Supplementary Note 1: N = 3 spin chain.

Here we find the gate magnetic field /; required for the realization of the quantum spin transistor in a Heisenberg X X Z

spin chain described by the Hamiltonian
N

- Z h;é
j=1

with N = 3, hy , = 0 and J; = Jy_;. We start with the spin chain of one spin-up and two spin-down particles. Our first
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goal is to transfer the population of the initial state [1]J) to the final state ||/ 1) via the intermediate state ||1]).

In the basis of {|1Jl), [J1)), [J41)}, the Hamiltonian in Supplementary Equation (1) is

A A
H=|_j h+51A -0 |- @)
0 —Jh —h

where J; = J3 and h = ho. The eigenvalues of this matrix read

1 1 2
A\ = §J1A — \/2J12 + <h+ 2J1A> , (3a)
Ao = —h, (3b)
1 ) 1 2
Ns =g A+ 20 + (h+ S hA) (3c)

and the corresponding non-normalized eigenvectors are

h+ A\

’\I/1> = {17_ Jl 71}7 (43)

|\P2> = {1707_1}7 (4b)
h+ A

W) = {1, -2 1, (40)

To proceed further, we expand the initial and final states in the basis of eigenvectors from Supplementary Equation (4), i.e.,

N

) =S al [y, (5a)
k=1
N

) =" a0l |wy) (5b)
k=1

where a,(f) are the expansion coefficients, the index ¢ = 1,2, 3 denotes the expanded spin state. Note that since the Hamil-

tonian is a bisymmetric matrix, the coefficients a,(cl) and a,(f) are related as'-? a](cl) = (—1)k+1a,(€3). Therefore, if we ap-

ply the evolution operator U(t) = e ** to the initial state, we obtain the condition for perfect state transfer at t,y;,



Ul(tout) [T44) = [441), in the following form

N
Dl Mot — (1) ai W) = 0. ©)
k=1
This condition can be rewritten as
()\2 - )\l)tout = (2m1 + 1)777 (7a)
(/\3 — )\Z)tout = (2m2 — 1)71', (7b)

where m; and my are non-negative integers, moreover mg > 0, as we assume that \; < A2 < A3. From these conditions,

we can determine the magnetic field h for the transfer to occur during the shortest possible time, min ¢out = tmin. We obtain

22=M — 1 The corresponding magnetic field is

mlz(),mg:land

X3—A2
1
h=—-=-J1A. )
2
The minimal time interval for transfer is tmin = .55 = ﬁ Note that the energies of the initial |1/ ) and final |||7)
1

states, %Jl A, are equal to the energy of the intermediate state || 1] ), so perfect transfer for a three-level system is achieved
when the intermediate state is resonant with the initial and final states. Upon the transfer of a single spin excitation in a
three-state system, the amplitude of the final state |]]1) is ( — isgn(Jl)) ( — isgn(Jg)) = —1, with J; = Js, which means
that the final state acquires the phase ¢ = 7 (or sign change) relative to the initial state |]J). These are of course obvious

results, but their derivation can be useful for examining more complicated cases with N > 3.

Consider now the spin chain with two excitations. In the basis of {|11]) , [t{1), [{11)}, the Hamiltonian matrix reads

h —Ji 0
H=1_5 —h+51A —J |- ©)
0 —Ji h

Our goal is that the initial state [11]) does not evolve in time, i.e., the control spin at the j = 2 site does not leak out to the
site j = 3 while blocking the transfer of spin excitation from the site j = 1. We thus require that the initial state [11]) (and
state |/11)) be out of resonance with state |1]1). This leads to the condition |J;| < |J1A — 2h|, which, for the value of the
magnetic field in Supplementary Equation (8), reduces to |2A| > 1. This is the Ising limit of our spin-chain Hamiltonian,

which is a rather trivial and impractical case, as it would also require a large magnetic field |h| > |J1|.

Note finally that in order to use the spin transistor for various quantum information tasks described in the main text,

the spin excitation on the gate site(s) should not leak out to the output or input ports, even when alone. Obviously, in the spin



chain with N = 3 and the magnetic field as in Supplementary Equation (8), such an initial state || 1) resonantly couples
to the states |1]) and |}l 1), and therefore the three-site system is not suitable for our purposes. In Supplementary Notes 2
and 3 we show that spin chains with V > 4 can be used to engineer a quantum spin transistor for any value of A, except for

the very special case of A = 0 corresponding to the X X model.

Supplementary Note 2: N = 4 spin chain.

Here we provide details of calculations for the values of gate magnetic field h; required for the realization of quantum
spin transistor in a Heisenberg X X Z spin chain described by Supplementary Equation (1) with N = 4, hy , = 0 and
Ji = Jn—;. We first consider the N+ = 1 and N = 3 spin chain, which has two different interaction coefficients, J; (= J3)
and Jo, and we assume that hg 3 = h. For simplicity, we focus our discussion on a chain with .J; > 0. However, we have

checked that the derived conclusions also hold true for .J; < 0.

In the basis of {|Tl4d), [J144), [L4T4) 5 444 1) }, the Hamiltonian matrix is

—2h—3ihbA —J 0 0
— N ThA  —Js 0
H= . (10)
0 —Jy  3JA —
0 0 —Ji —2h—3hA

We assume that the strongest interaction is between the states [[1])) and [[JT)), i.e., Jo > J;. To utilize this fact,

we prediagonalize the Hamiltonian. To this end, we first find the eigenvalues and eigenvectors of the inner block (gate)

%J2A _J2 1 1 1 1
stheyare A = 3J5(A—2), A = 3J2(A+2), and [G) = A (|11 + 1), [G-) = Z5 (1) = L)
—Jo  3hA

Then we introduce a new basis { [1444), I ([1111) + L)) 5 () = L), [LH) |, and the corresponding

unitary transformation

1 0 0 0
0 % - 0
o=| V* V2 : (11)
1 1
0 5 -5 0
00 0 1




which, when applied to the Hamiltonian in Supplementary Equation (10) leads to

—2h—3hA o5 ~ 5N 0
1 1 1
N —Ln InA—g 0 —L
= V2 ? 2 . (12)
_%Jl 0 %J2A+ Jo %th
~h T 2h — 3 oA

Note that in the limit of J; — 0 this Hamiltonian is diagonal, with the energy levels

A\ = —2h — %JQA, (13a)
-1

Ay =S (A - 2), (13b)
-1

)\3 = §JQ<A + 2), (130)
- 1

A= —2h — SDA. (13d)

We can now find magnetic fields h needed to achieve perfect spin transfer. Spin excitation transfer can be obtained if there
are three levels resonant with each other, i.e., either 5\1,4 = 5\2(: Ay)or 5\174 = 5\3(: A_). The two values of the magnetic

field that satisfy these conditions are

}u:%hﬂ—AL (14a)
ho = —%Jg(l +A). (14b)

Hence, for any A it is possible to reduce this spin chain to an effective three-state system.

To verify that (nearly) perfect transfer is indeed achieved, we use the same approach as for the three-spin case. The

eigenvalues of the Hamiltonian in Supplementary Equation (10) are

1 1 ?
A :—QJQ—h—w% (1= 5201-2)) (159)
1 1 ?
o= gl —h— [T+ (h+2JQ(1+A)> ) (15b)
1 1 ?

1 1 2
/\4:2J2—h+\/J12+ <h+2J2(1+A)> : (15d)



and the corresponding non-normalized eigenvectors in the basis of {|T{L)) , [{TI4), [T, 44 1) T are

vy =1 JE+ (1= 3A)J2+ A3) Jo(1— FA) + A . (162)
’ Ji (A hA = \) ’ Ji Y
W) = 41 JE+ Jo((1+ 3A) T, — Ag) Jo(143A) — A . (16b)
’ Jl(%JgA —2) ’ Ji ’ ’
W) = 1 JE+ T2 (1= 3A) 2+ A1) Jo(l—5A)+ X\ ) (166)
’ Ji (3T — A3) ’ Ji )
’\I/4> _ 1 J1 +J2 ((1+ IA)JQ—)\Q) JQ(]."’%A) —)\2 1 (]6d)
’ Ji (3T — Ay) ’ Ji ’
As before, we expand the initial and final states in the basis of eigenvectors from Supplementary Equation (16),
N
1
) =3 o) |y, (17a)
k=1
l 4
) =3 o ). (17b)
k=1

Since the Hamiltonian in Supplementary Equation (10) is a bisymmetric matrix, the expansion coefficients a,(;) are related

as!+? agl) = a§4), agl) = —agl), aél) = a:(f), afll) = —afl ). Hence, the necessary and sufficient conditions for the state

[1444) to evolve into the state ||])1) during time ¢, are
(/\k—H — )\k)tout = W(ka + 1), (18)

where my, is a positive integer.

We now use the values of the magnetic field from Supplementary Equation (14) to determine the fastest transfer time,

tmin = 3y, Where 6\ is the energy difference between the equidistant levels. Firstly, we take h.,, for which we obtain

No— M =J1+Jo—/JE+ T3~ Jy, (19a)
)\3—)\2:J1—J2+\/J12+J22%J1, (19b)
M—A3=—J1+Jo+\/JZ+ J2 =~ —J1 + 2. (19¢)

We see that for J;/Jo < 1 the lowest three energy levels of the system are equidistant, with the difference A = .J;, and

the highest energy level lies far away from the others. That is why we can expect nearly perfect transfer at time ¢, = Jll

Secondly, we take h_, for which we have

A—AN=Jy—J1 + J2+J2%2J2—J1 (20a)

A3— A =J1 —Jo+ Jl —i—JZ%Jl (20b)

HHH

M—A3=J1+Jy — Jl +J2%J1 (20¢)



with the higher three levels equidistant and the lower level is much further below the other three.

Let us now illustrate our findings using the particular values of A = —1 and h_ = —%Jg(l + A) = 0. The

corresponding normalized eigenstates are obtained from Supplementary Equation (16)

1
|Uy) = {JI,J2+\/J12+J22,J2+\/J12+J22,J1}, (21a)
2/ T2+ T + Do/ TTH T3
1
U2) = 5 41,1, -1, 1}, (21b)
1
|U3) = {Jl,J2\/J12+J227J2\/J12+J22,J1}7 (21¢)
2\/ T2 + T — Jo/TE+ T
1
|\I/4> = 5{11_1717_1}7 (21d)
and the spin states expanded in this basis are
1 J J
T =5 - : , (22a)
IHM—} Jo+\/J: + J3 L Jo—/TF+ T3 (22b)
2
\/J2+J2+J2\/J2+J2 \/J2+J2 T
) = 5 v (22¢)
1 J
L) = - -1, - 1y . (22d)
¢ﬂ+ﬂ+hdﬂ+ﬁ I+ T~ D JTE T
In the limit of J; /Jy < 1, these expressions reduce to
1 J
) =~ 5 {fl 1,V2, 1} , (23a)
v
1
)~ {\f 1} | (23b)
v
1
) ~ 5 {f : f ,1} (23¢)
2
1 J
) = 5 { fl ~1,V2, - } . (23d)
2 v

We see that for all spin states one of the coefficients of the expansion in the basis of energy eigenstates is much smaller than
the other three. Hence, we indeed have an effective three-level system for spin transfer between the input j = 1 and output
j = 4 ports via the intermediate resonant || G_ |) state. In the main text, we use the following notation for such input and

output states:

|T¢J’\L> = ’T>in ’0>gate ‘\L>out ’

|N¢T> \L> ’ >gate |T>out



Note that if we place a spin excitation in the non-resonant |G ) state of the gate (sites 2 and 3), it will stay there indefinitely
(assuming no energy relaxations) due to the large energy mismatch ~ 2.J5 to the other states; such a state in our notation

would be

|\L G+ i’> = |\L>in |1>gate Hf>out :

Recall that we set the gate magnetic field to h_. If, instead, we chose h then the roles of the |G_) and |G ) states
of the gate would be interchanged, i.e., || G |) would be the intermediate resonant state for the spin transfer between
M in 10) gate ) out @04 [ 1)y 10) gate [T oue> While [J G 1) = [, [1) gate ) our Would be the trapped (non-evolving) state.
The only difference now is that, upon the spin transfer, the output state will acquire the phase shift ¢ = 7 (sign change)
relative to the input state, since the symmetric resonant intermediate state couples to the input and output states with the

same constant —%Jl, see Supplementary Equation (12).

Using the derivations above, it is straightforward to analyze chains with J; < 0. The only difference is that in
this case the energies \; in Supplementary Equation (15) should be reordered to form an increasing sequence. When this
is done, we take the same steps as before and conclude that for J; < 0 it is also always possible to construct a three-
level system. To illustrate this case, we consider the example from the main text with h_ = 0, for which we obtain
Xo(x Jo/2 — | J1]) < Ai(x J2/2) < (= J2/2 + |Jh]) < A3(x~ —J2/2). We see that the lowest three energy levels
are equidistant leading to perfect state transfer at ¢,,,;, = 7/|J1|. Note also that from the Hamiltonian in Supplementary
Equation (12), we have that the coupling constants :F%J 1 of the intermediate antisymmetric state || G_ |) to the input and
output states have opposite sign. This means that upon the transfer of the single spin excitation from the input to the output

ports, the amplitude of the final state (—¢)(z) = 1 is independent of the sign of .J;.

Consider now the two-excitation case, Ny = 2, N| = 2. In the basis of {|T1]]), [T}1]),

T, AT, 1),

[4411)}, the Hamiltonian H is

(=J1+ 5J2)A —Jo 0 0 0 0
—Ja (Jl + %J2)A —J1 —J1 0 0
0 —Ji (J1 — 2 J2)A —2h 0 —Ji 0
, (24
0 —J1 0 (Jl — %Jz)A—FQh —J1 0
0 0 —Jp —Jp (J1+ 3J2)A —Js
0 0 0 0 —Jo (=i +ih)A




By construction, the exchange interaction Jo between the gate sites 7 = 2 — 3 is the strongest. We again prediagonalize the

Hamiltonian and change the basis to

with |G4) = %(H@ + [41)) and |G-) = %(H@ — |41)) being the two eigenstates of the gate part of the chain. Using

the unitary transformation

1 1
57 00 O 0
1 1
VARG 00 O 0
0 0 1 0 O 0
0= ; (25)
0 0 01 0O 0
1 1
0 0 00 57
1 1
0 0 00 VRG]
we transform the Hamiltonian in Supplementary Equation (24) into
—J2(1— 3A) —J1A —%Jl —%Jl 0 0
—J1A Jg(l + %A) %Jl %Jl 0 0
N ~5h T3 (J1 — 3 J2)A —2h 0 ~75h T
H= . (26)
~5h T 0 (Ji = 5h)A+2h  —Z5; ~5h
0 0 —%Jl —%Jl —Jo(1 — A) JiA
0 0 —%Jl —%Jl J1A Jo(1+3A)

We place one (control) spin-up in the gate, either in the state |G1) = |1) if we set the gate magnetic field to h_,

gate’

or in the state |G_) = |1) if we setit to hy. As stated above, the control spin-up then cannot leak out of the gate, i.e.,

gate’

out*

in |1) gate ) out 18 stationary. Next, we place the target spin-up on the site j = 1, obtaining the state |1);, |1)gatc [4)
We now verify that this state does not evolve since it is non-resonant with all the other states to which it can couple with

rates ~ J1 < Jo.

Assuming h_ = —$.J5(1 + A), the energy of the initial state [t G |) is

< 1
Mapl = —J2 (1 - 2A> , 27



while the energies of states |1|{1) and || 11]) are

~ 1 1

)\'NiT ~ —§J2A —2h_ = Jo (1 + 2A> , (28a)
~ 1 3

)\iTTi ~ —§J2A +2h_ = —Jy <1 + 2A) . (28b)

Unless A = 0, the initial state [T G4 |) is highly non-resonant with all the other connected states. State || G 1) has of
course the same energy as |T G |), but these states are not directly connected via the first-order spin-exchange interaction.
The second order couplings between these states via the non-resonant intermediate states |}11)) and [1//1) detuned by
6Xa = 2AJ and 0\, = —2.J5 have the amplitudes JP = (J1/v2)%/(—2AJ3) and Jéz) = (J1/v/2)%/(2.J5), respectively,
which are both small compared to JJ; < .Jo. During the transfer time ¢oyt = 7/.J;, the probability of transition [t G+ |) —
| G4 1) is then (2JPtoye)? = (7/2)%(J1/J2)?, where we took A = —1 and the factor of 2 comes from the two transition
paths having the same amplitude Jf) = JIEQ) = J®. Hence, this transition probability is highly suppressed and can

therefore be neglected, which is verified by our exact numerical simulations [see Fig. 1c of the main text].

Similarly, for hy = $.J5(1 — A), the energy of the initial state [t G_ |) is
~ 1
)‘TG—i = Jy <1 + 2A) , (29)
while the energies of states |1/|1) and || 11]) are
- 1 1
)\TiiT ~ —§J2A - 2h+ = —J2 (1 - 2A> 5 (303)
N 1 3
)‘iTTi ~ —§J2A +2hy = Jo <1 - 2A> , (30b)

and again we have a non-resonant initial state |1 G_ ) which it is not directly connected to || G_ 7).
Supplementary Note 3: N = 5 spin chain.

Here we provide details of calculations for the values of gate magnetic field h; required for the realization of quantum
spin transistor in the Heisenberg X X Z spin chain described by Supplementary Equation (1) with N = 5, h; , = 0
and J; = Jy_;. The five-spin chain does not differ much, in principle, from the four-spin chain. So in the spirit of
Supplementary Note 2, we first determine the values of magnetic field for which spin excitation transfer is achieved in the
Ny =1, N = 4 spin chain, characterized by the two interaction coefficients J; and .J», with the condition Ji/Je < 1.
However, the magnetic field in the middle of the chain might not be the same on different sites, and we therefore assume:

h2:h4:h’andh3:h.



In the basis of {114, [T, [ S [LAL) | [L-A) ), the Hamiltonian for this system is

—2h — h — LA
—J

H = 0

—J
—h
—Jy

0

Ty
h —2h' + (JQ — Jl)A
—Js

0

—Jy
—h

—J

—J

—2h' — h — JoA

€19

By assumption, the exchange interaction is the strongest between the states |[ 1) , [{4 1) 5 [J44 1), so we once again

prediagonalize the Hamiltonian by finding the eigenvalues and eigenvectors of the gate matrix

—h —Ja 0
—Jo h-— 2 + (JQ — Jl)A —Jo |- (32)
0 —J2 —h

We write the eigenvalues as

1 1 2
Ay = —h' + §(J2 - J1)A+ \/2J22 + (h -+ 5(]2 — Jl)A) , (33a)
Xo = —h, (33b)
1 1 ?
A= —h'+ i(JQ — Jl)A — 2J22 + (h —h'+ §<J2 — JﬂA) , (33¢)
and the corresponding normalized eigenvectors in the basis of {|Tl{), [J1]), [{41)} are
1
Gy) = Ja, —(h + Ay), J2}, 34a
G+ \/2J22+(h+>\+)2{ 2, —(h+Ay), Ja} (34a)
1
Go) = —1{1,0, -1}, 34D
G_) = Ja,—(h+ A2), J2}. 34c
G-) \/2J22+(h+/\_)2{ 7= )52} (340

We introduce a new basis {|TJJl1), [ G+ 1), |4 God), |4 G- |), |[{441)} and the corresponding unitary transformation

1 0 0 0 0
J2 _ h+>\+ J2
V273 +(h42+)? V2024 (h+A5)2 /2034 (htAy)?
v v -7 : 35
0 V2 0 7 0 (35)
Jo o h+X_ Jo 0
V2ET(A)2  \RIE(h A )? 272+ (Ao )2
0 0 0 0 1




As before, the transformed Hamiltonian is nearly diagonal when J;/Jo < 1,

OW —h—JA 0 0 0 0
0 A, 00 0
H =~ 0 0 X 0 0 (36)
0 0 0 A 0
0 0 0 0 —20—h—RA

To achieve resonant transfer between states 1)) and ||].l{T), we need to find the values of magnetic field so that one of
Ai, A_or \g is equal to —2h' — h — JyA. For instance, from the condition —2h' — h — JoA = g we find b/ = —%JQA and
any h. In this case, the spin transfer goes via the resonant intermediate state || G ). The condition —2h' —h — JoA = A,

can be satisfied if

J2 1
W=—"2___ _"LA & h<—JA. 37
2(h + JoA) 277 2 7
Alternatively, the condition —2h' — h — JoA = \_ gives
h/fjig—le&h>—JA (38)
T 2(h+ hA) 277 2

Therefore, depending on the value of h + J2A, the spin transfer goes via either of the states || G ).

Consider now Ny = 2 spin excitations. In the basis of states

LRI R s ) s TR S R S JA) S ) S [ L [40844) , [1H11) ), the Hamiltonian reads

—JiA —Ja 0 0 0 0 0 0 0 0
—J2  2h—20 + oA —Jo 0 -] 0 0 0 0 0
0 —Js JA —J 0 —J 0 0 0 0
0 0 —J1 =20+ (Ji—J2)A 0 0 -J 0 0 0
0 —Ji 0 0 2h —Ja 0 0 0 0
H = —hl+ v (39)
0 0 —Ji 0 —J2 20+ (Ji+J)A —J1 —Jo 0 0
0 0 0 —J1 0 —Ji LA 0 —Ja 0
0 0 0 0 0 —Ja 0 2 —J1 0
0 0 0 0 0 0 —J2 —J1 2n—2K0 + A —Jo
0 0 0 0 0 0 0 0 —J2 —JiA

where I is the identity matrix. We prediagonalize the gate part to obtain the new basis

{1 G 1) 1 Go by 11 G 1) 1) S |4 G 1) [E Go 1), [4 G 1), 1L G 1), 1L Go 1), |4 G 1)}, where G g are
obtained from G p via the replacement 1<+|. We place the control spin excitation at the gate in one of the states |G+ o)
which is different from the one we chose via the magnetic field above for the resonant transfer. This spin then remains

stationary since it cannot leave the gate due to the energy mismatch ~ Js > Ji. It also blocks the resonant transfer of the



target spin from site 7 = 1 to site j = 5, which cannot overcome the energy mismatch to the double excitation states |G_'i10>

of the gate.
Similar arguments can be used to construct a spin transistor with longer chains, as outlined in the main text.

Supplementary Note 4: implementation of the X X 7 spin chain with strongly interacting

atoms.

Here we outline a procedure®™ to map a system of strongly interacting atoms confined in a 1D trapping potential onto the
Heisenberg X X Z spin model. To this end, we consider a two-component Bose gas of atoms. Denoting the components as
spin-up and spin-down, the total number of atoms is N = N; + N,. The strong contact interaction between the atoms is

modeled by the Dirac delta function potential, and, hence, the Hamiltonian is (A = 1)

Ny Ny
Hotom =Y | Z Ho(z0;) + 222 Z(S Zoj — Tay) 9N £ dlary —auy) Z ZB o)), (40)

o=1l j=1 L i=1 j/=1 o=t j=1

where Hy(z) = L%y

T V(x/L) is the single-particle Hamiltonian in a one-dimensional trapping potential V' (z /L)

mL?
with a characteristic length L, z, ; is the coordinate of the jth particle with spin o = {1, |}, m is the mass assumed equal for
all particles, B(x) is a spatially inhomogeneous magnetic field, and the Pauli ol operator acts on the spin of the jth particle.

The interaction strengths are g+ = g+ = g > 0 and g4+ = kg, where the parameter x > 0 determines the interspecies

interaction for bosonic atoms, while kK — oo can be seen as the fermionic limit.

In general, the N-particle eigenstate of the system can be written as >*

U= Z akd(xp,(1)s---» T, (v)) Yo(21, - TN), 41)

where the summation runs over all N! permutations P, of coordinates, a; € R are the expansion coefficients which depend
on the ordering of particles, 6(z1,...,2i,...,2j,...,2n) = lif 1 <29 < --- < 2; < -+ < xj < --- < xy and zero
otherwise. The function Wy, is the fully antisymmetrized N-particle wavefunction, i.e., Slater determinant constructed from
the single-particle solutions of the Schrodinger equation for a particle in the potential V' (z:/L). As such, ¥ describes the
system of IV identical fermions that has energy Ey. Note that Ey is M (Ny, N|) = N!/(N4!N,!) fold degenerate, since the
energy does not depend on the particle ordering. For small but finite 1/g, the N-particle energy of the interacting system

can be written in linear order in 1/g as **

12 V(4 + 205+ 2Dj)a % 12k 05 o= L (B p 1), - wpk(N))‘Po\B(%,j)ffg\‘I’o>

Ei‘i(lNT’NU a2 9 CATIY Zk az ’

E=F (42)



< M(N,~1,N;—1) 9 o~ =M(N,Nt—2) o  —M(N,—-2,Ny) 5
where A; =3, (ajik = bji)* C5 = Dy G and Dj =37 d3,.- Here a

y 1 denote those

Jl
coefficients ay, in the expansion in Supplementary Equation (41) for which x4 is at position j followed by x| at position
J =+ 1. Similarly, coefficients b;;, correspond to x; at position j followed by x4 at position j + 1, coefficients ¢, correspond

to x4 at position j followed by x at position j + 1, and coefficients d;;, correspond to x| at position j followed by z at

position j + 1.

The geometric factors «; depend on both the total number of particles and the single-particle solutions of the

Schrodinger equation for a particle in potential V'(x). An explicit expression for «; reads

1[I, doib(ay, . . wn)d(a1 — 2;)(000)?
m? [TV, dzib(z1, ..., 2n)|o(z1, ..., 2N) 2

a; = (43)

where 0¥ = (g—‘i’f) , 1.e., one first takes the partial derivative of the non-interacting N -particle wave function ¥
T1=TN

with respect to 1 and then sets x1 = xy.

For strong interactions, g > 1, the Hamiltonian in Supplementary Equation (40) can be mapped onto the Heisenberg
X X Z spin model Hamiltonian 4, cf. Supplementary Equation (1), with

Azl—g, (44)

K
Jj=-, (45)
9

_ ST daib(an, . an) [ Wo (@, - an) [ Bl))
[TIY, daib(z, ..., xn) | Wo(ar, . .., zn)|?

(46)

Hence, the shape of the one-dimensional confining potential will determine the exchange interaction coefficients J;.

We note that the form of the resulting spin-chain Hamiltonian depends on our choice of the phase of 0(x1, ..., zn)Wo.
For instance, if in Supplementary Equation (41) we choose |¥| instead of ¥, then we obtain the spin-chain Hamiltonian
of the form 3
N vl
. — — i
Hygy| = D hjol =5 > Jjl-ololt — ojol™ + Aolol ™). @7)
Jj=1 J=1
This Hamiltonian is related to H in Supplementary Equation (1) through the unitary transformation’ which rotates the spins
at every other site, i.e., afw — —aiy for i = 1, 3, .... This ambiguity in the phase choice does not affect any of the results
presented in the main text, since the observables we calculate depend on the absolute values of ax. However, we note that
for bosonic systems the use of H)y, instead of H can facilitate calculations of such quantities as correlations functions etc.,
since |Wq| is symmetric with respect to two-body exchanges. Other choices of the phase in Supplementary Equation (41),

e.g., Uo — €U, ¢ € R, lead to other spin-chain Hamiltonians that are unitarily equivalent.



For conditional spin transfer in a four-particle spin chain, we require that the exchange coefficients satisfy J; = J3

and J;/Jo < 1, which can be realized in a symmetric triple-well potential V' (x) given by

2

V(z) = —Vp | al@mm0)® 4 gmalata)®| _ gro=ba® (48)

1

v (h = 1). We set the centers of the spatial Gaussians with xg = % and choose

where V and U are in units of ¢ =

the constants a = % and b = %. Such a potential can be realized in an optical trap using appropriately focused,

far-off-resonant laser beams 5.

The shape of the potential for values Vy = 500 and U = 200 is shown in Fig. 2a of the main text. The potential
wells next to the edges are very deep compared to the broad well in the middle. The single-particle wavefunctions are also
schematically shown there. We observe that the two lowest-energy eigenfunctions have nearly degenerate energies and are
located almost fully in the deep wells next to the boundaries of the potential, which translates into small exchange couplings
J1,3. The higher energy wavefunctions are mostly in the shallow middle well, and their large energy splitting corresponds
to strong exchange coupling Jo. In Figs. 2b and 2c of the main text, we show the ratio of exchange coefficients J5/J; as
a function of the parameters U and V' in the potential in Supplementary Equation (48). This ratio can reach rather large
values, for example Jo/J; > 10 for U = 150 — 550 at V5 = 500. Therefore, this potential can be used to attain necessary

parameters of the X X Z model Hamiltonian to realize conditional spin transfer.
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