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Supplementary Figure 1 | Experimental setup. Schematic of an optical setup for measuring a
transmission matrix.



100

Number of iteration

10

1 10 100

/4

Supplementary Figure 2 | Mean number of iteration as a function of M to N ratio () and
SNR. The total number of iterations decreases as y increases. However, because large y requires

a large transmission matrix for a given N, the computation time for each iteration would
proportionally increase.



Supplementary Note 1: Required conditions for the speckle-correlation scattering matrix.

Since the principle of the present method relies on the mathematical moment relations of chaotic
fields [Eq. (2)], it would work, regardless of physical properties of diffuser (i.e. thickness, degree
of scattering, absorption) or the size of transmission matrix (TM) do not matter unless below two
conditions are violated:

1. t,t,,---,t,, andy are randomly diffused (complex Gaussian distributed).

This is the reason why the ‘diffusive’ layer is necessarily required. In the case of an optical
lens, for example, an output light field is well-ordered that does not satisfy the condition 1
as well as Eq. (2), unless the input field is already randomized. In the case of a diffuser, in
contrary, condition 1 can be satisfied unless the input field is intentionally well shaped to
make the output field be ordered.

2. Orthogonality between the column vectors of a TM, ﬁ(t;thzépq

This condition is essential to retrieve a unique and exact solution, i.e. a correct optical field
image of a sample. This assumption of orthogonality has been accepted for transport
through a diffusive layer® 23

We note that regarding the condition 2, there exist (very few) correlated elements ina TM %567
8, Nonetheless, even in such a situation, our method is still valid and can be successfully
implemented by simply changing the basis of interest. Once the transmission matrix is calibrated,
we can freely transform the basis. Then, the unwanted correlation elements can be filtered out by
simply selecting the eigenvectors (or left-singular vectors) u,,u,,---,u, (instead of t,t,,---,t,) as

the basis of interest, which ensures the condition 2. Since the eigenvectors of a diffusive layer are
also randomly diffused in general, they also satisfy the condition 1. Thereby, we can reconstruct a
hologram by constructing a Z matrix:

qu - <U;Uq y*y>r —<U;Uq>r <y*y>r ! (1)
where T :<‘up‘q‘2> =1 in this case. Even if a TM is not a full-rank matrix (i.e. rank < N), it is

still possible to impelement our method by filtering out the null space vectors. However, in such
cases, the effective number of input basis would be decreased down to the rank of the transmission
matrix.



Supplementary Note 2: Theoretical expectation of the intrinsic signal-to-noise ratio

Let us consider light transmission in a diffusive layer with a M x N TM matrix, T. Using singular
value decomposition, we can rewrite the TM as T =USV', where U is a M x M matrix composed
of orthonormal output basis vectors u,,u,,---,u,,; VisaN x N matrix composed of orthonormal

input basis vectors V,,V,,---,V;and Sisa M x N diagonal matrix, whose diagonal components
are singular values whose elements satisfying S, =S, 2---2§.

Then, for an arbitrary input field x =Z’:=1ﬂpvp’ transmitted light can be expressed as
y=Tx= z _B,u,, which implies u}_,y =0. Here, we define 4, =ty and o, =tly", which
are the first and second term of Eq. (3), respectively. Since t, =Tk, , t  can also be decomposed

ast, = Z:zl;(pup; therefore,

p-1 p-1 p-1 @)
N
ap_[zzpu;j£ j le p
p-1 p-1
where y” Z | O,u,. The ‘lpr and ‘ap‘z are calculated as,
2 No, . N 2 2
EAEDWHN N EDWARA
p.g=l p=L @3)

) N . . N 7 .
‘O-p‘ - Z X409 zZ‘ZP‘ ‘5P‘
p.a=1 p-1

where coefficients y, , B, , and 6, are complex-Gaussian arbitrary values. The cross

p H
multiplication terms can be neglected for a sufficiently large N. Using the ambiguity of coefficients,

we can simplify the <‘/1p‘2> and <‘op‘2> as,

(4]}~ < " w} N {2 1t
lof) =Sl )= i o)

1
N

(4)

From tf,tp=zz:l‘;(p‘2, <|;(|2>: <t*t>, and similarly, <|,B|2>:%<yTy>. However, from

Yoy, =ZL‘5P‘Z : <|5|2>:i<y y). Note that 5§ spans whole M-dimensional output space,

M



while y and g spans N subspace. Thereby, the intrinsic root-mean-squared signal-to-noise ratio
can be calculated as follows:

SNR =

intrinsic

=7 (%)

In summary, as the ratio M/N increases, the intrinsic noise from the second term of Eqg. (3)
diminishes. Since M can be easily increased, for example, by enlarging the camera pixel number,
M/N can be increased, and thus the signal-to-noise ratio of this method, which would be
beneficial for practical applications.



[Supplementary Methods]
Detailed implementations of the proposed method.

In this section, the detailed experimental procedure is explained with a flow chart. The following
diagram introduces the notation of our flowchart:

number of element

/ . .
3 \\ normal field form, ¥/
/) conjugated field form, ¥~
N 2
XN ': absolute square form, |l//|
v

explicit variable name

We employed the expressions in MATLAB® for the notation of element-wise multiplication (.*)
and division (./), to represent pseudo algorithms for the procedure.



[Step 1: Transmission matrix calibration]

1.
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Prepare N preset individual basis as input basis

L = total number of SLM pixels

N = number of input basis, <L

NN
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Each preset basis forms corresponding a speckle
pattern on a camera plane.

M = number of output optical modes basis

(number of used camera pixels in current system)
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Transmission matrix
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Introducing a certain reference field, each speckle field was measured based on
a phase shifting interferometry method. This is the transmission matrix.

Blocking a beam from the SLM arm,
the intensity speckle of the reference
field was measured.



[Step 2: Field retrieval using the SSM method]

1.

§ An unknown incident field forms a corresponding
speckle pattern on the camera plane

\
L

bad
<

Measure the diffused intensity speckle of the incident field

¢
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4. ] a
\
NN | % By decomposing the Z matrix, the
- % * y 0= : eigenvector of the largest eigenvalue
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a
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z a \ — Using the coefficients, retrieve the incident field.
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[(optional) Modified GS algorithm]

1. ~ First, use the retrieved field as an initial guess.
o
= Ny
N
NN
%
?\ \
S. X! K,
N N
"
NN
AN
L\&\& Using the transmission matrix, transform the x’,
)(’f into R*y"

Again, using the inverse of

transmission matrix, transform
Ry, ,,into x4, the iteration
stops when the x'; converges.

7
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“

Rt,Rt,, -, Rt

Transmission matrix

'

2 EXP | iL

RV, IRlly] Ry,

Build R*y’, ., by replacing the amplitude part with measured |R||yl,
while conserving the angular part R*y’, .



MATLAB® code for the numerical simulation

% Field retrieval using speckle-correlation scattering matrix (SSM), numerical simulation code.
% Written by KyeoReh Lee (Biomedical optics laboratory, KAIST, Korea), 2016-08-09

% for further information, please refer our group homepage: bmol.kaist.ac.kr

%% Initialization
gamma = 5*5; % M to N ratio. set this square number. only for #visualization. (related to line 29)

SNR =100; % linear signal-to-noise ratio (SNR) to mimic practical noisy situations.

%% Incident field load

load('example_inputField.mat'); % load variable X, size(X) = [N, 1] complex double matrix.
N = numel(X); % set this square number. only for #visualization.

M = gamma*N;

X =X ./ norm(X); % normalize X for simplicity

X2d = reshape(X,[sqrt(N),sqrt(N)]); % 2D reshape. only for #visualization.

%% Transmission matrix (TM) and intensity speckle generation

disp('TM generate start!'); tic;

TM = raylrnd(sqrt(1/2/M),M,N).*exp(1i * random('unif',-pi,+pi-eps(‘double’),M,N)); % transmission matrix generation.
TM_prac = awgn(TM,SNR,'measured','linear’); % add noise upon preset SNR.

disp(['TM generate end! ... Elapsed time: ', num2str(toc),'s");

Y=TM*X; % diffused field y generation.

Y_prac = awgn(Y,SNR,'measured','linear’); % add noise upon preset SNR.
Y_prac2d = reshape(Y_prac,[sqrt(M),sqrt(M)]); % 2D reshape. #for visualization.
lyy = abs(Y_prac).*2; % measured intensity speckle single shot.

lyy2d_osampd = abs(fftshift(ifft2(ifftshift(...
padarray(fftshift(fft2(ifftshift(Y_prac2d))),[2*sqrt(M),2*sqrt(M)]))))).*2; % oversample lyy. only for #visualization.

%% Field retrieval using SSM method

disp('initial guess start!"); tic;

sigma = mean(abs(TM_prac).”2,1); % normalization factor, sigma (see Eq. (2)).

Zmatrix = (TM_prac"™(repmat(lyy-mean(lyy),[1,N]).*TM_prac))./(sigma'*sigma); % Z matrix calculation.

[Xretv0,~] = eigs(Zmatrix,1); % Field retrieval by selecting the eigenvector of the largest eigenvalue.

disp(['initial guess end! ... Elapsed time: ', num2str(toc),'s"]);

Xcorr0 = X" Xretv0/norm(X)/norm(Xretv0); % calculate correlation between X and XretvO.
Xretv0 = Xretv0*exp(-1i*angle(Xcorr0)); % global phase correction. only for #visualization.
Xretv02d = reshape(Xretv0,[sqrt(N),sqrt(N)]); % 2D reshape. only for #visualization.

%% #Visualization

figure(1),

set(1,'Units', 'Normalized', 'OuterPosition’, [0 0 1 1]);

subplot(243),imagesc(abs(X2d),[min(abs(X)),max(abs(X))]),axis image; title('incident amplitude'); colorbar
subplot(244),imagesc(angle(X2d)),axis image; title('incident wavefront'); colorbar
subplot(247),imagesc(abs(Xretv02d),[min(abs(X)),max(abs(X))]),axis image; title('retrieved amplitude'); colorbar
subplot(248),imagesc(angle(Xretv02d)),axis image; title(['retrieved wavefront, Corr. ="', num2str(abs(Xcorr0))]); colorbar
subplot(2,4,[1,2,5,6]), imagesc(lyy2d_osampd,[0,max(lyy2d_osampd(:))*0.5]), axis image; title('measured intensity speckle');
colormap(subplot(2,4,[1,2,5,6]),'gray");

pause(0.1);



%% (optional) Modified Gerchberg-Saxton algorithm
iterMax = 1000; % max iteration number to prevent infinite loop.

iterTor = 107-5; % convergence criteria.

disp('inverse TM calculation start!"); tic;

[U,S,V]=svd(TM_prac,'econ’); % economic svd for inverse TM calculation.
sv = diag(S);

TMinv_prac = V*(repmat(1./sv,[1,M]).*U"); % inverse TM calculation.

clearvars U SV

disp(['inverse TM calculation end! ... Elapsed time: ', num2str(toc),'s']);

disp('Modified Gerchberg-Saxton iteration start!"); tic;
Xcorr_iter = zeros(iterMax, 1); % archives correlation changes during iteration.
Xiter = XretvO0; % set retrieved field for the initial guess.

Xcorr_iter(1) = Xcorr0;

for itr = 1:1:iterMax

Yiter = TM_prac * Xiter; % transform incident field into corresponding diffused field space.
Yiter = sqrt(lyy).*exp(1i*angle(Yiter)); % replace amplitude part with measured intensity.
Xiter = TMinv_prac*Yiter; % return to the incident field space.

Xcorr_iter(itr+1) = X"™Xiter/norm(Xiter); % correlation calculation.

if abs(Xcorr_iter(itr+1)) - abs(Xcorr_iter(itr)) < iterTor % iteration ends when the criterion is satisfied.
break;
end
end
disp(['Modified Gerchberg-Saxton iteration end! ... Elapsed time: ', num2str(toc),'s");

Xiter = Xiter*exp(-1i*angle(Xcorr _iter(itr))); % global phase correction. only for #visualization.

Xiter2d = reshape(Xiter,[sqrt(N),sqrt(N)])./ norm(Xiter); % 2D reshape. only for #visualization.

%% #Visualization

figure(2),

set(2,'Units', 'Normalized', 'OuterPosition’, [0 0 1 1]);

subplot(241),imagesc(abs(X2d),[min(abs(X)),max(abs(X))]),axis image; title('incident amplitude'); colorbar
subplot(242),imagesc(angle(X2d)),axis image; title('incident wavefront'); colorbar
subplot(245),imagesc(abs(Xiter2d),[min(abs(X)),max(abs(X))]),axis image; title('retrieved amplitude'); colorbar
subplot(246),imagesc(angle(Xiter2d)),axis image; title([retrieved wavefront, Corr. ="', num2str(abs(Xcorr_iter(itr+1)))]); colorbar
subplot(2,4,[3,4,7,8]), plot(abs(Xcorr_iter(1:itr+1))), title(num2str(itr))

pause(0.1);
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