern along the single-photon detuning axis (vertical axis) one

notices that we have two distinct half-diamond regions where the transfer is maximum.

This means that there are two single-photon resonances instead of one, corresponding to a

splitting of the first excited state of the transmon. Importantly, this structure cannot be

understood simply as the average of two single-diamond patterns shifted along the vertical

axis - this would only result in a broader diamond, without explaining the extinction of

transfer in the middle of the structure. Thus, the system has to be treated fully quantum-

mechanically, allowing for destructive interference effects. Secondly, at the power levels used

in Fig. 6 we see no splitting along the two-photon transition in the pattern, implying that

the state |2〉 remains unmodified with respect to |0〉. This shows that a minimal model,

without splitting in the |0〉 → |2〉 transition, might be able to explain the pattern.

To make progress, it is useful to examine additional experimental data. The strategy

that we follow has been outlined in Ref. [7]: although the system might have a complicated

multilevel structure, one can examine the absorption spectra, select some of the energy levels,

and consider the others as part of the dissipation. In practice, the choice is made easier by the

fact that different transitions couple with different strengths to the microwave field, and some

are seen only at relatively high microwave powers. In the two-tone spectroscopy of the first

excited state we can observe the effect of the thermal cycling, see Supplementary Figure 4

and Supplementary Figure 5. Clearly the device has somewhat degraded, as the narrow, well-

defined absorption spectrum before the warm-up has broadened and has acquired additional

structure. For Supplementary Figure 5 we follow the procedure in Ref. [2] and we extract

the values of the transition frequencies by fitting each peak with a Lorentzian function. We

mention that the width of these peaks include in general the effects of power broadening:

the powers used to measure the spectra presented in Supplementary Figure 5 a) and b) were

different, thus these widths cannot be compared directly. From the spectral structure in

Supplementary Figure 5 we retain only the two more prominent absorbtion dips, separated

by ∆/(2π) ≈ 11.5 MHz. We have also checked that these peaks remain robust over a larger
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range of microwave powers.

To avoid introducing too many notations, we will refer to these two first-excited states

as |1〉 and |1′〉, see Supplementary Figure 3. The detunings with respect to the state |1′〉 are

defined as δ01′ = ω̃01′ − ω(Ω)
01 = ∆ + δ01 and δ1′2 = ω̃1′2 − ω(Ω)

12 = −∆ + δ12. In this way, the

detunings with respect to state |1〉 are sufficient to label Fig. 6 of the main text, since the

state |1′〉 is only displaced by ∆.

The Hamiltonian then reads

Ĥtransmon =
2∑
j=0

~ω̃j|j〉〈j|+ ~ω̃1′ |1′〉〈1′|. (26)

Note that the separation ∆ extracted from spectroscopy corresponds to a split of the

same magnitude ∆ along the single-photon axis in Fig. 6. Indeed, using our definitions one

can check that at two-photon resonance δ01 = −δ12 = ω̃01 − ω(Ω)
01 = −(ω̃12 − ω(Ω)

12 ).

Now, because we can see both levels |1〉 and |1′〉 in the spectroscopy, it means that the

microwave field couples to both of the transitions |0〉 → |1〉 and |0〉 → |1′〉, therefore we can

write

Ĥdrive =
~Ω01

2
e−iω

(Ω)
01 t|1〉〈0|+ ~Ω01′

2
e−iω

(Ω)
01 t|1′〉〈0|

+
~Ω12

2
e−iω

(Ω)
12 t|2〉〈1|+ ~Ω1′2

2
e−iω

(Ω)
12 t|2〉〈1′|

+h.c.,

In the simulations, we use the Hamiltonian Ĥ = Ĥtransmon +Ĥdrive in the master equation.

The Hamiltonian can also be transformed into a rotating frame, by following the same

procedure as for Eq. (11). Explicitly, the operator Û(t) is now

Û(t) = |0〉〈0|+ eiω
(Ω)
01 t (|1〉〈1|+ |1′〉〈1′|) + ei(ω

(Ω)
01 +ω

(Ω)
12 )t|2〉〈2|, (27)

and we obtain

Ĥ(t) =
~
2


0 Ω01(t) Ω01′(t) 0

Ω01(t) 2δ01 0 Ω12(t)

Ω01′(t) 0 2∆ + 2δ01 Ω1′2(t)

0 Ω12(t) Ω1′2(t) 2(δ01 + δ12)

 . (28)

In this representation, the diagonal matrix element |1′〉〈1′| is 2δ01′ = 2∆ + 2δ01, while the

diagonal matrix element |2〉〈2〉 can be equally well written in terms of the state 1′, since

δ01 + δ12 = δ01′ + δ1′2 represents the two-photon detuning between state |0〉 and |2〉.
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We now discuss possible microscopic mechanisms that would lead to this splitting. In

the case of the flux qubit, it was proposed that the process is related to nonequilibrium

quasiparticles, which would shift the frequency of the qubit between two values. For the

transmon, the resulting frequency shifts can be calculated using the formula for the peak-

to-peak dispersion from Ref. [1],

εm ≈ (−1)mEC
22m+5

m!

√
2

π

(
EJ

EC

)m
2

+ 3
4

e
−
(

8EJ
EC

) 1
2

. (29)

However, it is not necessary that this mechanism is at work in a given device: this depends

on many technical details, ranging from fabrication details to filtering. It is also not clear

why it would be activated by a thermal cycling of the sample. However, we can calculate

for our case the maximum frequency shifts that it would induce. Due to the exponent in

the expression Eq. (29), large values of εm are obtained for small values of the Josephson

energy EJ of the device. Following the standard convention in the field set by Ref. [1], EJ

includes the effects of junction asymmetry and flux bias, and, after the thermal cycle, it

reaches a minimum value of EJ = h × 10.24 GHz when ω̃01 reaches its minimum. Using

EC/h = 0.38 GHz, which is determined independently from the geometric capacitance of

the circuit, this yields EJ/EC = 27.2. This predicts a shift of 1.6 MHz in the frequency of

the first transition |0〉 → |1〉, which is insufficient to explain our splitting. This number is in

full agreement with the result of experiments where measurement aimed at detecting these

dispersive effects have been performed, for example in the work of Ref. [8] where shifts of

the order of at most 1 MHz have been measured with device with EJ/EC ratio of 25. For

the second transition |1〉 → |2〉 the shift predicted by Eq. (29) is 47.7 MHz, which we do

not observe in the spectroscopy of either this transition or of the two-photon transition from

the ground state to the second excited state. These numbers are obviously quite different

from the splitting we see in the experiment, therefore we conclude that this mechanism is

ruled out.

Another mechanism we could consider is the resonant interaction with a two-level systems

with exactly the same energy level separation as the |0〉 → |1〉 transition. For example, an

electrical dipole-dipole interaction with strength ~∆/2 can be regarded as an X−X coupling

between the transmon and the resonant dipole, which would yield a splitting of ∆ in the

first transition. Indeed, if we denote the states of the two-level system as |g〉 and e〉, we can
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write an interaction Hamiltonian

~∆

2
(|0e〉〈1g|+ |1g〉〈0e|) , (30)

where we used the rotating wave approximation. Then, the subspace spanned by |0e〉 and

|1g〉 is decoupled from the rest of the 4× 4 Hilbert space; two eigenvalues of the interaction

Hamiltonian, namely 1√
2

(|1g〉 ± |0e〉) are formed, with eigenvalues ±~∆/2 respectively. In-

deed, this type of splitting occurs very often in qubits with a large junction area, such as

the phase qubits, where it was first observed and later studied in detail [9, 10], and recently

it has been shown that these fluctuators can be tuned by an externally applied strain [11].

However, this model implies also that, when varying the energy level separation between

the state |0〉 and |1〉, an avoided crossing is formed near the region where the transmon

transition frequency is nearly resonant with that of the two-level system. This has been

indeed observed in many experiments with phase qubits. To evaluate this possibility, we

investigated the spectrum of the device as a function of magnetic field, see Supplementary

Figure 4. We do not see evidence of an avoided crossing: rather, it looks as if the transition

frequency is simply shifted between two values for a large range of magnetic fields applied.

This suggests that the nature of the coupling is parametric rather than of X − X type

and on-resonance. This type of coupling has not been explored much in the literature, with

the notable exception of the theoretical investigation in Ref. [7] and the experiment in Ref.

[12]. A first observation is that the spectral data suggest that the additional energy levels

are associated with some modifications in the barrier. This is consistent with the previously

reported formation of defects in a flux qubit that was warmed up and cooled down again

[13]. As one can see from Supplementary Figure 4, the thermal cycle has produced not

only level splitting but also a frequency shift in the energy level by approx. 90 MHz, which

we observe also in the second transition. Since EC is fixed by geometry, it is natural to

suspect that something has happened in the barrier of the junctions which reduced EJ at the

flux insensitive point and brought the oxide layer in an unstable state. In Supplementary

Figure 4 the fit of the expression for the lower (blue colour) transition frequency of the

transmon corresponds to Josephson energies of h × 27.25 GHz and h × 17.01 GHz for the

two junctions of the SQUIDs comprising the transmon, see Ref. [1]. Interestingly, these

fabrication parameters obtained from similar measurements before the warmup were h×5.99

GHz and h × 16.47 GHz, which suggests that the change could have occurred only in one
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junction and consisted in the opening of additional conduction channels. The red line in

Supplementary Figure 4 is obtained by shifting the Josephson energy of the h× 27.25 GHz

junction up by h×27.5 MHz. This choice is of course not unique, and one could fit the data

by lowering the Josephson energy of the h× 17.01 GHz junction by approximately the same

amount or by modifying the Josephson energies of both junctions. At the minimum of the

transition frequency (flux insensitive point) this yields a line separation of ≈ 11.5 MHz.

The formation of fluctuating defects has been studied for a long time in glasses and

amorphous solids at low temperatures, where they modify the temperature-dependence of

the specific heat and thermal conductivity [14, 15]. In the case of AlOx the mechanism is the

delocalization of the oxygen atoms from the non-crystalline structure. This results in the

formation of a non-harmonic system with a quasi-degenerate ground state, with one oxygen

atom sitting in a double well potential and jumps between the two positions [16, 17]. A

fluctuating system trapped inside a Josephson junction barrier will result in a fluctuating

critical current via changes in the height of the tunneling barrier [18]. Other microscopic

mechanisms could be the hopping of electrons in and out of microscopic traps in the oxide

barrier [19, 20] and the hopping of magnetic fluxes between pinning sites [21].

The generic Hamiltonian accounting for this phenomenon should include not only the

phase degree of freedom ϕ of the transmon, but also a collection of degrees of freedom {χ}

that refer to the junction (for example the coordinates of the unstable atomic configurations),

Ĥ(ϕ, {χ}) = 4ECn
2 − EJ({χ}) cosϕ+H∗({χ}), (31)

where Ĥ∗({χ}) designates the free Hamiltonian of the variables {χ}. One has then to solve

the Schrödinger equation for the wavefunction |Ψ(ϕ, {χ})〉 of the entire system, comprising

both the superconducting relative phase ϕ and the variables {χ}.

In the absence of precise information about the dependence of the Hamiltonian on the

variables {χ}, we consider a simple model, which was used successfully in the literature

[9], namely we presume that the dynamics of {χ} can be assimilated to a quasidegenerate

two-level fluctuator with states |ψ〉 and |ψ′〉, corresponding to Josephson energies EJ and

E ′J = EJ + δEJ. The defect free Hamiltonian Ĥ∗({χ}) can also introduce energy shifts with

a characteristic scale ~ωτ . These assumptions are sufficient to explain why the states should

be split, as seen in the experiments. In this two-level approximation, the Hamiltonian reads

Ĥ(ϕ) = 4ECn
2 − EJ cosϕ|ψ〉〈ψ| − E ′J cosϕ|ψ′〉〈ψ′|+ ~ωτ

2
(|ψ〉〈ψ| − |ψ′〉〈ψ′|) , (32)

20



or, if we introduce the z-Pauli operator τz = |ψ〉〈ψ| − |ψ′〉〈ψ′| we can write the equation

above as

Ĥ = ECn
2 − EJ cosϕ− δEJ

2
(I − τz) cosϕ+

~ωτ
2
τz, (33)

where Î = |ψ〉〈ψ| + |ψ′〉〈ψ′| is the identity operator. Next, we diagonalize the transmon

for each junction state |ψ〉 and |ψ′〉 separately, and find two sets of eigenenergies ωj and

ω′j corresponding to EJ and EJ′ . Since we do not know exactly the value of ωτ we assume

that the splitting in the ground state can be neglected. If we work at the flux sweet point

(minimum of the transition frequency in Supplementary Figure 4) the h × 27.5 MHz shift

in the Josephson energy of one of the junctions produces (see Ref. [1]) a shift of equal

value ∆EJ = h × 27.5 MHz in the effective Josephson energy of the device at this point,

which is seen as a split of ∆ ≈ 11.5 MHz in the frequency of the first transition. The

model becomes then very similar to that discussed in Ref. [7], yielding in general a 6×6

matrix Hamiltonian. There are now many transitions possible, but since we do not know

the details of how the field interacts with this rather complex system, we simply select those

that are best resolved spectroscopically, and denote them by |0〉, |1〉, |1′〉, |2〉. The additional

transitions, although covered by the broadened linewidth, are still somewhat visible in the

spectrum of the first transition (see Supplementary Figure 4), as predicted by this model.

For the simulations of Fig. 6 in the main text, the states |1〉, and |1′〉 are assumed to couple

with equal strengths to the fields, in other words Ω01(t) ≈ Ω01′(t) and Ω12(t) ≈ Ω1′2(t). This

empirical procedure is certainly a crude simplification of the actual situation, but we find

indeed that the truncated Hamiltonian Eq. (28) is sufficient to reproduce the data. Finally,

a consequence of the model above is that also the second excited state should spit. As we

mentioned in the beginning, the absence of shifts along the two-photon detuning axis shows

that it is enough to consider a single state |2〉. However, for larger powers we do observe

much more complicated patterns, including shifts along the two-photon axis, which shows

that the additional lines of the second excited states are coupled as well.
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