SUPPLEMENTARY NOTE 1: STABILITY ANALYSIS OF THE META-POTENTIAL FOR A SINGLE
TWO-PHOTON DRIVEN KNR

The coherent states |tap), where ag = 1/&,/ K, are eigenstates of the two-photon driven KNR Hamiltonian [1]

Hy = —Kal?a? + £,(a'? + a?). (1)
Following Ref. [1], we will outline a proof of this statement that will serve as the foundation for the analysis in the

Supplementary Notes 2 and 3. We start by applying a displacement transformation D(a) = exp(aal — ad) to Hy, so
that

HY = DY (a)HyD(a) (2)
= [(—2Ka’a* +26,a%)al +he] + [(—Ka® + &)™ + h.e.] — 4K|af?a'a — Ka'?a® — (2Kad™a +hc.). (3)

In the above expression, we have dropped the constant term F(a) = —K|a|* + 5;;0[2 + Epa*? which represents a shift
in energy. We choose « such that the coefficient of a' satisfies —2Ka?a* + 2€,a* = 0, which is equivalent to finding
the turning points of the metapotential of Fig. 1 of the manuscript. This equation has three solutions: (0,0), (+a,0)
corresponding to the dip and two peaks of the inverted double-well metapotential. At (0,0), the Hamiltonian in Eq. (3)
represents a resonantly driven parametric amplifier. Therefore, in the absence of losses, large fluctuations make the
system unstable around (0,0) [2]. On the other hand, at (+ap,0), the Hamiltonian Eq. (3) takes the form

H)( = +ap) = —4K|ag|?ata — Ka?a® — (£2Kapa'?a + h.c.). (4)

With this normally ordered form, we immediately conclude that the vacuum |0) is an eigenstate of I:I(’) in the displaced

frame. It immediately follows that the coherent states |tag) are the eigenstates of the Hamiltonian Hy in the
non-displaced frame. Furthermore, these are degenerate eigenstates as E(ag) = F(—ay).

SUPPLEMENTARY NOTE 2: THE EIGEN-SUBSPACE IN THE PRESENCE OF SINGLE-PHOTON
DRIVE

The Hamiltonian of a two-photon driven KNR with an additional single-photon drive is given by
H=-Ka'alaa + &,(a" + a?) + & (a' + a). (5)
Under a displacement transformation D(«) this Hamiltonian reads

H' = [(—2Ka?a* 4+ 2E,0" + &)a' + h.c)]

(6)
+ [(~Ka? + &)a™? + h.c] — 4K |af?a’a — Ka'?a® — (2Kaa™a + h.c.),

where we have again dropped the constant term E(a) = —K|a|* 4+ &, (a? + a*?) + E(a + o) representing a shift in
energy. Following the same steps as above, the coefficient of the a' terms vanish if

—2Kaa* + 28,0 + & = 0. (7)

For small &, this equation has three solutions of the form (+ag + €,0), (¢,0) with € = £,/4E,. In practice, we assume
that the amplitude of the single-photon drive is small compared to that of the two-photon drive, & <« &, so that
e — 0. If the condition Eq. (7) is satisfied, then the Hamiltonian in the displaced frame reduces to

. &
o = _z—o*a”‘ +he —4K|oata| — Kat?a? — (2Kaa'a + h.c.). (8)
«

Following Supplementary Note 1, |0) is an eigenstate of H' except for the first term which represents an off-resonant
parametric drive of strength |€y/2a*| detuned by 4K |a|?. If |£y/a| < 4K|a|?, fluctuations around « are small and |0)
remains an eigenstate in the displaced frame. Of the three solutions to Eq. (7), only (fag + ¢,0) satisfy the condition
|€0/(Fap +€)| < 4K |+ g +€]?. The third solution (¢,0) is unstable because of the large quantum fluctuations around
this point. As a result, in the non-displaced frame, the eigenstates of the system are |ag + €) and |—ag + €), where € is
a small correction. From the expression for F(«), it also clear that the degeneracy between the eigenstates |ag + €)
and |—ag + €) is lifted by an amount E(ag) — E(—ag) = 4&pap.
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Supplementary Figure 1. Ground state in presence of single-photon drive: Time evolution of the probability of a
single resonator to remain in the ground state (14|p|vg), for different single-photon drive strength. The two-photon drive
strength is fixed to &, = 2K and k = 0.2K.

Increasing &, leads to squeezing due to the first term of Eq. (8). As a result, the states are no longer coherent
or, in other words, they are no longer the eigenstates of the photon annihilation operator a and hence are no longer
protected against the single-photon loss channel. To illustrate this effect quantitatively, we numerically diagonalize
the Hamiltonian in Eq. (5) to evaluate the ground state for a fixed two-photon drive strength &£, = 2K and variable
strength single-photon drive amplitude. We numerically solve the master equation for the Hamiltonian in Eq. (5),
p=—ilH, p] + klapa’ — (aTap + pa'a)/2] with the system initialized to the ground state at ¢t = 0 and & = 0.2K [3, 4].
Finally, from these results, we compute the probability of the system to remain in the ground state (14|p]14) after
time ¢, presented in Supplementary Figure 1. As seen from these numerical results, the ground state is invariant to
single-photon loss for small &, confirming our prediction from the simple theoretical analysis.

SUPPLEMENTARY NOTE 3: EFFECT OF SINGLE PHOTON LOSS DURING THE ANNEALING
PROTOCOL FOR A SINGLE DRIVEN KNR

In this section, we provide a simple theoretical analysis to understand the behaviour of the instantaneous ground
and excited state during the annealing protocol with a single driven KNR in the presence of single-photon loss. The
time-dependent Hamiltonian of this system is given by

. t t
Hi(t) = (1 - ) Soata — Ka'a + () [Eo(a? +a?) + & (al + a)). (9)
T T
In the presence of single-photon loss, the dynamics of the system is described by the master equation p = —Z[H 1ef(t)p—

ﬁﬁ{eﬂr(t)} + kapa®, where & is rate of photon loss and Hy o (t) = H,(t) — ka'a/2. Following Supplementary Notes 1
and 2, we apply a displacement transformation D(«) to H Lef(t)

H{ ¢ = [(—2K0a” + 26, (t)a” + 8(t)a — iga + & (t)a" + hel
(10)

+ [(-Ka? 4+ &,)a™? + h.c] — 4K |af?a’a + d(t)ata — zgaTa — Ka'%a® — (2Kaa'™a + h.c.).

For convenience, the variables have been redefined as 6(t) = do(1 — t/7), Ep(t) = Ept/7 and E(t) = Ept/7T. Again, we
take a to satisfy

—2Kaa" + 26, (t)a” + 6(t)a — iga L E(t) =0, (11)
such that the effective Hamiltonian reads

Hi ¢ = [(-Ko? + &)al? + h.e] — 4K|af?ala + 6(t)aTa — igéﬁd — Ka'%a? — (2Kaa™a + h.c.). (12)

Eq. (11) admits three solutions: ~ (0,0), (£a{,0), with of = /[2E,(t) + 0(t)]/2K. Repeating the procedure described
in Supplementary Note 1 and 2 we find, at short times when 6(¢) > 2&,(t), that |0) is approximately the lower energy,
stable eigenstate of the Hamiltonian. As the evolution proceeds, the strength of the detuning and two-photon drive is



modified as §(t) < 2€,(¢). In this case (0,0) is not a stable eigenstate. On the other hand, at (+ag, 0) the Hamiltonian
reads

g L sy =y @ _ Lo e _ 241 ita—i%ata — Kai?a? — (2Kalaia
H17eﬁf2 (6(t) 22) 20 ol +hee.| —4K|ap?ata + 6(t)a'a iza'a Ka (2Kaya'a + h.c.).
(13)

In the absence of the first term, |0) would be the eigenstate of the above Hamiltonian and hence the coherent
states |taj) the eigenstates in the non-displaced frame. The first term represents a parametric drive of amplitude
C=1]-(6(t)—ir/2)(ap/20af) — /| and detuned by | — 4K |af|?ata + §(t)ata — ik /2|. In other words, the effect of
detuning, photon-loss and single-photon drive is to squeeze the fluctuations around (£aj,0). When §(¢) < 2&,(1),
K < 8&,(t) and £(t) < 4K|aj|® then squeezing is negligible and the eigenstates in the non-displaced frame are
approximately coherent states |+ag). If & > 0, then (—ag), 0) corresponds to the lower energy state, and, on the other
hand, if & < 0, (af),0) corresponds to the lower energy state.

Importantly, the amplitude of the squeezing drive for the lower energy state, || = \—[ (t)/\/2E,(t) + 6(t)/2K]—
ir/2|, is smaller than that for higher energy state, |¢| = | — [0(¢) + |E(t)]/ /2 (¢ )/QK] —iKk/2|. As a result the
deviation of the lower energy state from a coherent state is smaller than the 51mllar dev1at10n of the higher energy state.
For this reason, during the adiabatic evolution, the lower energy state which is the computational ground state is more
stable against photon-jump operation. On the other hand, with §(¢) having the opposite sign, |(| for the higher energy
state becomes smaller than that for the lower energy state. As a result, the instantaneous excited state is then more
stable than the instantaneous ground state. This further exemplifies that stability is related to the nature of quantum
fluctuations rather than to energy. In the main body of the paper, we take 6(¢) > 0 to ensure that the instantaneous
ground state is more stable. One could just as easily have chosen 6(t) < 0 and inverted the Ising problem so that the
desired solution would be given by the excited state which would then be more stable to single photon loss.

SUPPLEMENTARY NOTE 4: EFFECT OF FAST-ROTATING TERMS
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Supplementary Figure 2. Amplitude of field with and without RWA: (a) Time dependence of the field |(a)| in
a two-photon driven KNR initialized to |ao) in the presence of single-photon loss and without making the rotating wave
approximation (RWA). By increasing the ratio of frequency of the two-photon drive w, to the tunneling barrier AU = é'f, /K,
the probability of resonant excitations exponentially decreases and the field amplitude remains essentially constant at its original
value. The red and green lines correspond to wp, /AU = 25 and 500, respectively. The blue line is obtained under the RWA. The
inset shows an enlarged view of the non-RWA results with w, /AU = 500 (green line) and RWA results (blue line). The other
parameters are x = K/100, & = 2K, ap = v/2 and AU = 4K. Wigner function (b) in the rotating frame at time ¢ = 50/&,
under RWA, (c) in the laboratory frame without RWA and w,/AU = 500, and (d) in the laboratory frame without RWA and
wp/AU = 25.

The two-photon driven KRN Hamiltonian of Eq. (1) describes the physics of the system in a frame rotating at the
2-photon drive frequency. To obtain this Hamiltonian, fast rotating terms have been dropped following the standard



4

rotating wave approximation (RWA). As discussed in Supplementary Note 1, under that approximation the coherent
states |+ag) are eigenstates of the system.

The effect of the conventionally disregarded fast rotating terms has been studied in Ref. [5] where it was shown that
these terms can lead to tunneling between |ag) and |—ap). This tunneling is a result of resonant transitions between
|£ap) and other eigenstates of the two-photon driven KNR. Fortunately for the present situation, the corresponding
transition rate decreases exponentially with an increase of the ratio of frequency of the two-photon drive w, and the
tunneling barrier which, in the notation of Supplementary Note 1, is AU = Sg /K [5]. This is because of increasing
difference between the momentum of the states |tag) and the other eigenstates which can resonantly mix with |£ag)
also increases with wp (see Eq. (12) and Fig. (3) in Ref. [5]). Given the parameters that we suggest using, and which
are realizable in the laboratory, this tunneling is in practice negligible.

This can be illustrated with a numerical example. For this purpose, consider the Hamiltonian of the two-photon
driven KNR without the RWA which reads

H(t) = wala — Ka™a? 4 28, cos(wpt)(a'® 4 a?), (14)
with wp = 2w,. In the presence of single-photon loss, the dynamics of the system is described by the master equation

: 1 1
p=—ilH®),p] + & (aﬁeﬁ — 5&*&;& - 2;}@*&) . (15)

Before considering the effect of the non-RWA terms, it is worth pointing out that the presence of damping leads to a
transfer of population between the non-orthogonal states |+ag) at a rate o exp(—2|ap|?). This effect if negligibly
small at large enough o and for the small values of x that are relevant here.

In the presence of the non-RWA terms, the states |ag) are no longer the exact eigenstates of the system. In this
situation, the tunneling rate increases due to mixing with other eigenstates. This is illustrated in Fig. 2a) which shows
(@) as a function of time obtained numerically by solving Eq. (15) with w,/AU = 25 (full red line) and 500 (full green
line) for ap = V2. The dashed blue line on this Figure shows the equivalent result under the RWA. The transition
between the two coherent states is readily apparent for the small value of w,/AU = 25. On the other hand, apart from
rapid oscillations (see inset), the more relevant case w,/AU = 500 is barely distinguishable from the RWA results.

Fig. 2d) shows the numerically evaluated Wigner function in the lab frame at time ¢ = 0 and ¢ = 50/&,. The
appearance of the additional peak and interference fringe pattern at ¢ = 50/&, signifies the enhanced tunneling due
to the fast-rotating terms when w,/AU = 25. On the other hand, when w,/AU = 500, the fringe pattern and the
additional peak is diminished, as illustrated by the Wigner function in Fig. 2¢). In a realistic implementation of this
scheme wy, is typically of the order of a 10 — 20 GHz, whereas, AU is of the order of 10-20 MHz, which means that
wp/AU > 500 and the tunneling due to resonant excitations via the fast rotating terms will not adversely affect the
annealing schedule. Note that the rotations in the Wigner function in Fig. 2c,d) is due to the choice of working in
the lab frame. The rotation in the coherent state is not seen if we instead work in the rotating frame as is shown in
Fig. 2b).

In addition to non-RWA corrections, the Hamiltonian of realistic superconducting circuit implementations will have
higher order non-linearities than Eq. (14). To verify that these higher-order terms do not change the above conclusion,
we consider the time-dependent annealing Hamiltonian for the problem of a single-spin in magnetic field with the full
cosine potential of the Josephson junction,

Ty (1) = weala + i (1) (A — a) — s (2O s (2 L 19
Hy(t) = wea'a + iE(t)( )2{}5J (%) (¢O>+2¢%} (16)

In the above expression, ¢g = ii/2e is the flux quanta, ngS = ¢(a' +a) where ¢ the zero-point fluctuations of the resonator
mode and Ej the Josephson energy. Recall the annealing protocol, in which the external flux ®(¢) is modulated close
to twice the frequency of the resonator to obtain the two-photon drive and its amplitude is adiabatically increased.
In the numerical simulations, we take ®(t) = .o + 0P, (¢t/7)do cos[2w,t + Jot(1 — t/27)] with 7 the final time
and Jg is the initial detuning (as defined in the manuscript). Similarly, the single-photon drive is modulated as
E(t) = 2&0(t/7) sin(wt + dot(1 — t/27)/2). Here & is the single photon drive required to encode the problem of a
single spin in the magnetic field, as described in the manuscript. With these values, the effective two-photon drive
and Kerr nonlinearity are &, = 2E5¢? sin(®,,) sin(6®;)/4, K = 2E;5¢* cos(®,) cos(6®,)/4 and we take &, = 0.2 and
0@, = 0.03. The resonator is initialized to vacuum at ¢t = 0 and its state at ¢t = 7 is determined by evolving under the
Hamiltonian H;(t). The parameters used in the simulation are such that the effective barrier potential AU = 14.45K,
Ep ~ 195K, w, ~ 4984.4K, & = 0.8K, §p = 0.8K and 7 = 250/ K. We numerically simulate the evolution of the state
of the resonator under the annealing Hamiltonian in Eq. (16) and Fig. 3 illustrate the resulting Wigner function in the
laboratory frame at t = 7 for (a) & > 0 and (b) & < 0. For the reasonable choice of parameters made here, the final



state is essentially not affected by higher-order nonlinearities or fast rotating terms. Indeed, apart from a rotation due
to the choice of frame, the result is very close to coherent states and follows the expected dependence of the sign of the
single-photon drive. For & > 0 and &, < 0 the overlap of the final state of the resonator with the coherent states |+a)
where o = 1.37 + 1.444 is 99.92%. This large overlap with coherent states indicates that for wy,/AU ~ 690 the effect of
fast rotating terms is small and do not cause tunneling to the incorrect state, thereby ensuring that a high success
probability of 99.92% is obtained.
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Supplementary Figure 3. Wigner function in the laboratory frame after the annealing schedule: (a) single-photon
drive amplitude & > 0 and (b) & < 0. Evolution is simulated using the full Cosine potential given of Eq. (16). As expected,
the final coherent states for & > 0 and £<0 are separated by a phase of .

SUPPLEMENTARY NOTE 5: ENERGY SPECTRUM AND AVERAGE SUCCESS PROBABILITY OF
PROBLEMS ENCODED ON A SINGLE PLAQUETTE
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Supplementary Figure 4. Evolution of the energy spectrum during the adiabatic evolution: The figure shows the
time-dependent energy spectrum during the adiabatic protocol for the fully connected three spin problem on a plaquette when
the interactions between the spins is (a) anti-ferromagnetic, in which case the ground state of the problem in the physical spin
basis is three fold-degenerate and (b) ferromagnetic, in which case the ground state of the problem in the physical spin basis is
non-degenerate. The energy is measured with respect to the ground state AE = E; — Fy.
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Supplementary Figure 5. Average success probability for all problem instances on a plaquette: The figure shows
the dependence of the average success probability for all fully connected problems on a single plaquette when the adiabatic
protocol is implemented using KNRs (green squares) characterized by single photon loss rate s and qubits (red squares)
characterized by the dephasing rate 4. The total computation time 7 is the same for both cases.

There are eight fully-connected Ising problems for three logical spins with weights J; ; = 1: one where all spins
are ferromagnetically coupled, one where all are anti-ferromagnetically coupled, three problems where two spins are
ferromagnetically coupled, while the coupling to the third is anti-ferromagnetic and three problems where two spins
are anti-ferromagnetically coupled, while the coupling to the third is ferromagnetic. All these problems can be encoded
on a single plaquette by appropriately choosing the sign of the single-photon drive. For example, as shown in the
manuscript, the problem with anti-ferromagnetic coupling between all logical spins is embedded on the KNRs by
applying single-photon drives such that J > 0. Similarly, to embed a problem where all logical spins are coupled
ferromagnetically, all the applied single-photon drives must be such that J < 0. In order to embed the problem
correctly in the LHZ scheme, the four-body coupling must be larger than local magnetic fields [6]. In our case, this
implies Clag|® > J.

To illustrate a particular case, we consider all the logical spins to be coupled anti-ferromagnetically. The ground state
is then sixfold degenerate: {|0,0,1),]0,1,0),|1,0,0),|1,1,0),|1,0,1),|0,1,1)}. In the basis of physical spins, which
map the relative configuration of the logical spins, the ground state is threefold degenerate: {|0,0,1),|0,1,0),|1,0,0)}.
Supplementary Figure 4(a) shows the change in the energy spectrum during the adiabatic protocol with &, = 2K,
C = 0.05K and single-photon drive to all the resonators J = 0.095K. The energy is referred to the ground state. As
expected, at ¢ = 7, the ground state becomes threefold degenerate.

On the other hand, if the logical spins are coupled ferromagnetically, then there are two possible ground states:
{]0,0,0),]1,1,1)}. This implies that, in the physical spin basis, there is a single non-degenerate ground state: |1,1,1).
Supplementary Figure 4(b) shows the change in the energy spectrum during the adiabatic protocol with £, = 2K and
C = 0.05K but with the single-photon drive J = —0.095K on all the resonators.

In a similar way, it is possible to encode all eight problems on the plaquette. We find that, in the absence of
single-photon loss, the average success probability to find the correct ground state with the adiabatic algorithm is
99.7% in time 7 = 200/K. Supplementary figure 5 shows the dependence of the success probability on the rate of
single-photon loss. It also presents the success probability of the protocol implemented using qubits with dephasing
rate 4. The time-dependent Hamiltonian for qubits is designed to have the same minimum energy gap as that with
the JPAs and the duration of the protocol is also chosen to be the same. Clearly the adiabatic protocol with the JPAs
outperform that with qubits in the presence of equal strength noise.

SUPPLEMENTARY NOTE 6: PHYSICAL REALIZATION OF A PLAQUETTE

Josephson parametric amplifiers (JPAs) are arranged in a triangular lattice and coupled together using Josephson
junctions (JJ). As described in the main text, a single plaquette is comprised of four JPAs and a coupling JJ. The JPA is
realized by embedding a SQUID in a resonator and modulating the flux through the SQUID at a frequency close to twice
the frequency of the resonator [1, 7-9]. To implement the adiabatic protocol described in the manuscript (see Eq. (2)
and Methods section in the manuscript), the flux modulation frequency is linearly varied from wp, 1 (0) = 2wy — 2dp at
t =0 to wpi(T) = 2wy — do at t = 7. With an additional single-photon drive, the Hamiltonian of the k™™ JPA can
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Supplementary Figure 6. Illustration of the circuit for physical realization of the plaquette: Four JPAs are linearly
coupled to a mode of a Josephson junction via capacitors. The JPA modes are far detuned from the junction mode so that the
coupling between them is dispersive. The non-linearity of the junction induces a four-body coupling between the JPAs if the
frequencies of the two-photon drives to the JPAs are such that wp,1 + wp,2 = Wp,3 + wWp 4.

then be written as
I:IJPAJc _ Wr,kazdk _ K&f&i + J(t)[e—iwp,k(t)t/2&]‘ + eiwpyk(t)t/Q&] + gp(t)[e—iwp,k(t)t&TQ + eiwpyk(t)t&Q}_ (17)

The Kerr nonlinearity K and frequency w;  are determined by the charging and Josephson energy of the junctions in
the SQUID. The two-photon drive &, depends on the magnitude of the flux modulation.

Consider Supplementary Figure 6 which shows four JPAs of different frequencies (indicated by different colors)
capacitively coupled to a single JJ. The Hamiltonian of this plaquette is given by

4
H=> Hpax+ He, (18)

H. = wealae + gi(alar +alac) + go(afas + aja.) — gs(alas +a
N ~ 2
5 b 1[92 (19)
— by |cos|— < e
o 2\ ¢o ’

where ® = ¢.(al + a.), ¢o = h/2e is the flux quantum, a. (a}) is the annihilation (creation) operator for the mode
across the coupling JJ and ¢, is the standard deviation of the zero-point flux fluctuation for this JJ mode. ® is the
phase across the junction, E; is its Josephson energy, w,. is the frequency of the junction mode and gy is the rate at
which energy is exchanged between this mode and the kth JPA. Following the definition for the mode operators, the
quadratic term oc ®2 has been removed from the cosine. The coupling rate can be expressed as gx = ¢ge?/2C ¢ ¢y in
terms of the coupling capacitor C and the zero point flux fluctuation for the JPA mode (¢x). The total Hamiltonian is
obtained by substituting Eq. (19) and Eq. (17) in Eq. (18).

The frequency of the junction mode is designed to be largely detuned from the JPA modes, such that Ay = we—w;y i >
ge. It is then possible to apply a dispersive unitary transformation U = exp(—i(g1/A1)alar — i(ga/Az)alas +
i(g3/Az)alas + i(gs/As)alas + h.c.) to the total Hamiltonian, so that, to the second order in g; /Ay, the total



Hamiltonian becomes

4 2 9 5, S\ 2

2 2 9k At~ 9k o [} 1 [0}
H ~ E H Ak — G ak> + (wc + ) ala. — E cos| — | += | — ’ 20
k=1< . A" Ag ! b0 2 \ ¢o (20)

4 2 2 274
G 14 9k A 1P
NE HJPAk-_aak>+<w —|—)aa—EJ, 21
k_1< Ay CTA) 41 ¢4 (21)
where

= ¢c (&E - %11 al - 222 ay + Zi ak + %4 al + h.c.) ) (22)

The expression in Eq. (21) is obtained by expanding the cosine term to fourth order.

The central Josephson junction mode is far detuned from the JPAs and is not driven externally so that we have
{a.) = (ala.) = 0. As a result, it is possible to eliminate this mode and obtain a Hamiltonian for the JPA modes
only. Furthermore, in a frame rotating at the frequencies of the two-photon drives, the photon annihilation operators
transform as aj — e~ ek (D5, As discussed in the text, the two-photon drive frequencies are such that wp i # wp.m
and wp 1 + wp 2 = wWp,3 + wpa. As a result, we can eliminate fast rotating terms in the expansion of the last term in
Eq. (21) and realize the plaquette Hamiltonian

4 9 4

3 2 9 ~t 4 d) 91929394 Atata ¢c gkgm AT ~oat

Hlaquette ~ (HJPA,k — —aay ) Er <o (a1a3a3a4 + hec.) — Ay G- (23)
praduette kZ::l Ay g A1 A2 A3A, d)o k;; L AZA2F "

The second part of the first term results in a frequency shift of the JPA modes due to off-resonant coupling with

the JJ and only leads to a renormalization of the energies. The second term in the above expression is the desired

four-body coupling between the JPAs. The four-body coupling strength C' defined in the manuscript can be written

4
in terms of circuit parameters as C' = E]%%. As an example, choosing F;/2m = 600 GHz, ¢. = 0.12¢,
0

g/ A ~ 0.12 we estimate C/21r = 63 KHz. For a typical strength of Kerr nonlinearity K /27w = 600 KHz this leads
to C/K ~ 0.1. The last term gives rise to a cross-Kerr interaction between the JPAs. As discussed in the following
section, if the amplitude of the coherent states forming the computational subspace is large, then this term does not
affect the structure of the energy spectrum.

SUPPLEMENTARY NOTE 7: EFFECT OF THE CROSS-KERR COUPLING BETWEEN THE JPAS

In the computational subspace, the cross-Kerr coupling between the JPAs can be written as, d;&kd;fndm =
lag|*e 10" 6 @ Gy x + const., where oy, is the Pauli operator [1)(0] + [0)(I]. If ay is large then e~4%0* — 0 and
the cross-Kerr term only leads to a constant shift in energy without inducing any errors in the encoding. This can be
confirmed by numerically evaluating the energy spectrum, for example, for the frustrated three spin problem on a
single plaquette. For Clag|® > J, we expect that, at the end of the adiabatic protocol, the ground state is triple-fold
degenerate {|0,0,1),0,1,0),|1,0,0)}, where |0/1) = |+ag). However, in presence of the cross-Kerr terms, we find that
that the degeneracy is lifted by ~ 0.005K if ag = v/2. If, on the other hand, ag = v/3, then the lift in the degeneracy
reduces to 0.0004K. This confirms that as ag increases, the errors due to the cross-Kerr terms decrease.

Furthermore, to ensure that the cross-Kerr terms do not induce additional dephasing in the presence of single-photon
loss, we repeat the numerical simulations for the problem of three coupled spins embedded on a plaquette with these
terms included and determine the average success probability. The numerical simulations are limited by the size of the
Hilbert space and we take ag = V2 with the time-dependent Hamiltonian

H= (1 - i) H; + (i) H,, (24)

where
3 3
H; = (doafar — Kaf’a}) — (Cajadasas + he) —C > afagal,am,
k=1 k,m=1
R 3 3 (25)
HEM2 = "{(1 = fldoafar — Kafla} + Ey(af + af) + J(a] + an)} — (Calalasas + he) — C Y afaral,am,
k=1 k,m=1

Hiixea = *K&fai +¢& ( +a3).
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Supplementary Figure 7. Average success probability for all problem instances on a plaquette with residual
interactions: The figure shows the dependence of the average success probability for all fully connected problems on a single
plaquette with the Zi,m:l a;akainam term included.

In contrast to Eq. (2) in the main text, we have included here the cross-Kerr terms. In addition, we have included
additional detuning to the problem Hamiltonian o (1 — f) in order to remove the above mentioned lifting of degeneracy
for small ap. In the example presented here we use f = 0.7. The average success probability for all the eight
possible problems on the plaquette, shown in Fig. 7, effectively does not change compared to the case when the

3 Sta At .
S alagal,ay, term is neglected.

SUPPLEMENTARY NOTE 8: TUNABLE FOUR-BODY COUPLING WITH A JOSEPHSON RING
MODULATOR

Supplementary Figure 8. Tunable four-body coupling with JRM: The figure illustrates the circuit for implementing
a tunable four-body interaction using a Josephson ring modulator (JRM). Classical microwave drives of equal strength but
opposite phase, as shown with the dark and light arrows, activates the four-body coupling between the JPAs.

An alternative way to implement a four-body interaction in a tunable way is by using an imbalanced shunted
Josephson Ring Modulator (JRM) as illustrated in Supplementary Figure 8. The JRM consists of 3 orthogonal
mutually interacting modes ¢, ¢, and ¢, [10, 11], which also couple with the JPA modes. The Hamiltonian can be
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expressed as

4
H, = wpila, +wyalay +w.ala. + Y > gf(alae + ala:) + Us(da, by, 62). (26)

a=z,y,z 1=1

In the above expression, a, are the JRM mode operators and in terms of the zero point flux fluctuation, zj;a = ¢o(ag+al).
The coupling rate is g = e2¢3/(2C¢a¢:). The potential U; represents the interaction between the JRM modes and is

expressed as
o bs — ¢y> <¢z ) <¢z+¢y) (_qbz )]
U; E; [2 cos ( 200 co 40 + 3Pey | + 2cos 5% cos 4o + Oy ), (27)

where 3®., and Peyt are the unit-less external flux applied to the big and small loops respectively of the JRM. Note
that one should subtract the second order term of each mode from the potential but, for simplicity, we omit these terms
here because the correction to the frequencies are small. We now choose the external flux to be ®., = 7/2 such that

_ Pz ¢ -
Uj = —4Ej cos <2¢0> cos (2(;’()) sin (%) (28)

The above expression for Uy is substituted in Eq. (26) to obtain a complete expression for the coupling Hamiltonian.

It is now possible to provide an overview for the generation of a tunable coupling between the JPA modes: the
frequencies are designed such that the JPA modes are dispersively coupled only to the x-modes, and a classical drive
of frequency wq on the far detuned z-mode triggers the four-body coupling. The z-mode is driven by applying fields
with equal strength, but opposite phases to the capacitors C, and Cy as indicated by the dark and light arrows in
Supplementary Figure 8. Since there is no drive to the y-mode, it can be dropped from the Hamiltonian. As a result,
the total Hamiltonian can be written as

4

A A A L Afa A ata P2 - ol
H =" |Hypak + g5 (0] a0 + alax) + g7 (aha- +alar) | + Eso 6. — Ejoted.. (29)
k=1 205 96¢
Furthermore, if Ax = w; — wrr > g, then it is possible to apply a dispersive unitary transformation U =

exp[—i(g1/A1)alay —i(ge/A2)alas +i(g3/As)alas +i(ga/As)alas + h.c] to the total Hamiltonian. As mentioned
before, the z-mode is driven classically by a field of frequency wq and we therefore replace <ZA)z by the classical amplitude
2¢./n cos(wqt), where n is the number of photons in the mode z. If wg = wp,1 + wp 2 + wp 3 — Wp4 then it is possible
to eliminate the fast rotating terms and the resulting Hamiltonian is

4 T\2
leaquette ~ Z (HJPA,k - (gAkz) &La’k> - Cer(d'{dga‘géﬁl + h.C~)7 (30)
k=1 k

where

Prds 91929394
C'er El\f 4¢0 A A2A3A4 (31)

Note that, in the computational basis, the interaction term erm(didgd:,,&zl + h.c.) can be expressed as
2C;mRelada)6,,10,26,10, 36,4, which is the desired four-body coupling. By taking E; /27 = 860 GHz, g /Ay = 0.12,
¢z/d0 = ¢-/¢o = 0.12 and n = 2.25, it is possible to obtain a four-body coupling strength Cjm/27m = 1.7 KHz. Note
that this is a higher-order coupling compared with the fixed one analyzed in Supplementary Note 4 and therefore is
an order of magnitude smaller. The advantage of this scheme, however, is that it is tunable and that the coupling
strength can be increased by increasing /n, which is proportional to the strength of the applied microwave drive. The
coupling could also be increased by increasing the zero-point flux fluctuations ¢, and ¢..
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