
Supplementary Figures 1 

     2 

Supplementary Figure 1.  Probability density of the log of transmission through an 3 

N=300 structure at 60θ =   and 1 mλ μ= . 4 

 5 

 6 

Supplementary Figure 2. Three localized modes for 60θ =   and 10 mλ μ= . These 7 

modes are found by examining various realizations and finding the three 8 
"strongest" ones which have the highest transmission (out of an ensemble of 9 
10,000 realizations). We sho the calculated intensity distribution of those 10 
realizations, with the intensity normalized relative to incident intensity.  11 
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Supplementary Figure 3. (a-j) In all of the subfigures below, the left hand side shows 13 
the intensity profile of the light for an incoming Gaussian beam incident at the critical 14 
angle, while the right hand side shows a longitudinal cross-section of the intensity of 15 
the trapped component inside the multilayer normalized to the peak intensity. Red 16 
represents the maximum intensity and green the minimum. The boundaries of this 17 
structure and the scale are the same as in Figs. 1b,c of the main text. The scale-bar in 18 
a applies to all figures below. 19 
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Supplementary Figure 4. Trajectory in the X Y− plane for a disorder sample with 39 

100N =  layer pairs, at 20θ =  , 1 mλ μ= , 10d nm=  (and all of the other parameters 40 

set as in the main paper). The black points are the values of ,m mX Y , the green marker 41 

shows 1 1,X Y  and the red line guides the eye and connects subsequent dots. 42 
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 44 

Supplementary Figure 5. (a.) Trajectory in the X Y− plane for 3000N =  layer pairs 45 

and 20θ =  . (b.) Power transmission as a function of the number of layers in the 46 
multilayer for the same disordered realization. 47 

 48 

 49 

Supplementary Figure 6.  A typical trajectory, for 300N =  and 55θ =   .  50 

 51 



 52 

Supplementary Figure 7. Three typical trajectories, for 600N =  and 60cθ θ= =  .  53 

Note that the degree of localization (value of the maximum X and Y) differs in the 54 
different realizations, but also that the ratio of the X and Y maxima is similar. 55 

 56 

Supplementary Figure 8. The trajectories in 1000 realizations of disorder plotted over 57 
one another for 3000N =  and 60cθ θ= =  .  58 
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 60 

Supplementary Figure 9. (a) Typical trajectory in the X Y−  plane, for 2000N = , 61 

55θ =   and 10 mλ μ= . (b) Trajectory for 410N =  and 60θ =  . 62 

 63 

 64 

Supplementary Figure 10. The variation of the average ratio of maxima of X and Y 65 
with the wavelength in an ensemble of 1000 realizations. The ratio is calculated after 66 

propagation through a large number of layers, large enough that ( )Nd ξ λ . (a) for 67 

near critical incidence, 55θ =  , (b) for critical incidence (at 60cθ =  ) in a periodic 68 

disorder-free structure, (c) for critical incidence to a disordered structure.  69 

 70 



 71 

Supplementary Figure 11. Inverse localization length (1/ ξ ) as a function of Δ , 72 

showing a roughly linear dependence. In this figure we use the same parameters as 73 

Fig. 2a of the main text and ߣ ൌ  74 .݉ߤ1

 75 

 76 

Supplementary Figure 12. Localization length as a function of wavelength, for 77 
correlated disorder with 2 2 1n nd d random+= = . Note that the localization length scale 78 

is in mm and becomes so long that it takes prohibitively long times to continue the 79 
calculation to longer wavelengths. For the same reason, each point is the average over 80 

only 30 realizations. These calculations display a good fit to a 4λ dependence.  81 
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 83 

Supplementary Figure 13.  Probability density of the 1st mode's Q-factor for two 84 

angles of incidence ߠ ൌ 58∘ and ߠ ൌ 62∘ below and above critical incidence. Results 85 

were extracted by taking distribution of the maximum intensity in an ensemble of 104 86 

realizations of disorder and neglecting harder-to-identify diffusive modes with a Q- 87 

factor below 5. 88 
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Supplementary Note 1. The Abbe Transfer matrix formalism 90 

The main tool in our calculations is the Abbe1 transfer matrix formalism. This 91 

formalism is described in many places, but for completeness, we describe the Abbe 92 

formalism here and in the notations used throughout the article.    93 

We consider a multilayer structure composed of alternating dielectric layers, each 94 

layer with uniform permeability and a permittivity. The dielectric constant just 95 

beyond the input and output of the structure have arbitrary dielectric constants  96 
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for n=0,1,2,…, 2N-1 where n aε ε=  for even values of n and n bε ε=  for odd values of 98 

n. Consider now the decomposition of the (TE polarized) electromagnetic field into 99 

forward and backward propagating waves ( ) ( ) ˆtotE z E E y+ −= +  where 100 

( )( ) ( ),1 z nik z nd i t
nE U end z n d ω− −

+ < =< + , ( )( ) ( ),1 z nik z nd i t
nE end z n d V ω− − −

− < =< +  and 101 

( )2
0, sinnz n ink k ε ε θ= − , where θ  is the angle defined in the text (see Fig. 1 of the 102 

main text).  ,n nU V  are complex constants indicating the amplitude and phase of the 103 

wave immediately after the interface. Outside the structure, we assume the wave 104 

propagates (is not evanescent), so that the propagation constants ,0zk and ,z nk ,z nk 105 

,z Nk  are real.  106 

The transfer matrix relating the field in two adjacent layers is2,3:  107 
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    [2] . 108 

The transfer matrix for a stack of such layers, extending from the nth to the mth surface 109 

(with ݊ < ݉), is therefore:  110 
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After calculating the relevant transfer matrices, the transmission coefficient for a 112 

wave incident on the nth layer is ,1/ m nA  and the reflection coefficient is , ,/m n m nB A . 113 

Given the set of transfer matrices and assuming the illumination is incident from the 114 

left ( 0 1, 0NU V= = ), we find n

n

U
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 
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 inside a structure with N layers (݊ < ܰ): 115 
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Repeating this process for various angles of incidence to give the different plane wave 117 

components of an incident Gaussian wave, we find the field distribution for an 118 

incident beam.  119 

This is how all the results presented in this article are calculated, including all the 120 

figures.  The results of these calculations are also corroborated by scattering matrix 121 

calculations. While both scattering and transfer formalisms are analytically identical, 122 

the scattering matrix calculations are known to be more stable numerically in systems 123 

with evanescent waves. However, for the case at hand, we find practically identical 124 

results in both formalisms. 125 
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Supplementary Note 2. Characterization of the GHL regime 127 

Both evanescence and localization lead to exponential decay of the fields transmitted 128 

through a multilayer stack. How then can localization be definitively demonstrated in 129 

a medium in which the wave is evanescent in some parts of the sample? This can be 130 

done by showing unique signatures of localized waves are present in an ensemble of 131 

disordered samples. Here we consider three such characteristics: (1) the variation of 132 

the scaling of transmission upon the strength of disorder, (2) the equality of the 133 

variance of the logarithm of transmission and the absolute value of the average of the 134 

logarithm of transmission, as required by the single parameter scaling hypothesis, ad 135 

(3) the presence of spatially localized modes. These characteristics have been 136 

demonstrated in the main text. Here we specifically contrast these properties to those 137 

of typical systems supporting evanescent waves.  138 

1. Scaling of transmission. In the Goos-Hanchen localization regime (see 139 

definition of GHL in the main text), we find that, without disorder, i.e, in a 140 

perfectly periodic multilayer, the transmission and intensity inside the structure is 141 

a periodic function of the thickness of the overall structure, which resembles the 142 

transmission through a Fabry-Perot cavity. Therefore, full transmission can be 143 

obtained even through very thick structures4. The exponential decay in the 144 

(average) transmission of a random ensemble, as seen in Figs. 2a,b of the main 145 

text, only appears when disorder is added. Moreover, the exponential decay of 146 

transmission depends strongly on the degree of randomness of the layer 147 

thicknesses. For example, drawing the layer thicknesses from a rectangular 148 

distribution from the 8 to 12 nm range (instead of the 2 to 18 nm range used all 149 

throughout the article), leads to a substantial increase in the localization length ξ  150 

and weakens all reported localization effects. 151 

2. Statistics of transmission. As shown in Supplementary Figure 1a, below, the 152 

statistical distribution of the transmission through the multilayer sample is log- 153 

normal, which is the typical distribution for localized waves in 1D disordered 154 

systems5,6. In addition, the variance of the log of transmission is essentially equal 155 

to the magnitude of the average of the log of transmission. This feature is in 156 

accord with the single-parameter scaling (SPS) hypothesis, which is a known 157 



characteristic of Anderson localization in 1D6,7. Specifically, we find that 158 

( )var ln 1.05 /T L ξ≈  or better throughout the GHL regime. 159 

3. Modal makeup of field. The field inside the sample does not decay 160 

monotonically, as occurs for evanescent waves. Instead, the intensity profile of the 161 

EM field can exhibit one or more peaks inside the sample, with intensities much 162 

higher than the input intensity. In particular, for realizations associated with high 163 

transmission, such as those shown in Supplementary Figure 1b, relatively high Q- 164 

factors are seen (even for ~ /1000d λ ). The intensity profiles in Supplementary 165 

Figure 2 are the modes of the system. The frequency dependence of these modes 166 

is found to be Lorentzian, and the typical length scale of the modes is comparable 167 

to the value of ξ  found in the paper (for example, in Fig. 2a). These features are 168 

all characteristic of Anderson localized systems (for example, see 8,9). The spacing 169 

between the modes is generally greater than the width of these modes (see for 170 

example Fig 5b and the top of Fig 5a), which complies with the Thouless criterion 171 

for localization9,10.  172 

Note that here and in the main text, we refer to quasi-normal modes as 'modes'. 173 

Quasi-normal modes are the resonances of an open system and exhibit a 174 

Lorentzian linewidth. When referring in the main text to the “first mode”, we 175 

mean the quasi-normal mode with the lowest frequency possible for a specific 176 

angle of incidence. For a potential of finite height and support, such a first mode is 177 

always expected to exist. It is essential distinguish between quasi-normal 178 

transmission modes and the transverse modes of a waveguide, which are a 179 

completely different entity, related to the waveguide profile.  180 

  181 



 182 

Supplementary Note 3. Localization of beams: additional 183 

examples  184 

In any physical experiment, the incident beam is a wave packet of plane waves which 185 

carries finite power, unlike idealized plane waves. Supplementary Figure 3, shows 10 186 

examples of a 2D Gaussian beam incident at the critical angle for different random 187 

realizations of disorder in the structure, all with the same parameters as the structure 188 

as in Fig. 1c.  189 

Due to random nature of localization, there is a significant difference between the 190 

manifestation of localization in different disordered realizations. But notably, all of 191 

these examples have much in common. Mainly, they all show a very strong decay in 192 

transmission. The exact amount of transmitted light, however, changes drastically, 193 

where some examples (sub figure i) show no transmission and some (subfigure b and 194 

d) show a small amount of light can get through. In addition, in most of the figures 195 

there is a visible trapping effect, induced by a localized mode (as in subfigure a and 196 

f), but some figures (as in subfigure i) show almost no transverse propagation of 197 

trapped energy.  198 

 199 
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Supplementary Note 4. Analytic derivation of the scaling 201 

relation of the localization length 202 

Introduction and definitions 203 

Our goal here is to show that, in the vicinity of the critical angle for TIR, the 204 

localization length scales with the wavelength as ~ξ λ  for asymptotically long 205 

wavelengths and therefore that localization remains wavelength scaled in deep 206 

subwavelength structures. The technique relies on the Hamiltonian mapping 207 

method11, where we map the problem of transmission through a stack of layers of 208 

random thicknesses to a trajectory in the plane of yX E= , the transverse electric field, 209 

and 1
z zY ik B−= − , the longitudinal component of the magnetic field. Without disorder, 210 

these trajectories are known to be simple ellipses. Under the influence of weak 211 

disorder, the elliptical trajectories are perturbed and acquire multiple "kicks" from the 212 

disorder. Each kick can change the radius of the trajectory in a random manner, either 213 

increasing it or decreasing it, but on average the effect of disorder accumulates, 214 

manifesting itself in the exponential decay of the field, indicating that the wave is 215 

localized due to the disorder.  216 

In the analytic treatment which follows, the matrix formalism we use differs from the 217 

Abbe formalism described above. In the formalism used here, we use the ,X Y basis 218 

instead of the ,U V  basis (of forward and backward waves). Otherwise, we use the 219 

same parameters and notation as elsewhere in the text. Specifically, we assume that 220 

a bd d d= = , that the range of variations in d is comparable to d , and that d λ< < . 221 

Since the field in the entire bilayer in deep subwavelength structures is almost 222 

constant, it is sufficient to take only the field value at a single point at the beginning 223 

of the high-permittivity layer in each bilayer ,m mX Y . This point is arbitrarily chosen 224 

to be the beginning (leftmost point) of the high-permittivity layer. We further assume 225 

that the odd layer in the mth bilayer, where 2 1n m= − , are high permittivity layers, in 226 

which the waves propagate with Hk ∈R  and that the even layer in the each bilayer ( 227 

2 2n m= − ) has low permittivity with Lk i∈ R .  We only consider waves incident 228 

exactly at the critical angle, cθ θ=  and TE polarization. From the definition of cθ , we 229 



have ,eff
2 2
0 0z xk k kε= − =  and therefore 2 2

, 0z H H xk k kε= − ( ) 2
0H kε ε= − 230 

( ) 2
0Li kε ε= − − ,z Lik= − . A discussion of the behavior for other angles of incidence 231 

appears in the main paper. As a result, the ratio of the layer impedances is 1
a bZ Z i− = . 232 

We then have, ,a b z Hi k dϕ ϕ ϕ= = − = . We emphasize that the matrix solution is an 233 

exact solution of Maxwell's equations.  234 

Following the conventions of the transfer matrix formalism, we do not calculate the 235 

field transmitted through the structure, but rather the field amplitude required at the 236 

input of the structure to obtain a field with unit amplitude at the output. Therefore, 237 

larger radii of a trajectory imply that the field decays significantly before reaching a 238 

(lower) value at the input. Thus, proving that the wave is localized entails showing 239 

that the trajectories diverge. Proving that this localization is due to disorder and not 240 

simple evanescence is addressed above in Supplementary Note 2. This convention has 241 

a significant added benefit of simplifying the interpretation of visualizations of 242 

calculated trajectories.  243 

Using this notation, the field amplitudes in the thn  bilayer are related to the amplitude 244 

of the adjacent cell by  245 

 

1 1              m mm m m m m m m mX A X B Y Y C X D Y+ += + = − +      [5].

 

246 

The factors mA ,  , ,m m mB C D   are the transfer matrix coefficients for the bilayer 247 

structure38. By taking the lowest orders in
d

λ
of these coefficients, we obtain 248 
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[6] 249 

where ( ) ( )j j jmk dm dη = − , with ,Hm Lmd d  are widths of the high and low permittivity 250 

layers at period of index m .   251 



 252 

Unperturbed periodic system 253 

As a constructive example, we begin with the disorder-free case, where we perform 254 

the following canonical transformation:  255 

1

1 1 1

cos sin cos sin

sin cos cos sin .
m m m m m m

m m m m m m

X v Q vP Q vX vY

Y v Q vP P v X v Y

τ τ τ τ
τ τ τ τ

−

− − −

= − = +
= + = − +

[7] 256 

The new coordinates, ,m mQ P , occupy a circular trajectory, instead of the elliptical 257 

trajectory of ,m mX Y . We require that ,Q P  rotate at a fixed angular frequency 258 

21
φ

2
γ = . This value can be found by substituting in the expression for mA , 259 

 , ,m m mB C D   and following the resulting algebra, as in38. Note that for calculating 260 ,ߛ 

higher order terms in φ  must be considered, but not elsewhere in the derivation. More 261 

simply, we can use the following dispersion relation, whose validity for describing the 262 

bulk behavior in our case is shown in4 263 

 

( )2
11 1cos cos cos sin sina b a b b a a bZ Z Z Zγ ϕ ϕ ϕ ϕ− −= − + [8].

  

264 

With ܼ௔ (ܼ௕) the wave impedance in the ܽ (b) layer. Here, γ , the phase accumulation 265 

across a single pair of layers, is related to the effective medium wavenumber via 266 

, /z effk dγ= . Usually, we expect to that ~ φγ , but at critical incidence, the linear term 267 

exactly cancels since 1 1
bb aaZ Z Z Z− −= −  and we find 21

φ
2

γ =  for dλ  . 268 

To solve for ,m mQ P  and find ,v τ , we note that the factors , , ,m m m mA B C D  are greatly 269 

simplified for the disorder-free case, with ( ) ( ) 0L Hm mη η == :  270 
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m m
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ϕ ϕ
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   [9]  271 
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 275 

To find the values of ,v τ , we calculate 276 

 
( )

( )
2 2

1

2 2 2

cos cos sin cos sin sin

cos sin cos sin cos sin .

m m m m m

m

m

m m m m

Q A B C D Q

v A B C D P

τ τ τ τ τ τ

τ τ τ τ τ τ
+ = + − +

+ − + + +
 [10] 277 

In order to obtain rotation with an angular frequency γ , we require 278 

 

2 2

2 2 2
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cos sin cos sin cos sin sin ,

m m m m

m m m m
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τ τ τ τ τ τ γ
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+ − + =

− + + + =
 [11]

 

279 

giving 280 

 

2 22 sin sinvϕ τ γ= [12].

 

281 

Similarly,  282 

 

( )
( )

2 2
1

2 2 2

cos sin sin cos cos sin

sin cos sin cos sin os ,c

m m m m m

m m m m m

mP A B C D Q
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+

−
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[13]

 

283 

giving 284 

2 22 cos sinvϕ τ γ=  [14].

   

285 

Thus, 286 

2
2 2

,        
4

v
ϕτ

ϕ
= = [15].

 

287 

Having found the parameters of the unperturbed trajectory, we would proceed to 288 

calculate the effect of disorder, in a manner similar to 11. However, this calculation 289 

yields the unphysical result of a localization length which is independent of the 290 

wavelength for asymptotically large wavelengths, because the disorder-coupled 291 

magnetic field is much larger than the magnetic field existing in the absence of 292 

disorder. The calculation above shows that in the absence of disorder zB  is of order 293 

2ϕ , which is a manifestation of the wavelength dependence of the effective medium 294 



permittivity, which converges as ( ) 2
eff ~ϕ ε ε ϕΔ = − (see discussion in 4). On the 295 

other hand, the disorder provides coupling of the electric field to the magnetic field 296 

which is of order ϕ  (through the 2 2cosmv B τ  term). Therefore, to properly treat the 297 

magnetic field in the presence of disorder we suggest to change the unperturbed state 298 

and take as an ansatz a different basic state for which zB  is of order ϕ . In what 299 

follows we justify this ansatz further, by numerical evidence.  300 

  301 



  302 

Numerical investigation of the trajectories 303 

The trajectories in the X Y−  plane can be calculated numerically, providing a vivid 304 

image of the system's behavior. We start with the case of near-normal incidence, 305 

where we expect a perturbed-elliptical trajectory which spirals away due to disorder. 306 

Note that in all the figures below, we draw only the real part of the fields. For the 307 

parameters here, each circuit is nearly circular. The same simulation implemented on 308 

a larger multilayer shows the trajectory spiraling out considerably. This corresponds 309 

to the decay of transmission and to localization.  310 

For 55θ =  , closer to critical incidence, the trajectory becomes less regular and more 311 

stretched. The impact of disorder in this case is seen to be stronger, inducing larger 312 

random jumps in the trajectory.  313 

At the critical angle, the effect of disorder becomes dominant and the trajectories are 314 

more complex and random. The jumps in the trajectory are larger and the trajectories 315 

include loops or wild zig zags or may rapidly fly away. Nevertheless, for sufficiently 316 

large N , the trajectory always revolves around the center of the pattern and 317 

eventually forms a highly distorted and elongated spiral pattern. The ratio of the 318 

maxima of X and Y in all trajectories of sufficient length is, on average, roughly the 319 

same.  320 

Unlike the cases of lower angles of incidence, the effect of disorder here is dramatic 321 

and different realizations of disorder produce different and highly distorted 322 

trajectories. The resemblance to an elliptical trajectory is also much weaker. However, 323 

normalizing all all of trajectories in an ensemble to their maximum radius and 324 

drawing them one on top of the other produces a picture that is easier to interpret 325 

visually.  326 

When the wavelength is increased asymptotically, one might expect the trajectory to 327 

become closer and closer to the unperturbed elliptical trajectory. Indeed, for most 328 

angles of incidence, this is precisely what happens. However at the critical angle, the 329 

effect of disorder is not diminished as the wavelength increases. For 410 dλ = ,  the 330 

trajectories remain as distorted in exceedingly long wavelengths. The number of 331 



bilayers, N , required for the trajectory to evolve does increase, but it does not 332 

converge to the unperturbed trajectory.  333 

For example, Supplementary Figure 9b shows a trajectory that is qualitatively similar 334 

to the ones in Supplementary Figure 7, except for the larger ratio of the maxima of X 335 

and Y. To determine the rate of elongation in the disordered system, we can calculate 336 

the ensemble average of this ratio as a function of the wavelength.  337 

Away from the critical angle, the ratio of the maxima of X and Y is almost 338 

independent of the wavelength (Supplementary Figure 10a). At critical incidence, this 339 

ratio is wavelength-dependent, but as our earlier analysis suggested - this dependence 340 

is not parabolic as in periodic structures (Supplementary Figure 10b). In 341 

Supplementary Figure 10c, this ratio still increases in a disordered system at critical 342 

incidence, but at a much slower, roughly linear, rate. Such a linear dependence in the 343 

wavelength complies with our intuition that the size of zB  should be dominated by 344 

the disorder-induced coupling coefficient, which was shown earlier to be linearly 345 

related to the wavelength.  346 

  347 



Scaling of the localization length 348 

In light of the numerical analysis above, we suggest the following ansatz – the basic 349 

trajectory appears to be an ellipse with 4 1 ~v ϕ−  (instead of 4 2~v ϕ−  found for the 350 

unperturbed trajectory). There is a strong intuitive argument for this assumption: the 351 

strong coupling of Y  to X  inflates the trajectory and effectively prevents the 352 

magnitude of zB  from being as low as predicted by effective medium theory. At the 353 

same time, it should also be stressed that this assumption is only expected to produce 354 

the dependence in ߮ and therefore the scaling of the localization length, but not the 355 

exact dependence or other features of the system.  356 

With this assumption, we can now demonstrate that the localization length scales 357 

linearly with the wavelength, as we have found numerically in the main text. To do 358 

so, we find recurrence relations for the radius, defined as, 2 2 2
m m mR Q P= + .  Keeping 359 

only the lowest order terms in ϕ ,  and using 2 ~v ϕ , as per our assumption, we 360 

obtain 361 

( ) ( )( )
1

2
1 2m Hm mLQ Q i m Pmϕ η η

−

+ = + + [16],

 

362 

( ) ( )( )
1

2
1 2 2m H Lm i mP P mϕ ϕ η η+ = − + − [17]. 363 

Thus,  364 

( ) ( )( ) ( ) ( )( )
1

22 2 1 22
1 4 4m H L mH Lm m mm mR R i P i PmQ mϕ η η ϕ η η

− −
+ = + + + + [18].

 

365 

We denote ( )2 2
H H m

mσ η= , the variance of nd  in the high permittivity layers and 366 

( )2 2
L L m

mσ η=  for the low permittivity layers. We assume that no correlation exist, 367 

so that ( ) ( ) 0H Lm mη η =  as stated earlier. We then average over n , using 368 

( ) ( ) 0H Lm mη η= = to get 369 

2
2 21

2
4 cosm

m
m

R

R
ϕ σ θ+ = [19],

 

370 



where 1tan m m mQ Pθ −=  and 2 2 2
H Lσ σ σ= + . Here, we neglect correlation terms such as 371 

( ) sinH mnη θ , since, for long wavelengths, mθ  changes slowly (i.e., over a large 372 

number of layers), whereas Hη  changes rapidly and averages to zero in the absence of 373 

long-range correlation in nd .  Since 2cos nθ  is generally a factor of order unity, we 374 

neglect it for the purposes of scaling and are left with the relation  375 

2 2
1

2

2 1
~ ~

Δ

m

m H

d

R k
ln

R

λξ
σ+

= [20],

 

376 

where ( )1
eff 2Δ H H Lε ε ε ε= − = − . 377 

The linear scaling of ξ  with the wavelength, which is what we find here, is one of the 378 

main findings of this work. It corresponds to the localization length remaining short, 379 

typically a few wavelengths, even for exceedingly long wavelengths, as demonstrated 380 

numerically in Fig. 2a in of the main text. In a similar vein, the scaling with Δ  can 381 

also be verified numerically and goes as indicated in Supplementary Equation 11. It is 382 

interesting to note that it differs from the Δିయమ	 dependence predicted theoretically in 21 383 

for a related scenario.  384 
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Supplementary Note 5.  Effect of interbilayer correlations on 386 

wavelength scaling 387 

In the analysis above, we assumed that ,H Lη η  are uncorrelated random variables. 388 

However, considering the derivation above, we see that if H Lη η=  at every bilayer 389 

then the 1v  term of nB  cancels. Accordingly, in such a case, the scaling we find no 390 

longer holds and we find instead a ( )4
~ / dξ λ  dependence, as demonstrated the 391 

figure below. We do not derive this alternative scaling relation explicitly here – the 392 

derivation and its result for this case are very similar to those in 38. However, the 393 

contrast between the correlated case and the uncorrelated cases is exceedingly large. 394 

For example, two structures which differ only on a deep subwavelength (say, 395 

nanometric) level correlations can have an entirely different optical response, either 396 

reflecting or transmitting light completely, with localization lengths that differ by 397 

many orders of magnitude This is another example to the sensitivity of this regime to 398 

subwavelength details, where certain correlated random stacks exhibit complete 399 

delocalization and other correlations exhibit complete localization.  400 

  401 



Supplementary Note 6. Q-factor distribution for the first mode 402 

In Fig. 6c of the main text, we show the wavelength at which the first mode of a 403 

structure is obtained. We can also find the Q-factor distribution of these modes for 404 

two angles of incidence, one below and one above the critical angle. These Q-factors 405 

are important for potential applications, and can also help us to better understand the 406 

transverse dynamics in Figs. 1b,c, since they indicate the transverse localization 407 

length.  408 

These Q-factors are important for the analysis in the main text for several reasons. 409 

First, because they demonstrate the strength of the localization relative to normal 410 

incidence localization. Q-factors reach 10଺ which is remarkably high for Anderson 411 

localization, especially for thin samples. Moreover, the presence of high-Q modes, 412 

facilitates the enhanced transmission effects we describe in the main text, as well as 413 

the wide spread in the transverse direction of a finite beam. A better understanding the 414 

Q-factor distribution is required to understand these effects.   415 
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