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Supplementary Figure 1: Zero of overpotentials: Electrostatic potentials ψ(z) and
the local densities, nc+(z) and nc−(z), of positive and negative counterions in a half of
polyelectrolyte gel diode (PGD), z > 0, are shown schematically for the cases that the two
electrodes are short-circuited (a). The profiles of electrostatic potentials are symmetric (with
respect to z = L/4) because of the fact that the local densities of counterions are distributed
with the Boltmann distributions. The zero of overpotentials η0 is defined by potential drops
at the surfaces of the electrodes, EL/2/κf , for the cases that the two electrodes are short-
circuited (where EL/2 is electric fields at z = L/2, rescaled by T/e, and κf (=

√
4πlBnf) is

the Debye length due to the electric charges of polyelectrolytes and their counterions), see
also Methods in the main article. The zero of overpotentials is shown as functions of the
(rescaled) thickness κfL of the gels, the black solid curve in (b). The red solid curve shows
calculations by using an approximate equation (supplementary equation (12)).
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Supplementary Note 1: Debye-Huckel approximation

Equation (11) in the main article is treated relatively easily for the cases that there are no

hydrogen and hydroxide ions in the system, nH(z) = nOH(z) = 0. In this case, equation (11)

(in the main article) return to Poisson-Boltzmann equation that has the form

∂2

∂z2
ψ(z) = κ20 sinhψ(z)− 4πlBnf (1)

with equations (4) and (5) in the main article, where ψ(z) is electrostatic potentials in the

unit of the thermal voltage T/e (T is the absolute temperature in the unit of Boltzmann

constant and e is the elementary charge). κ0 (≡
√
8πlBn0) is the inverse Debye screening

length due to freely diffusing counterions (both positive and negative), where n0 is the local

density of positive (or negative) counterions at z = 0. nf is the density of ionic groups of

polyelectrolyte gels. lB (≡ e2/(4πϵT )) is the Bjerrum length, where ϵ is the dielectic constant

of the media (this includes the contributions of polyelectrolyte gels and aqueous solutions

and is assumed to be uniform in the entire volume of the system). The geometry of PGDs

is shown in fig. 1 of the main article. Because of the symmetry of the system, we treat only

a half of the system, z > 0.

We here follow the approaches used by Pincus1 and Yamamoto and Pincus2. Equation

(1) predicts that electrostatic potentials are approximately constant and have the form

ψf = sinh−1 nf

2n0

(2)

in the bulk of the gels (see refs. 1 and 2 for details). We thus expand the right-hand-side of

supplementary equation (1) in a Taylor series

∂2

∂z2
ψ(z) ≃ κ2t (ψ(z)− ψf) (3)

with respect to the deviation of electrostatic potentials from the bulk value ψf and omit
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higher order terms (Debye-Huckel approximation), where κt (≡
√
4πlBnt) is the inverse

Debye screening length due to the positive and negative counterions in (the bulk region

of) polyelectrolyte gels and nt (≡
√
n2
f + 4n2

0) is the sum of densities of these positive

and negative counterions there. Electrostatic potentials ψbulk(z) that are derived from the

approximate equation (supplementary equation (3)) are effective in the bulk region of the

gel, where electrostatic potentials do not greatly deviate from ψf . We thus define this bulk

region by ψbulk(z) > ψf − 1.

In the region, where ψ(z) < ψf − 1, both positive and negative counterions are depleted

(depletion layer). To treat electrostatic potentials in depletion layers, we use Debye-Huckel

approximation that expands the right-hand-side of supplementary equation (1) in a Taylor

series

∂2

∂z2
ψ(z) ≃ κ20ψ(z)− κ2f (4)

with respect to electrostatic potentials, where κf (≡
√
4πlBnf) is the inverse of a length that

does not depend on applied voltages. Electrostatic potentials that are effective for depletion

layers are denoted as ψdep(z) and ψele(z); the subscripts ‘dep’ and ‘ele’ indicate the depletion

layers at the interface between the two oppositely charged gels and at the surfaces of the

electrode, respectively.

We apply the boundary conditions to these approximate electrostatic potentials; electro-

static potentials are zero at z = 0 and electric fields and electrostatic potentials at z = L/2

are EL/2 and ψL/2, respectively (see also “Steady states and boundary conditions” in the

main article). Moreover, approximate electrostatic potentials and electric fields are continu-

ous at the boundaries between the bulk region and the depletion layers, z = zd (and z = ze,

if any). The position of these boundaries are defined by ψbulk(zd) = ψdep(zd) = ψf − 1

and ψbulk(ze) = ψele(ze) = ψf − 1 (see above). This indeed predicts that the local densities

of counterions are very small in the depletion layer at the interface between the two gels,
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and thus negligible to a good approximation, see also Supplementary Note 6. In contrast,

the local densities of counterions are relatively large in the depletion layers at the surfaces

of the electrodes (more precisely, in the region of ψele(z) < 0) because these counterions

are attracted directly by electric charges on the electrodes. Bulk electrostatic potentials ψf

(or, equivalently, n0) are determined by the conservation of the number of counterions −

equation (6) in the main article. For a very large applied voltage, counterions may show

Gouy-Chapman layers (in which only one type of charges exists and thus Debye-Huckel ap-

proximation fails 3) at the surfaces of the electrodes, but we do not treat them in this paper

because they do not play an important role in the ion current rectification of PGDs.

Supplementary Note 2: Electrostatic screening of car-

rier ions

For the cases that the electrodes show electrochemical reactions, electrostatic potentials and

the local densities of hydrogen and hydroxide ions in the bulk region are derived by using

equation (9), (10), and (11), in the main article.

For reverse voltages, hydrogen ions diffuse in the bulk of positive polyelectrolyte gels.

Because the electric charges of these hydrogen ions generate electrostatic potentials, Poisson

equation have the form

∂2

∂z2
ψ(z) ≃ κ2t (ψ(z)− ψf)− 4πlBnH(z), (5)

see also supplementary equation (3). We formally solve this supplementary equation by

treating the local density nH(z) of hydrogen ions as a given function; this leads to the form

ψbulk(z) ≃ ψf +
n̄H(z)

nt

, (6)

where we did not write out boundary terms, Abulke
−κtz + Bbulke

κtz (Abulk and Bbulk are

4



integral constants that should be determined by the boundary conditons, see Methods in

the main article or Supplementary Note 1) because these terms are only significant at the

boundaries of the bulk region. n̄H(z) has the form

n̄H(z) =
κt
2

∫
dz′nH(z

′)e−κt|z−z
′|, (7)

where this integral should be performed from zd to ze for the cases that there are depletion

layers at the surfaces of the electrodes and from zd to L/2 for the cases that there are no

depletion layers at these surfaces.

Supplementary equation (7) has the form of the local density of hydrogen ions that

is averaged over the Debye length; this implies that electrostatic potentials ψ(z) and the

averaged local densities of hydrogen ions n̄H(z) are distributed with a length scale that is

larger than the Debye length κ−1
t (more formal treatment is shown in Supplementary Note

4). We thus replace the local density nH(z) of hydrogen ions in equation (9) to the averaged

density n̄H(z) and use supplementary equation (6); this leads to the form

JH = −Dhyd

[
∂

∂z
n̄H(z) +

1

nt

n̄H(z)
∂

∂z
n̄H(z)

]
. (8)

This equation has the form of freely diffusing particles that show short-range repulsive in-

teractions that are characterized by the second virial coefficient n−1
t . With an approximate

boundary condition, n̄H(zd) = 0 (see Supplementary Note 5), the solution of supplementary

equation (8) is derived in the form of equation (1) in the main article.

For forward voltages, hydroxide ions that are generated at the surface of the electrode

diffuse in the positive polyelectrolyte gel. With a calculation that is similar to the cases of

reverse voltages, electrostatic potentials in the bulk region are derived in the form

ψbulk(z) ≃ ψf −
n̄OH(z)

nt

, (9)
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where we did not write out boundary terms, Abulke
−κtz + Bbulke

κtz (Abulk and Bbulk are

integral constants that should be determined by the boundary conditions, see Methods and

Supplementary Note 1, and their forms are, in general, different from the cases of reverse

voltages). n̄OH(z) has the form of the local density of hydroxide ions that is averaged over

the Debye length,

n̄OH(z) =
κt
2

∫
dz′nOH(z

′)e−κt|z−z
′|. (10)

With an argument that is similar to the cases of reverse voltages, we replace the local density

of hydroxide ions nOH(z) in equation (10), in the main article, to the averaged density n̄OH(z).

By using this treatment and supplementary equation (9), the fluxes of hydroxide ions have

the form

JOH = −Dhyd

[
∂

∂z
n̄OH(z) +

1

nt

n̄OH(z)
∂

∂z
n̄OH(z)

]
. (11)

With an approximate boundary condition, n̄OH(zd)
nt

≃ zd
λt

(see Supplementary Note 5), the

(averaged) local density of hydroxide ions has the form of equation (3) in the main article.

Indeed, for forward voltages, the detail of the boundary conditions gives only minor effects

on the final results because most of hydrogen (or hydroxide) ions are distributed in the bulk

of the gel, zd ≪ L (see also Supplementary Notes 5 and 9).

For both reverse and forward voltages, hydrogen and hydroxide ions are neutralized by

the electric charges of the polyelectrolyte gels and their counterions in the bulk region,

see supplementary equations (6) and (9). Moreover, the local densities of hydrogen and

hydroxide ions are very small in the depletion layers (where the local density of counterions

is also very small), see also Supplementary Note 5. In the first approximation, electrostatic

potentials in PGDs are generated by the electric charges of the polyelectrolyte gels and

their counterions. The functional forms of electrostatic potentials are thus the same as the

cases of the equilibrium. However, the values of the thickness zd of the depletion layer and
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potential drops ψf are very different from the cases of the equilibrium (see the main article

and Supplementary Notes 8 and 9).

Supplementary Note 3: Zero of overpotentials

The zero of overpotentials η0 is defined by potential drops EL/2/κf at the surfaces of the

electrodes when the two electrodes are short-circuited, V0 = 0, Supplementary Fig. 1 (a).

In this case, the two electrodes do not show electrochemical reactions (see “Electrochemical

reactions” in the main article) and thus η0 is derived by using the equations that are shown in

Supplementary Notes 6 and 7. The polyelectrolyte gels show depletion layers at the surfaces

of the electrodes when applied voltages are zero, see figure 2 in the main text. We thus use

supplementary equations (26) and (28) to derive the zero of overpotentials, see the black

solid curve in Supplementary Fig. 1 (b). The zero of overpotentials has an approximate

form

η0 ≃

[
log

(
κfL

2

)
− 1− log

(√
log

(
κfL

2

)
− 1

)]1/2
, (12)

see the red solid curve in Supplementary Fig. 1 (b).

Supplementary Note 4: Formal treatment of transport

equations

We here show only the cases of reverse voltages because the cases of forward voltages are

treated by using a similar argument. For reverse voltages, the local density of hydrogen

ions in the bulk region of the gel is derived by using equation (9) in the main article and

supplementary equation (5). Rescaling equation (9) in the main text by Dhydnt leads to the

7



form

1

λt
=

d

dz

nH(z)

nt

+
nH(z)

nt

d

dz
ψ(z). (13)

Two length scales are involved in supplementary equations (5) and (13) − the Debye screen-

ing length κ−1
t and the diffusion length λt (≡ Dhydnt/(−JH)). The diffusion length is much

larger than the Debye screening length. We here derive an asymptotic solution of supplemen-

tary equations (5) and (13) in the length scale of the diffusion length. By using a rescaled

coordinate ζ (≡ z/λt), supplementary equation (5) is rewritten in the form

1

κ2tλ
2
t

d2

dζ2
ψ(ζ) = ψ(ζ)− ψf −

nH(ζ)

nt

. (14)

For the cases that κtλt ≫ 1, supplementary equation has an asymptotic solution that has

the form

ψ(z) = ψf +
nH(z)

nt

+O
(

1

κ2tλ
2
t

)
, (15)

where O(1/(κ2tλ
2
t )) is the terms that are in the order of 1/(κ2tλ

2
t ) and we omit these higher

order terms. This is indeed equivalent to supplementary equation (6) because supplementary

equation (15) treats an asymptotic form of nH(z)/nt that is effective in the length scale of the

diffusion length (this is thus equal to the form of nH(z)/nt that is averaged over the Debye

screening length, see also supplementary equation (7)). Substituting supplementary equation

(15) into equation (9) in the main article leads to the form of supplementary equation (8).
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Supplementary Note 5: Boundary conditions for the lo-

cal densities of carrier ions

We here show that the local densities of hydrogen and hydroxide ions are very small in the

depletion layer (at the interface between the two oppositely charged gels) for both reverse

and forward voltages. Electrostatic potentials and electric fields are thus generated by the

fixed charges of the polyelectrolyte gels and have the form that is the same as the cases of

the equilibrium (although the values of the thickness zd of the depletion layer and potential

drops ψf across it are very different, see the main article and Supplementary Notes 8 and 9).

We derive the approximate boundary conditions of the local density of the hydrogen ions

(for reverse voltages) and hydroxide ions (for forward voltages) at the boundary, z = zd, of

the depletion layer.

For reverse voltages, hydrogen ions that have positive charges diffuse from the electrodes

at z = L/2 towards a depletion layer at the interface between the two oppositely charged gels

(via the positively charged gel). The local density nH(z) of hydrogen ions in the depletion

layer is derived by using equation (9) and (11) in the main article, with the absorbing bound-

ary condition at the center of the system, nH(0) = 0. The local density of hydrogen ions in

the depletion layer is much smaller than the density of ionic groups of polyelectrolyte gels

due to repulsive electrostatic interactions between hydrogen ions and the positive polyelec-

trolyte gel (where the electric charges of the positive polyelectrolyte gel are not neutralized

by negative counterions in the depletion layer). The contributions of the positive charges of

hydrogen ions to Poisson equation (11) (in the main article) is thus negligible in the first

approximation. With this approximation, electrostatic potentials in the depletion layer have

the same form as the cases of the equilibrium and thus equations (9) and (11) in the main

article have a solution

nH(z)

nt

=
1

κfλt

√
π

2
e

1
2
(κfz+E0/κf)

2

[
Erf

(
κfz + E0/κf√

2

)
− Erf

(
E0/κf√

2

)]
, (16)
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where E0 (≡ E(0)) is electric fields at the center of the system, z = 0 and Erf(x) is the

Gauss error function. λt (≡ Dhydnt/(−JH)) is the diffusion length (see also the discussion

below supplementary equation (33) for the physical meaning of this length scale).

The local density of hydrogen ions that is evaluated by using supplementary equation

(16) at z = zd (that is the position of the boundary of the depletion layer) gives the boundary

condition for the local density of hydrogen ions in the bulk region, because the local density of

hydrogen ions is continuous at z = zd. By using the fact that electric fields E0 are relatively

large, E0/κf ≪ −1 and electric fields are continuous at z = zd (and thus κfzd+E0/κf ≃ −1),

the local density of hydrogen ions at z = zd has an asymptotic form

κfλt
nH(zd)

nt

≃
√

eπ

2

(
1− Erf

(
1√
2

))
≃ 0.656. (17)

We treat the local density of hydrogen ions in the bulk region in a length scale that is larger

than the Debye screening length, κ−1
t . In this length scale, 1/(κfλt) ∼ 0, see equation (1) in

the main article. We thus apply an approximate boundary condition n̄H(zd)/nt = 0 to the

local density of hydrogen ions in the bulk region.

For forward voltages, hydroxide ions are generated at the surfaces of the electrode, z =

L/2, and are transported (via the bulk of the positive polyelectrolyte gel) to the depletion

layer at the interface between the two oppositely charged gels. The local density nOH(z)

of hydroxide ions in this depletion layer is derived by using equations (10) and (11) in the

main article (with nH(z) = 0). The local density of hydroxide ions is much smaller than the

density nf of ionic groups of the polyelectrolyte gel in the depletion layer (because of the

absorbing boundary condition that is enforced at z = 0) and its contribution to the Poisson

equation (11) is negligible in the first approximation. With this approximation, electrostatic

potentials in the depletion layer have the same form as the cases of the equilibrium and thus

10



equations (10) and (11) in the main article have an approximate solution

nOH(z)

nt

=
1

κfλt
e−

1
2
(κfz+E0/κf)

2

√
π

2

[
Erfi

(
κfz + E0/κf√

2

)
− Erfi

(
E0√
2κf

)]
, (18)

where E0 is electric fields at z = 0 (rescaled by the thermal voltage, T/e) and Efri(x) is the

imaginary error function. At the vicinity of z = 0, supplementary equation (18) is expanded

in a Taylor series

κfλt
nOH(z)

nt

≃ κfz −
1

2

E0

κf
(κfz)

2 − 1

3

(
1− 1

2

E2
0

κ2f

)
(κfz)

3 + · · · . (19)

The local density nOH(z) that is evaluated by supplementary equation (19) at z = zd (the

position of the boundary of the depletion layer) give the boundary condition for the local

density of hydroxide ions in the bulk region, because the local density of hydroxide ions is

continuous at this position. We thus use an approximate boundary condition

nOH(zd)

nt

≃ zd
λt

(20)

that is derived by using supplementary equation (19) and omitting higher order terms.

Indeed, the higher order terms of supplementary equation (19) are not necessarily small

for the cases that (forward) applied voltages are relatively small (and thus the thickness zd

of the depletion layer is relatively large) due to attractive electrostatic interactions between

hydroxide ions and the positive polyelectrolyte gel. The local density of hydroxide ions in

the bulk region is derived by taking into account these higher order terms in the form (see

below)

n̄OH(z)

nt

≃

√
1 +

2(z − z∗d)

λt
− 1, (21)

where z∗d is an effective thickness that is defined by z∗d ≡ zd − λtnOH(zd)/nt (nOH(zd)/nt

11



is the local density of hydroxide ions that is evaluated by supplementary equation (18) at

z = zd). The continuity of the local density of hydrogen ions at z = zd is ensured by the

fact that nOH(zd)/nt ≪ 1. However, the effective thickness z∗d gives only minor effects on

the final results because it is much smaller than the thickness of the gel, |z∗d| ≪ L/2; the

number of hydrogen ions in the bulk of the gel dominates the number of hydrogen ions in

the depletion layer, see also supplementary equation (38).

Supplementary Note 6: Some results of Debye-Huckel

approaches

We first treat relatively simple cases that electrochemical reactions at the electrodes are sup-

pressed, nH(z) = nOH(z) = 0. However, indeed, electrostatic potentials that are generated

by hydrogen and hydroxide ions are very small because the electric charges of these carrier

ions are neutralized by the electric charges of polyelectrolytes and their counterions (see also

supplementary equations (6) and (9)). Supplementary equations that are shown here are

thus still effective even for the cases that electrochemical reactions at the electrodes generate

hydrogen and hydroxide ions, to a good approximation.

The treatment in Supplementary Note 1 leads to the thickness of the depletion layers at

the interface between the two oppositely charged gels in the form

κ0zd
2

= tanh−1

[√
coshψf + (ψf − 1)(2 sinhψf − (ψf − 1))−

√
coshψf

2 sinhψf − (ψf − 1)

]
, (22)

where this supplementary equation is derived by using the fact that the boundary of the

depletion layer is defined by the position, where electrostatic potentials are ψf − 1. The

inside of the square bracket in supplementary equation (22) is smaller than unity for any

values of ψf . Moreover, for the cases of polyelecrolyte gels that have large enough thickness,

bulk electrostatic potentials ψf are somewhat larger than unity, see, for example, fig. 2 of

12



the main article, and thus 2 sinhψf is much larger than ψf − 1. In this case, the thickness zd

of the depletion layer thus has an approximate form

κfzd ≃
√

2ψf − 2 +
1

tanhψf

− 1√
tanhψf

, (23)

where we tentatively defined an inverse length, κf (≡
√
4πlBnf), that does not depend on

applied voltages; this is the inverse Debye length κt in the bulk of polyelectrolyte gels for

n0 → 0. With this approximation, electrostatic potentials that are generated by counterions

in the depletion layer are neglected. Supplementary equation (23) implies that PGDs show

depletion layers at the interface between the two oppositely charged gels for the cases that

ψf are larger than unity (one can derive the same result from supplementary equation (22)).

The thickness of the depletion layer at the surface of the electrode have the form

κ0
2

(
L

2
− ze

)
= tanh−1


√
(ψf − 1− sinhψf)2 − coshψf + E2

L/2/κ
2
0 + ψf − 1− sinhψf

√
coshψf + EL/2/κ0

 ,(24)
where, to derive this form, we used the solutions of approximate Poisson equations, (3) and

(4), and the fact that the boundary of this depletion layer, z = ze, is defined by the position,

at which electrostatic potentials are ψf − 1 (zd < ze). EL/2 is electric fields at z = L/2

(rescaled by the thermal voltage T/e and thus have the dimension of inverse length). Eq.

(24) implies that PGDs show depletion layers at the surfaces of the electrodes for the cases

that EL/2/κf > (tanhψf)
−1/2 ≃ 1.

For the cases that there are no depletion layers at the surface of the electrode at z = L/2,

electrostatic potentials ψL/2 at this electrode have the form

ψL/2 = ψf −
EL/2
κt

. (25)

For the cases that there is a depletion layer at the surface of the electrode at z = L/2,
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electrostatic potentials ψL/2 at this electrode have the form

ψL/2 = sinhψf −
√
(sinhψf − (ψf − 1))2 − coshψf + E2

L/2/κ
2
0. (26)

Supplementary Note 7: Potential drops at the gel-gel

interfaces in the equilibrium

We here treat the cases that electrochemical reactions at the electrodes are suppressed,

nH(z) = nOH(z) = 0. For the cases that there are no depletion layers at the surfaces of the

electrodes, the conservation of the number of counterions, equation (6) in the main article,

has an approximate form

κfL

2
tanhψf ≃ κf

(
L

2
− zd

)
− tanh3/2 ψf −

EL/2
κf

tanh2 ψf , (27)

where we expanded the integrand of equation (6), in the main article, in a Taylor series with

respect to the deviation of electrostatic potentials from the bulk value ψf , omitting the higher

order terms, and integrated from zd to L/2. The thickness zd is given by supplementary

equation (23). We neglected small number of counterions in the depletion layer at the

interface between the two gels.

For the cases that there are depletion layers at the surface of the electrodes, the conser-

vation of the number of counterions has an approximate form

κfL

2
tanhψf ≃ κf (ze − zd)− 2 tanh3/2 ψf +

κfNele

2n0 cosψf

, (28)

where we derived this equation by expanding the integrand of equation (6) in a Taylor

series with respect to the deviation of electrostatic potentials from the bulk value, omitting

higher order terms, and integrating from zd to ze (in a similar manner to the derivation of

supplementary equation (27)). Nele is the number of counterions in the depletion layer at
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the surface of the electrode and has the form

Nele

2n0

= −
(
L

2
− ze

)
sinhψf +

1

κ0

(
EL/2
κf

tanhψf −
√
tanhψf

)
− 1

κ0

[√
2 sinhψf(ψf − 1) + coshψf − (ψf − 1)2 −

√
coshψf

]
. (29)

The first and second terms of supplementary equation (29) are the number of counterions

in the depletion layer at the surface of the electrode, ze < z < L/2. The last term of

this equation subtracts small number of counterions in the region of ψele(z) > 0 to be

numerically consistent with the approximation that neglects counterions in the depletion

layer at the interface between the two gels and thus is not important, see the discussion below

supplementary equations (22) and (27); counterions in the depletion layer show relatively

large effects on the potential drops at the surface of the electrode, see supplementary equation

(26), but the number Nele of these counterions is only small. We derived fig. 2 in the main

article by using supplementary equations (25) and (27) for EL/2/κf < 1 and supplementary

equations (26) and (28) for EL/2/κf > 1.

Supplementary equation (27) has an asymptotic solution

ψf ≃
1

2
log(κfL)−

1

2
log

(√
log(κfL)− 1 +

EL/2
κf

)
(30)

for EL/2/κf > −1
2

√
log(κfL)− 1; this equation is derived by using the fact that bulk electro-

static potentials ψf are relatively large (for the cases that κfL≫ 1) and thus tanhψf ≃ 1−

2e−2ψf . The number of counterions in the depletion layer are relatively small and thus supple-

mentary equation (30) is still effective for the cases that there is a depletion layer at the sur-

face of the electrode, z = L/2, to a good approximation. For EL/2/κf < −1
2

√
log(κfL)− 1,

supplementary equation (27) has another asymptotic solution

ψf ≃
1

2
+

1

2

E2
L/2

κ2f
. (31)
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Supplementary Note 8: Potential drops at the gel-gel

interfaces in the no salt regime − reverse voltages

We here derive the form of the thickness zd of the depletion layer at the interface between

the two gels and potential drops ψf across it by explicitly evaluating the conservation of the

number of counterions, see equation (6) in the main article.

There are depletion layers at the surfaces of the electrodes for reverse applied voltages

that are smaller than a threshold value (that depends on the rescaled thickness κf and the

length λ0 (≡ Dhydnf/J0)). However, the threshold voltage is, in general, relatively small and

thus most of the cases, there are no depletion layers at the surfaces of the electrodes. In

these cases, the conservation of the number of counterions has an approximate form

κfL

2
tanhψf ≃ κf

(
L

2
− zd

)
− tanh3/2 ψf −

EL/2
κf

tanh2 ψf +
κfNH

nt

tanhψf (32)

where this equation is derived by expanding the integrand of equation (6) in the main article

in a Taylor series with respect to the deviation of electrostatic potentials from the bulk value

ψf , omitting higher order terms, and integrating this approximate integrand from zd to L/2.

NH is the number of hydrogen ions in the bulk of the gels and has the form

NH

nt

=

∫ L/2

zd

dz
n̄H(z)

nt

=
λt
3

[(
1 +

2(L/2− zd)

λt

)3/2

− 1

]
−
(
L

2
− zd

)
, (33)

where we used equation (1) in the main article to derive the last form of supplementary

equation (33). λt (≡ Dhydnt/(−JH)) is the length scale that characterizes the distribution of

hydrogen ions in the polyelectrolyte gel. The length λt is called diffusion length in this paper

because this is indeed the length scale, where the transport processes of hydrogen ions are

dominated by diffusion. We derived bulk electrostatic potentials ψf by using supplementary
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equation (32) and use supplementary equation (25) to derive fig. 3 (a) in the main article.

(Indeed, we took into account electrostatic potentials that are generated from the positive

charges of hydrogen ions, see the second term of supplementary equation (6), in the calcu-

lations of fig. 3 (a) in the main article, but these electrostatic potentials are very small and

negligible. Moreover, in these calculations, we also treated the depletion layer at the surface

of the electrode for the cases that applied voltages are smaller than a threshold value, see

also Supplementary Note 6, but the threshold voltage is small.)

For relatively large reverse voltages, bulk electrostatic potentials are very large and thus

tanhψf ≃ 1. Supplementary equation (32) thus has an approximate solution

κfzd ≃ κfL

2
− κfλf

2

[(
1 +

3

κfλf

(
κfL

2
+ 1 +

EL/2
κf

))2/3

− 1

]
, (34)

where the length λf is defined by Dhydnf/(−JH) and this length is much larger than the thick-

ness L/2 of the gels because reverse currents are very small. We thus expand supplementary

equation (34) in a Taylor series with respect to L/λf ; this leads to the form

κfzd ≃ −
EL/2
κf

+
1

8

κfL
2

λf
− 1. (35)

Bulk electrostatic potentials ψf are derived by substituting supplementary equation (35) into

supplementary equation (23) with an approximation, tanhψf ≃ 1.

For relatively small reverse voltages, one can use approximation tanhψf ≃ 1 for the right-

hand-side of supplementary equation (32), but not for the left-hand-side of this equation

because the prefactor κfL/2 is, in general, a very large value. With this approximation, bulk

electrostatic potentials have an approximate form

ψf ≃
1

2
log(κfL)−

1

2
log

(√
log(κfL)− 1 +

EL/2
κf

− 1

8

κfL
2

λf

)
. (36)

Supplementary equation (36) returns to supplementary equation (30) for the cases that the
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fluxes of hydrogen ions are zero.

Supplementary Note 9: Potential drops at the gel-gel

interfaces in the no salt regime − forward voltages

The conservation of the number of counterions, equation (7) in the main article, has an

approximate form

κfL

2
tanhψf ≃ κf(ze − zd)− 2 tanh3/2 ψf +

κfNele

2n0 cosψf

− κfNOH

nt

tanhψf , (37)

where this equation is derived by expanding the integrand of equation (7), in the main article,

in a Taylor series with respect to the deviation of electrostatic potentials from the bulk value

ψf , omitting higher order terms, and integrating this approximate integrand from zd to ze.

zd and ze is derived by using supplementary equations (23) and (24). The form of Nele is

shown in supplementary equation (29). NOH is the total number of hydroxide ions in the

bulk of the gel and thus has the from

NOH

nt

=

∫ ze

zd

n̄OH(z)

nt

≃ λt
3

[(
1 +

L

λt

)3/2

− 1

]
− L

2
, (38)

where we used the fact that the thickness of the depletion layer at the interface between

the two gels is much smaller than the diffusion length, zd ≪ λt, and the thickness of the

depletion layers at the surfaces of the electrodes are much smaller than the thickness of the

gel, ze ≃ L/2 (see also the discussion below supplementary equation (21)). We derived bulk

electrostatic potentials ψf by numerically calculating supplementary equation (37) and use

supplementary equation (26) to derive fig. 3 (b), in the main article (indeed, electrostatic

potentials that are generated by hydroxide ions, the second term of eq. (4) in the main article,
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are taken into account in the calculations of fig. 3 (b), but these electrostatic potentials are

very small and thus negligible).

Indeed, the second and third terms of the right-hand-side of supplementary equation (37)

are much smaller than the last term and the first term, κf(ze − zd) (that is approximately

κfL/2), for the cases that electric currents are relatively large. With these approximations,

bulk electrostatic potentials have an approximate form

ψf ≃ tanh−1

[
λf
L

{(
1 +

3

2

L

λf

)2/3

− 1

}]
, (39)

where the length λf is Dhydnf/(−JOH). Substituting supplementary equation (39) into sup-

plementary equation (26) leads to the form of electrostatic potentials at z = L/2 (that are

indeed the negative of halves of applied voltages, −V0/2) as functions of the fluxes JOH of

hydroxide ions.

Supplementary Note 10: Scaling argument for reverse

voltages in the equilibrium

We here treat the cases that electrochemical reactions are suppressed, nH(z) = nOH(z) = 0.

For reverse voltages, see fig. 1 (a), in the main article, positive charges σ are induced on the

electrode at z = L/2. Because negative counterions are recruited from the interface between

the two gels to neutralize positive charges on the electrodes, enfzd ≃ σ, the thickness of

the depletion layer is zd ≃ −EL/2

κ2f
, where EL/2 (≡ −eσ/(ϵT )) is electric fields at z = L/2

(that are rescaled by the thermal voltage T/e). Potential drops across the depletion layer

are thus ψf ≃
∫ zd
0
dz e

2nf

ϵT
z ≃

E2
L/2

2κ2f
. Electrostatic potentials at z = L/2 are ψL/2 ≃ ψf −

EL/2

κt
,

see supplementary equation (25), because there are no depletion layers at the surfaces of the

electrodes for relatively large reverse voltages. Moreover, for large reverse voltages, the local

density of positive counterions is very small in the region of the positive polyelectrolyte gel,
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κt ≃ κf , and thus ψL/2 ≃ ψf +
√
2ψf . Inversing this equation leads to ψf ≃ −V0/2 + 1 −

√
1− V0, for V0 < 0, where we used the fact that electrostatic potentials ψL/2 at z = L/2

are the negative of halves of applied voltages, ψL/2 (= −V0/2).

Supplementary Discussion

Our theory predicts that the asymmetry of electric currents increases (forward currents

increase and reverse currents decrease) with decreasing the values of κfλ0 (∼ n
3/2
f ); κfλ0 is

thus an important parameter that determines the performance of PGDs. At a first glance,

this prediction may look counter-intuitive because the electrostatic effects of polyelectrolyte

gels would decrease with decreasing the density of their ionic groups. Our theory predicts

that the number of hydrogen and hydroxide ions that are accumulated in the gels increases

with decreasing κfλ0, see equations (1) and (3), in the main article. The electric charges

of these carrier ions are neutralized by the electric charges of polyelectrolyte gels or their

counterions and this dramatically changes the distributions of electrostatic potentials in

the systems. These electrostatic potentials greatly suppress electric currents for reverse

voltages and enhance electric currents for forward voltages, fig. 3 in the main article. This

mechanism operates as long as electrostatic interactions between polyelectrolyte gels and

their counterions dominate the translational entropy of these counterions (see Methods in

the main article).
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