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Supplementary Figure 1. Computing η for different values of pmin and pmax. From the Methods section
we see that η may be computed from one target set size to another (which we call pmin and pmax). To ensure
that we compute a value of η that describes the entire network, we keep pmin = 10% and compute values of
log η̄pmin→pmax for larger values of pmax. We see that the distributions as pmax increases becomes ‘sharper’, i.e.,
that the standard deviation decreases, which is shown in the inset plot. After pmax grows larger than 70%, we
see that the improvement of the computed log η̄pmin→pmax slows down so that we do not need to compute ηi for
many additional points.
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Supplementary Figure 2. The ratio of maximum energies is approximately constant. For a network, we
compute each value of η iteratively as the cardinality of the target set is reduced from n to 1. In panel a, we
plot the individual values of logE(p)

max as p is varied and compare the trend to a line with the slope of η if each
value of ηi is assumed constant and a linear fit for the values of logE(p)

max. We see good agreement between the
two methods. In panel b, we plot the individual values of ηi = E(p+1)

max /E(p)
max. The deviation around the mean

is fairly small.
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Supplementary Figure 3. An example of the uses of the state weight matrices. A three node network
where node 1 is the driver, i.e., receives the control input, and node 3 is the target, i.e., the ouput of the system
is the state of node 3, has an initial condition at the origin and a final condition when y f = x3(t f ) = 1. The
solid lines correspond to minimum energy control, i.e., when Q1 = Q2 = ON and R̂ = 1. The dashed lines
correspond to a cost function where a weight of 1000 is included for the derivatives ẋ2(t) and ẋ3(t) and a small
weight is included for the control input, R̂ = 0.001. We can see that the rise of state one is more steep when a
weight to the state derivative is included than for the minimum energy control trajectory. The state and control
input weights can be tuned to achieve a desired state space trajectory.
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Supplementary Figure 4. Scaling of the total energy E(p)
c versus the open loop energy β̃ββ

T
W̃−1

p β̃ββ . We
show that for a variety of networks, real and model, scale-free and Erdos-Renyi, all nodes targeted or only
some nodes targeted, the total energy for an arbitrary maneuver β̃ββ is well approximated by the open loop
energy. Note that this approximation holds best when the controllability Gramian is poorly conditioned. Each
control input is calculated for a cost function where Q1, Q2 and R are appropriately dimensioned identity
matrices. The model networks have the properties: n = 100, γin = γout = 3.0, kav = 5, and nd = 0.5. a Low
average degree, kav = 2. b Moderate average degree kav = 5. The solid line has a slope of one. c Two real
networks.
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Supplementary Figure 5. Average Energy and Maximum Energy. The energy averaged over p control
maneuvers βββ is shown in green for different values of p. The corresponding maximum energy is shown in
red. Note that for any given p, the order of magnitude of the average energy is not much less than the order of
magnitude of the maximum energy.
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Supplementary Figure 6. Effects of different selections strategies for the target nodes. We plot E(p)
max

versus the target fraction p/n for three real networks: the Florida foodweb [1], the Little Rock Lakes region
foodweb [2], and a protein structure [3]. Nodes were removed from the target set in four different ways: (i)
ascending in-degree, (ii) descending in-degree, (iii) ascending out-degree, (iv) descending out-degree. For
each network nd = 0.45.
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Supplementary Figure 7. Model Network: T-test and p-value analysis: Probability density function (PDF)
of the distributon of η of the model networks and their DPR versions. The T-test results are also presented.
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Supplementary Tables2

Real datasets from literature.

Name n l kav d η

Circuit
s208st [3] 122 188 1.54 14 13.16
s420st [3] 252 399 1.58 16 12.78
s838st [3] 512 819 1.6 20 11.86

Citation

Kohonen [1] 3772 12731 3.38 9 6.32
SG [1] 1024 4919 4.8 11 5.37
SW [1] 233 994 4.27 7 5.84

Scien [1] 2729 10413 3.82 13 6.12

Foodweb

Carpinteria [4] 128 2290 17.89 6 7.36
Florida [1] 128 2106 16.45 5 5.14

Grassland [1] 113 832 7.36 3 3.92
LRL [2] 183 2494 13.63 6 4.29

StMarks [1] 54 356 6.59 7 4.74
Ythan [5] 92 417 4.53 3 5.77

Infrastructure

AirTrafficControl [6] 1226 2615 2.13 25 5.11
IEEETG [7] 118 358 3.03 14 5.01

NorthEuroGrid [8] 236 640 2.71 23 6.04
USAir500 [9] 500 5960 11.92 9 4.29

Metabolic

CE_met [10] 1173 2864 2.44 30 13.24
EN_met [10] 916 2176 2.38 28 14.72
SC_met [10] 1511 3833 2.54 22 10.09
TM_met [10] 830 1980 2.39 18 14.09
TP_met [10] 485 1117 2.3 15 11.94

Yu-11 (New) [11, 12] 1144 2293 2.0 16 50.83
CCSB-YI1 (New) [12, 13] 1278 3450 2.7 14 24.06

ProtStruct
prot_struct_1 [3] 95 213 2.24 11 8.95
prot_struct_2 [3] 53 123 2.32 6 7.0
prot_struct_3 [3] 99 212 2.14 10 9.1

Social

EmailURV [14] 1133 10903 9.62 8 4.49
FBForum [15] 899 7089 7.89 9 6.23

Jazz [16] 198 5484 27.7 6 3.36
RHS [17] 217 2672 12.31 6 3.67

UCIrvine [18] 1899 20296 10.69 8 3.56

Supplementary Table 1. Both in the manuscript and here in the supplementary information, we examine how
target control may benefit real networks compiled in datasets found throughout the scientific and engineering
literature. We include the name, the reference, and some basic properties for each of the networks, as well as
our computed value of η . In the table, n is the number of nodes, l is the number of edges, kav is the average
degree, d is the diameter of the graph, and η is the scaling of the minimum control energy as we discuss in the
manuscript and in the supplementary information.
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Supplementary Note 1. Introduction to supplement4

5

Complex networks have recently been used to model many distributed systems such as food webs, com-6

municating robots, financial interdependence, and social networks. While the dynamics of any one of those7

networks are rich in nonlinearities and uncertain parameters, we will restrict ourselves to linear dynamics.8

Linear dynamics are appropriate when a system is operating near a stable point, or if certain assumptions can9

be made. Also, the differences between the specific dynamics make any overarching conclusions unlikely.10

In the networks described before, often controlling every member is unnecessary which makes the control11

action more ‘expensive’, by which we mean they require more effort, than is necessary. For instance, a preda-12

tor population in a foodweb may need to be reduced in order to improve a prey population, but other species13

in the food web may not need be affected. In marketing, an ad agency may want to change the opinion of14

a certain demographic, but not need to reach every member of the social network. A certain task, sent to a15

robotic network may need to be performed by only a subset of its members. There are many control goals that16

can be conceived of for complex networks where the desired final state should only be prescribed for some of17

the members of the network but not for all of them, which we call target control.18

We will show in the following sections that if target control is applicable to a dynamic network, the control19

energy, or effort, decreases exponentially. We first provide a review of the minimum energy control problem20

applied to a linear system with the addition of the concept of targeted states. Next, the exponential scaling21

of the control energy is derived and demonstrated for a moderately sized network (larger examples are con-22

tained in the main text for a number of model and real networks). Third, the energy scaling is shown to apply23

for a control input that is optimal with respect to a more general quadratic cost function (as opposed to the24

minimum energy formulation introduced in section S2). A comparison between the maximum energy and the25

average energy for control actions in the p-dimensional output space is then considered. Finally, we provide a26

referenced table for all the real networks we analyze both here and in the main text.27
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Supplementary Note 2. Minimum energy output control28

29

The fixed-end point minimum energy control problem is well-known in the optimal control field, especially30

for a system described by linear dynamics,31

ẋ(t) = Ax(t)+Bu(t)

y(t) =Cx(t).
(1)

What is less well known is the solution of the minimum energy control problem when the final condition is32

only prescribed to some subset of the states. We introduce the minimum energy target control problem for33

networks where the word target refers to those nodes with a prescribed final condition. The problem is as34

follows:35

min
u(t)

J =
1
2

∫ t f

t0
uT (t)u(t)dt

ẋ(t) = Ax(t)+Bu(t)

y(t) =Cx(t)

x(t0) = x0, y(t f ) = y f

(2)

The matrix A ∈ Rn×n is the adjacency matrix that describes the topology, or inter-connectedness, of the n36

nodes, or states. The matrix B ∈ Rn×m is the control input matrix that describes how the m control inputs are37

distributed to the nodes. The matrix C ∈ Rp×n is the output matrix that relates how each output is a linear38

combination of the states. For the target control of complex networks formulation, we assume that B (C) has39

columns (rows) that are all versors, i.e., each control input, ui(t), i = 1, . . . ,m, is directed towards a single node40

and each output, y j(t), j = 1, . . . , p, is the state of a single node (see Fig. 1a from the main manuscript for a41

graphical description). The dynamical equation of an arbitrary node i is,42

ẋi =
n

∑
j=1

ai jx j +
m

∑
k=1

bikuk (3)

where if there exists at least one coefficient bik 6= 0 then node i is what we refer to as an input node. We will43

assume that the system, (A,B,C), is output controllable so that,44

rank
(
CB|CAB| . . . |CAn−1B

)
= p (4)

Each output is referred to as a targeted node. The solution of the minimization problem in Eq. (2) is found45

using Pontryagin’s minimum principle [19] and is provided here both as a review and to establish how the46

targeting aspect of our specific solution is applied. The Hamiltonian equation introduces n costates ννν(t).47

H (x(t),ννν(t),u(t)) =
1
2

uT (t)u(t)+ννν
T (t)Ax(t)+ννν

T (t)Buuu(t) (5)

From the Hamiltonian equation, the following dynamical relations can be determined,48

State Equation: ẋ(t) =
∂H

∂ννν
= Ax(t)+Bu(t)

Costate Equation: ν̇νν(t) =−∂H

∂x
=−AT x(t)

Stationary Equation: 000 =
∂H

∂u
= u(t)+BT

ννν .

(6)

The stationary equation is used to determine the optimal control input.49

u∗(t) =−BT
ννν (7)

The time evolution of the costates can be determined in a straightforward manner with a final condition of the50

form, ννν(t f ) =CT ν̂νν f , where ν̂νν f ∈ Rp as there are only p final conditions prescribed for the network.51

ννν(t) = eAT (t f−t)CT
ν̂νν f (8)

10



With the optimal control input known, the time evolution of the states can also be determined,52

x(t) = eA(t−t0)x0−
∫ t f

t0
eA(t−τ)BBT eAT (t f−τ)dτCT

ν̂νν f (9)

The prescribed final condition for the targeted nodes is applied to determine the final, constant vector ν̂νν f .53

y f =CeA(t f−t0)x0−CWCT
ν̂νν f ⇒ ξ̂ξξ f =−

(
CWCT )−1

(
y f −CeA(t f−t0)x0

)
(10)

The symmetric, positive semi-definite matrix W =
∫ t f

t0 eA(t f−τ)BBT eAT (t f−τ)dτ is the controllability Gramian.54

If the system (A,B,C) is output controllable, then W is positive definite. When C has p rows (versors), the55

matrix Wp =CWCT , is the output controllability Gramian, and is a p× p principal submatrix of W .56
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Supplementary Note 3. Scaling of µ157

58

Figures 2, 3, and 4 of the main text provide numerical evidence that the energy required for a control action59

decreases exponentially as the number of target nodes decreases linearly. In the following derivation, we find60

that the exponential decay of the energy is a result of a more fundamental property of the output controllability61

Gramians Wp. Here we show that for a broad class of networks and a random selection of the target nodes the62

ratio of the smallest eigenvalues of two subsequent principal submatrices of the controllability Gramian W , by63

which we mean the submatrices Wp and Wp−1 where Wp−1 is Wp after removing one additional row-column64

pair, has a near constant value which we call ηp = min{eig(Wp−1)}/min{eig(Wp)} ≈ constant. This is true65

for a typical sequence of random removals of target nodes (here by typical we mean that each node is assigned66

the same probability of removal and the order of removal is random), while deviations from this behavior are67

possible for specific removal strategies (see Section S6).68

In the main text we have considered the average energy scaling when the cardinality of the target set de-69

creases from j to k, j > k. Here, we consider an iterative process as we remove one node at a time from the70

target set. We say that two target node sets Pp and Pp+1 are adjacent if Pp+1 = Pp∪ i and i /∈Pp.71

A symmetric, positive definite matrix W ∈ Rn×n has principal submatrices Wp ∈ Rp×p, p < n where n− p72

corresponding rows and columns of W have been removed. A principal submatrix, Wp, has diagonal elements73

which are also diagonal elements of the original matrix W . The eigenvalues of Wp, µ
(p)
i , i = 1, . . . , p, are74

ordered such that,75

0 < µ
(p)
1 ≤ µ

(p)
2 ≤ . . .≤ µ

(p)
p (11)

Consider the case when Wp is Wp+1 with one additional row-column pair removed, or in terms of the target sets,76

Pp ⊂Pp+1 which are adjacent. From Cauchy’s interlacing theorem, the eigenvalues of Wp thread between77

the eigenvalues of Wp+1,78

µ
(p+1)
1 ≤ µ

(p)
1 ≤ µ

(p+1)
2 ≤ . . .≤ µ

(p+1)
p ≤ µ

(p)
p ≤ µ

(p+1)
p+1 (12)

The smallest eigenvalue of Wp cannot be smaller than the smallest eigenvalue of Wp+1. We perform an iterative79

process where at each step a row-column pair (without loss of generality here chosen to be the first row and80

first column) is removed.81

Wp+1 = W̄p +dWp

=

[
0 000T

wp Wp

]
+

[
wpp wT

p
000 Op

] (13)

The matrix W̄p is a p× p principal submatrix of Wp+1 with a first row of all zeros and a first column identical to82

that of Wp+1. The matrix dWp consists of all zeros except for the first row which is identical to the first row of83

Wp+1. The scalar wpp is the leading term in Wp+1 and wp is the first column of Wp+1, after removing the entry84

wpp. Note that the the set of eigenvalues of W̄p is equal to the set of eigenvalues of Wp with one additional 085

eigenvalue.86

The smallest eigenvalue of Wp+1, µ
(p+1)
1 , and the second smallest eigenvalue of W̄p, µ

(p)
1 ( which is also the87

smallest eigenvalue of Wp) are used to define the vectors vp+1 and v̄p,88

vT
p+1Wp+1 = vT

p+1µ
(p+1)
1 , W̄pv̄p = µ

(p)
1 v̄p (14)

Pre- and post-multiplying Eq. (13) by vT
p+1 and v̄p, respectively, will provide a relation between the smallest89

eigenvalues of Wp+1 and Wp.90

vT
p+1Wp+1v̄p = vT

p+1W̄pv̄p +vT
p+1dWpv̄T

p

µ
(p+1)
1 vT

p+1v̄p = µ
(p)
1 vT

p+1v̄p +vT
p+1Wp+1W−1

p+1dWpv̄p

µ
(p+1)
1 = µ

(p)
1 +µ

(p+1)
1

vT
p+1W−1

p+1dWpv̄p

vT
p+1v̄p

(15)

The matrix product Wp+1dWp is a matrix of all zeros except for the leading term which is one. Thus, the91

product vT
p+1W−1

p+1dWpv̄p = [vp+1]1[v̄p]1 where the notation [v]1 denotes the first value of a vector. The relation92

between successive smallest eigenvalues can be written explicitly,93
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µ
(p)
1 = µ

(p+1)
1

(
1− [vp+1]1[v̄]1

vT
p+1v̄p

)
= µ

(p+1)
1 ηp (16)

We use the definition of the ‘worst-case’ energy, E(p)
max = µ

(p)
1 to rewrite Eq. (16) in terms of energy,94

E(p+1)
max = E(p)

maxηp ⇒ E(p+1)
max

E(p)
max

= ηp ≥ 1 ⇒ logE(p+1)
max − logE(p)

max = logηp ≥ 0 (17)

The last of Eq. (17) can be written in terms of any two target sets of size k and j, k < j and Pk ⊂P j,95

logE( j)
max− logE(k)

max =
j−1

∑
i=k

logηi (18)

We define η̄(k→ j), which depends only on the two sets of target nodes Pk and P j, as,96

log
(

η̄
j−k
(k→ j)

)
= ( j− k) log η̄(k→ j) =

j−1

∑
i=k

logηi (19)

In general, there are n!
j!(n− j)!

j!
k!( j−k)! =

n!
k!(n− j)!( j−k)! possible choices of the sets Pk ⊂P j from the n nodes97

in the network. In the main text, we focus on the specific case when k = n/10 and j = n which we use to98

approximate η ,99

logE(n)
max− logE(n/10)

max = (n− n
10

) log η̄( n
10→n) (20)

Note that for this specific choice of j and k, there are n!
n
10 !(n− n

10 )!
choices of end point target sets, or in other100

words, values of log η̄( n
10→n). We define η by computing the average of log η̄( n

10→n),101

η ≡ n
〈

log η̄( n
10→n)

〉
, (21)

where 〈·〉 is the mean over all possible values. We show in the main text through both model and real network102

examples that η provides an approximation for E(p)
max such that n

10 ≤ p≤ n, so that we can rewrite Eq. (20) as,103

〈
logE(p)

max

〉
=
〈

logE(n/10)
max

〉
+

p−n/10
n

η

=
p
n

η +

(〈
logE(n/10)

max

〉
− 1

10
η

)

〈
logE(p)

max

〉
∼ p

n
η

(22)

In Figs. 2, 3 and 4 of the main text, the linear model in the last of Eq. (22) is shown to provide a good104

approximation of logE(p)
max. In Fig. 1, from Eqs. (18) and (19) we set k = pmin = n/10, or 10% of the105

nodes in the network, and let j = pmax increase from 30% to 90%, to show how the standard deviation of106

log η̄(pmin→pmax) (that is of the logE(pmax)
max , see Eq. (18)) decreases as we increase the cardinality of the target107

sets. As we consider more values of ηi corresponding to larger values of pmax, the peak of the PDF grows,108

meaning the variation of values of logE(pmax)
max decreases. As we demonstrate the variation of log η̄pmin→pmax109

becomes small when pmax− pmin increases, we can rewrite Eq. (19) as approximately110

(pmax− pmin) log η̄pmin→pmax ≈ (pmax− pmin)〈logηi〉 (23)

where i = pmin, . . . , pmax. It is seen through experiments that 〈logηi〉 is independent of the target set size (a111

generic example is shown in Fig. 2) and can be computed for a given network. We stress that while we have112

not proven ηi is independent of the target node set cardinality i, we have provided ample numerical evidence113

through the exponential scaling as seen in Figs. 2, 3, and 4 in the main text that ηi is invariant. The network114

parameter η can be approximated simply as,115

η ≈ n〈ηi〉 (24)

as ηi can be approximated as being constant. In Fig. 2 we show an example of when ηi is approximately116

constant and how η , the energy scaling value, can be closely approximated by assuming ηi is constant. The117

decrease of the standard deviation for each distribution is shown with respect to pmax in the inset.118
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Supplementary Note 4. The application of the algebraic Riccati equa-119

tion to finite horizon LQ problems120

121

In this section, we derive a closed form solution of the linear quadratic optimal control problem in a122

Gramian-like form similar to the well-known solution of the minimum energy optimal control problem. Note123

that the classical solution to the LQ optimal control problem looks for a control input that is a function of only124

the states by computing approximate solutions to the differential Riccati equation [19]. The difference between125

the classical solution and the solution provided here is that there is an ‘open-loop’ portion of the control input,126

i.e., not dependent on the current state. The closed-form solution is available after a similarity transformation127

as explained below. The LQ optimal control problem is laid out below,128

min
u(t)

J =
1
2

∫ t f

t0

[
xT (t)Qx(t)+2xT (t)Mu(t)+uT (t)Ru(t)

]
dt

ẋ(t) = Ax(t)+Bu(t)

y(t) =Cx(t)

x(t0) = x0, y(tf) = yf

(25)

The problem above considers systems with n states xi(t), i = 1, . . . ,n, m control inputs u j(t), j = 1, . . . ,m,129

and p outputs yk(t), k = 1, . . . , p. We assign the same properties to B and C as we did previously, that the130

columns (rows) of B (C) are all linearly independent versors. The state weight matrix, Q ∈ Rn×n, must be131

real, symmetric and positive semi-definite. The mixed weight matrix, M ∈ Rn×m, must be real. The control132

input weight matrix, R ∈ Rm×m, must be real, symmetric, and positive definite. The time horizon, δ t = tf− t0,133

t0 < tf, dictates the time desired to move the system from an initial condition, defined for every state, to the134

final condition defined for only the targets. We will use Pontryagin’s minimum principle [19] to calculate the135

optimal control input, u∗c(t). The Hamiltonian equation is defined which introduces n time-varying costates136

ννν(t),137

H (x(t),ννν(t),u(t)) =
1
2

xT (t)Qx(t)+xT (t)Mu(t)+
1
2

uuuT (t)Ru(t)+ννν
T (t)Ax(t)+ννν(t)Bu(t) (26)

The method defines three equations that, if satisfied, guarantees an optimal solution with respect to Eq. (25),138

State Equation: ẋ(t) =
∂H

∂ννν(t)
= Ax(t)+Bu(t)

Costate Equation: ν̇νν(t) =− ∂H

∂x(t)
=−Qx(t)−Mu(t)−AT

ννν(t)

Stationary Equation: 000 =
∂H

∂u(t)
= MT x(t)+Ru(t)+BT

ννν(t)

(27)

The stationary equation provides the optimal control input, uuu∗(t),139

uuu∗c(t) =−R−1 (MT xxx(t)+BT
ννν(t)

)
. (28)

What remains is to solve the dynamical system defined by the state and costate equations in Eq. (27). First,140

Eq. (28) is applied to the state and costate equations to make the system homogeneous,141

ẋ(t) = Ax(t)+B
(
−R−1 (MT x(t)+BT

ννν(t)
))

=
(
A−BR−1MT )x(t)−BR−1BT

ννν(t),
(29)

ν̇νν(t) =−Qx(t)−M
(
−R−1 (MT x(t)+BT

ννν(t)
))
−AT

ννν(t)

=
(
MR−1MT −Q

)
x(t)+

(
MR−1BT −AT )

ννν(t).
(30)

The homogeneous Hamiltonian system is the following linear equation,142

[
ẋ(t)
ν̇νν(t)

]
=

[
A−BR−1MT −BR−1BT

MR−1MT −Q −AT +MR−1BT

][
x(t)
ννν(t)

]
(31)
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Note that dynamical equations for the states and costates are coupled but an initial condition is imposed on the143

state variables, while a final condition is imposed on the costate variables. Because of the coupled nature of144

the problem, we cannot compute the state and costate trajectories individually. We use the relation between145

the costate and the state, ννν(t) = Sx(t) + ξξξ (t), where S is restricted to be symmetric, to define a similarity146

transformation for the matrix in Eq. (31). We then obtain,147

[
x(t)
ννν(t)

]
=

[
I O
S I

][
x(t)
ξξξ (t)

]
(32)

The matrix in Eq. (32) has the following inversion property:148

[
I O
S I

]−1

=

[
I O
−S I

]
(33)

We use the relation in Eq. (32) to rewrite Eq. (31) so that ξ̇ξξ (t) is decoupled from the states, x(t):149

[
ẋ(t)
ξ̇ξξ (t)

]
=

[
I O
−S I

][
A−BR−1MT −BR−1BT

MR−1MT −Q −AT +MR−1BT

][
I O
S I

][
x(t)
ξξξ (t)

]

=

[
Ã B̃
Q̃ −ÃT

][
x(t)
ξξξ (t)

] (34)

The matrix Ã is defined as the augmented adjacency matrix because of its similar role in the state costate150

system,151

Ã = A−BR−1MT −BR−1BT S. (35)

The matrix B̃ acts as a control input matrix where ξξξ (t) acts as a pseudo control input,152

B̃ =−BR−1BT . (36)

Our desire is to define S such that Q̃ is a zero matrix and so that the states, x(t), are decoupled from ξξξ (t),153

Q̃ = S
(
A−BR−1MT )+

(
AT −MR−1BT )S−SBR−1BT S+Q−MR−1MT = On. (37)

Note that Eq. (37) is in standard algebraic Riccati equation form with respect to S. There are a number of154

routines which provide a solution to Eq. (37), and we can, with confidence, rewrite Eq. (34) such that ξξξ (t) is155

decoupled from x(t),156

[
ẋ(t)
ξ̇ξξ (t)

]
=

[
Ã B̃

On −ÃT

][
x(t)
ξξξ (t)

]
. (38)

The solution for the alternate costate, ξξξ (t), is written in terms of a final condition, ξξξ (t f ) = ξξξ f .157

ξξξ (t) = eÃT (tf−t)
ξξξ f (39)

As there are p final outputs, we rewrite the final costate condition, ξξξ f = CT ξ̂ξξ f. With the equation for the158

alternate costate trajectory in Eq. (39), the time evolution of the states can be computed.159

x(t) = eÃ(t−t0)x0 +
∫ t

t0
eÃ(t−τ)B̃ξξξ (τ)dτ

= eÃ(t−t0)x0 +
∫ t

t0
eÃ(t−τ)B̃eÃT (tf−τ)dτCT

ξ̂ξξ f

(40)

All that remains is to apply the final output to the time evolution of the targets to define the vector ξ̂ξξ (t).160

yf =CeÃ(tf−t0)x0 +CW̃CT
ξ̂ξξ f ⇒ ξ̂ξξ f =

(
CW̃CT )−1

(
yf−CeÃ(tf−t0)x0

)
(41)

The matrix W̃ =
∫ tf

t0 eÃ(tf−τ)B̃eÃT (tf−τ)dτ is defined as the generalized controllability Gramian. We also can161

define the control maneuver as β̃ββ = yf−CeÃ(tf−t0)x0. The optimal control input is written in terms of the state162

and alternate costate solutions,163
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u∗c(t) =−R−1MT x(t)−R−1BT (Sx(t)+ξξξ (t))

=
(
−R−1MT −R−1BT S

)
x(t)−R−1BT

ξξξ (t)

= Lx(t)−R−1BT eÃT (tf−τ)CT (CW̃CT )−1
β̃ββ .

(42)

The optimal control input is the sum of a linear combination of the states where L =−R−1(MT +BT S) and the164

open-loop portion which, through the final costate condition in Eq. (41), is a function of the initial condition165

of the states and the final condition on the outputs, or more specifically, the targets.166

The energy of the control action is defined as the cumulative effort of the control signal, u∗c(t).167

E(p)
c =

∫ tf

t0
u∗Tc (t)u∗c(t)dt

=
∫ tf

t0

[
xT (t)LT Lx(t)−2xT (t)LT R−1BT eÃT (tf−t)CT (CW̃CT )−1

β̃ββ

+ β̃ββ
T (

CW̃CT )−1
CeÃ(tf−t)BR−2BT eÃT (tf−t)CT (CW̃CT )−1

β̃ββ

]
dt

(43)

When the controllability Gramian is poorly conditioned, which is often the case in the control of large complex168

networks (as shown in Fig. 8 of the main text), it is possible to approximate the energy as the integral of only169

the final term in Eq. (43).170

E(p)
c ≈ β̃ββ

T (
CW̃CT )−1

C
∫ tf

t0
eÃ(tf−t)BR−2BT eÃT (tf−t)dtCT (CW̃CT )−1

β̃ββ (44)

If B̃ = BR̂−1BT = BR̂−2BT , which would be true if R = I for instance, then the integral in Eq. (44) is the171

generalized controllability Gramian and the energy is of a quadratic form,172

E(p)
c ≈ β̃ββ

T (
CW̃CT )−1

CW̃CT (CW̃CT )−1
β̃ββ

= β̃ββ
T (

CW̃CT )−1
β̃ββ .

(45)

The vector β̃ββ which we call the control maneuver, has information about the initial and final condition of the173

system. We see from Eq. (43) that the optimal control input is actually the sum of two distinct components,174

u∗c1 and u∗c2. However our approximation in Eq. (45) only takes into consideration u∗c2. We see that for both175

model networks in Fig. 4a & 4b and datasets from the literature (IEEE 118 bus test grid [7] and a Florida176

food web [1]) in Fig. 4c with various target set sizes, p/n, the open loop control energy E(p)
max ≈ β̃ββ

T
W−1

p β̃ββ177

well approximates the full control energy u∗(t) = u∗c1(t)+u∗c2(t). The solid line has a slope of one in all three178

panels and each of the points nearly lies upon it. In the paper, we construct our cost function such that179

there is a weight applied to both the states and the state derivative. The definition of the time derivative of the180

states from Eq. (1) is used to rewrite the cost function in Eq. (46) in the form of Eq. (25),181

J =
1
2

∫ tf

t0

[
ẋT (t)Q1ẋ(t)+xT (t)Q1x(t)+uT (t)R̂u(t)

]
dt

=
1
2

∫ tf

t0

[(
uT (t)BT +xT (t)AT )Q1 (Ax(t)+Bu(t))+xT (t)Q2xxx(t)+uT (t)R̂u(t)

]
dt

=
1
2

∫ tf

t0

[
xT (t)

(
AT Q1A+Q2

)
x(t)+2xT (t)

(
AT Q1B

)
u(t)+uT (t)

(
BT Q1B+ R̂

)
u(t)

]
dt

(46)

Comparing Eqs. (46) and (25) provides the relations Q = AT Q1A+Q2, M = AT Q1B, and R = BT Q1B+ R̂.182

We consider the formulation in Eq. (46) and provide an example in Fig. 3 of how including a weight on the183

state derivative can substantially change the path of the trajectory. The solid lines correspond to the minimum184

energy trajectories as they were derived in section S2. The dotted lines correspond to the minimum cost185

trajectories derived in this section where a weight has been added to the derive of x2 and x3. We see that the186

state trajectories of nodes 2 and 3 have become straighter (diminishing the length of the trajectory) while the187

input node, node 1, has now experienced a sharp increase at the beginning of its evolution and sharp decrease188

at the end of its trajectory. More careful tuning can allow for many different shaped trajectories.189
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Supplementary Note 5. Average Energy vs Worst-Case Energy190

191

Here we will show that the order of the worst-case energy dominates the energy needed to reach any co-192

ordinate in state space. Consider a system with p targets, with initial condition at the origin and final output193

located on the p-dimension unit hyper-sphere (this hyper-sphere is defined in the p-dimensional subspace of194

phase space corresponding to the p target states). The average energy required to reach a location on the195

p-dimensional unit hyper-sphere is determined from,196

E(p)
av =

1
p

p

∑
i=1

E(p) =
1
p

p

∑
i=1

vvvT
pW−1

p vvvp =
1
p

p

∑
i=1

1

µ
(p)
i

(47)

where the vector vvvp ∈ Rp and ||vvvp|| = 1. Note that the vector βββ , which we call the control maneuver, can be197

written as a weighted linear combination of the normalized eigenvectors of W−1
p ,198

βββ =
p

∑
i=1

aivvvi (48)

We use the summation in Eq. (48) to write Eq. (47) in terms of the eigenvectors of W−1
p .199

βββ
TW−1

p βββ =
p

∑
i=1

p

∑
j=1

aia jvvvT
i W−1

p vvv j =
p

∑
i=1

a2
i

1

µ
(p)
i

∼ E(p)
av (49)

For scale-free networks, we have seen the largest eigenvalue of W−1
p , 1

µ1
, is far larger than any of the other200

eigenvalues and thus the summation in Eq. (49) is dominated by 1
µ
(p)
1

.201

A demonstration of the role 1/µ
(p)
1 has in the average energy is displayed in Fig. 5. The maximum energy202

is calculated in the usual way, E(p)
max = 1/µ

(p)
1 , and the average energy is calculated as in Eq. (47). The203

two curves, for any value of p/n, appear close to each other demonstrating the dominance of 1/µ
(p)
1 in the204

summation of the inverse eigenvalues of Wp.205
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Supplementary Note 6. Target Choice Affects Energy206

207

So far we have investigated how the maximum energy is exponentially dependent on the target set size.208

The relation logE(p)
max =

p
n η + constant, where η is network specific, lets us compute the maximum energy if209

η is known. To estimate η for a network, we have typically computed many values of ηp, p = 1, . . . ,n where210

the p nodes in the target set are sampled randomly and the mean of ηp is taken to be η̄ . We now consider the211

case if the target nodes are not chosen randomly, but instead, chosen with respect to the in-degree or out-degree212

of the individual nodes. Figure 6 further investigates the dependece of E(p)
max on different selection strategies213

for the target nodes. Namely, the target nodes were chosen in order of ascending in-degree (AI), descend-214

ing in-degree (DI), ascending out-degre (AO), and descending out-degree (DO). As can be seen, when these215

strategies are considered, E(p)
max decreases in a way that strongly depends on the particular strategy applied and216

substantially differs from network to network, i.e., it is network specific.217
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