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In this supplementary material we provide the reader with full theoretical details required in order to under-
stand and quantitatively apply the concepts reviewed in the main text to an experimental system. As noted in
the main text the concepts we introduce are well known in various fields, but here present a single, compre-
hensive, and notationally consistent exposition of the relevant content, drawing from sources in the precision
oscillator/clock community, signal processing, and quantum information.

I. MATHEMATICAL BACKGROUND AND DEFINITIONS

In this section we provide the mathematical definition of the
power spectral density (PSD) of a time-dependent stochastic
field, and derive some familiar properties. This derivation
follows the treatment presented in Ref. [1]. Let y(¢) denote
a real-valued stochastic process defined continuously on the
time domain. For a set £ of individual realizations of this pro-
cess, let yi(t), k € &, denote the kth realization. Further, let
Yt = yr(t) denote the (scalar) random variable taking the
value of the kth realization at fixed time ¢. We introduce the
following notation to distinguish between the ensemble aver-
age and the time average:
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(ensemble average), (1)

ke&
yp(t) = lim —/ yr(t)dt  (time average), 2)
T—oo T —T/2

where |€| is the number of elements in the set £, and T is
the duration of the measurement time spanned by the time
window [—Z, Z]. We explicitly include the subscript k in
the expression for the time average to emphasize that this is
computed over a single realization of y(t). We assume the

following properties of y(t):
1. y(t) is an ergodic process.

2. y(t) is a wide-sense stationary (w.s.s.) process.

3. y(t) is a zero-mean process: (y(t)) = yx(t) = 0 for all ¢.

The assumption of ergodicity implies that, in the limit of in-
finite ensemble sizes, the ensemble mean of y(t) — or the en-
semble mean of a function of y(¢) — approaches the corre-
sponding time-average over any given realization yy(t). That
is,

(fly(@®)) < f(yr(t)). 3)

The assumption of wide-sense stationarity carries with it two
implications. First, the ensemble average is invariant with
respect to translation in time, namely (y(t)) = (y(t + 7))
for all 7. Second, the autocorrelation function Cy(t1,t2) =

(y(t1)y(t2)) describing correlations between y(t) at times t;
and t, depends only on the time difference, and consequently
may be parameterized by the single variable 7 = t3—%;. Thus,

Cy(1) = (y(t)y(ts + 7)) = ur(t)ye(ts +7) (@)

where the dependence on t; is averaged out, this being an
arbitrary reference point, and the equivalence between the
ensemble-averaged and time-averaged formulation in the sec-
ond equality is permitted by ergodicity.

Next we define the PSD of y(t) by transition from the time-
domain description to a Fourier-domain description. In this
paper we use the nonunitary angular frequency notation for
the Fourier transform, specifically defining the Fourier trans-
form pair

Y(w) = / h y(t)e “tdt (5)
1 >~ wt
o) =5 [ V()i ©)

where w = 27v is the angular frequency in radians per sec-
ond, and v is the frequency in Hz. We define the time-gated
function

SlL

(7

y(t) —L<t<
t =

associated with sampling the signal over the finite time win-
dow [—%7 %] as done in an actual measurement. The Fourier

transform of this time-gated function is therefore

0o ) T/2 )
Yr(w) :/ yr(t)e “'dt :/ y(t)e ™tdt  (8)

—o0 —-T/2

where the last equality yields the equivalent interpretation of
Yr(w) as the truncated Fourier transform of the un-gated sig-
nal. This definition avoids the difficulty that the full Fourier
transform may not be well defined if the integral over y(t)
fails to converge in the limit 7' — oo. The power spectral



density (PSD) of y(¢) may then be defined by
o1 2
Sy(w) = lim = (Vr(@)*). ©

Writing this out explicitly we obtain
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)> eiw(tlitz)dtldtg
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= lim T)e T dt dts, (12)

where we have used the fact that y(¢) is real, and invoked Eq.
4 with the time difference variable 7 = £ — ¢;. Transforming
the integral domain we get

I ,
Sy(w) = Th—{r;of /T(T —|7])Cy(T)e " Tdr (13)
T
= lim Cy(r)e ™7dr (14)
T—oo J_p
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+%%OT1T || Cy(T)e " “Tdr. (15)

Assuming y(t) has finite temporal correlations, appropriate
for realistic physical processes, the autocorrelation function
Cy(7) vanishes in the limit 7 — co. Consequently the second
term above vanishes in the limit 7" — oo, yielding

w) = /0:0 Cy(r)e

1 [ ;
Cy(r) = %/7 Sy(w)e™ " dw. 17

T dr (16)

Thatis, Sy (w) and C,,(7) form a Fourier transform pair, which
is a statement of the Wiener-Khintchine theorem [1-3].

The power spectral density formulated in Eq. 9 is by
definition a non-negative even function on the real domain
w € (—00,00). This is known as the bilateral PSD, with
total power (or mean-square fluctuation) given by integrating
over both positive and negative frequency domain:

Pou = Cy(0) = (y(t)*) (18)

= — Sy(w)dw (19)

= /_O; Sy(v)dv.

The bilateral PSD naturally arises in mathematical analy-
sis involving Fourier transformations, satisfying the Wiener-
Khinchine theorem describing its relationship with the auto-

L W = 27D (20)

correlation function as in Eqgs. 16 and 17.

It is also useful when considering systems subject to quan-
tum noise, for which the corresponding quantum operator ()
in general does not commute at different times and is in princi-
ple a complex number, i.e., (§(¢)§(t+7)) = a+1ib. The spec-
tral density of a complex number is no longer an even function
in w so must be specified for both positive and negative fre-
quencies. Such non-symmetric spectra arise, for example, in
the context of qubit stimulated and spontaneous emission and
absorption to/from the environment.

For real-valued y(t), however, the bilateral PSD is sym-
metric and may be replaced by the unilateral PSD, more typ-
ically used in engineering and metrological applications deal-
ing with manifestly classical signals. Environmental fluctu-
ations responsible for qubit dephasing fall into this category.
For clarity, in this paper we use the following notation to keep
the usage of bilateral (two-sided) and unilateral (one-sided)
PSDs distinct:

53 (w)
S (w)

(bilateral), 21
(unilateral) (22)

where the unilateral PSD is defined by

(2) S
stl) (w) _ ZSy (w) for w = 0 . (23)
0 forw <0

Alternatively, we may explicitly incorporate this distinction
by returning to Eq. 9, and defining from the outset

s = Jim 2 ((Vr@)),  we (o) @4

T—o0
2
S = lim —(Vr@)f), welo,0. @)

With these definitions the total power in the signal is given by

Py = / S8 (v)dv (26)
=2 /O 582 (v)dv 27)
:/0 Sz(ll)(y)dy. (28)

II. RELATIONSHIP BETWEEN Ss,,, ,(w) AND Sy (w)
A. PSDs for phase and frequency noise

The instantaneous frequency of a local oscillator is given by
the time derivative of the instantaneous phase. Fluctuations in
the phase consequently gives rise to fluctuations in frequency,
implying a relationship between the PSDs of the phase and
frequency noise fields. This relationship is well-known, as set
out in Ref. [4]. In this section we reproduce the relevant
results in a manner consistent with the notation introduced



above. Consider a local oscillator
Q(t) cos|wLot + dn (t)] (29)

with instantaneous frequency

w(t) = % [wiot + on ()] = wio + dn(t),  (30)

or
w(t) = wro + dwro(t) 31

where the (angular) frequency noise takes the form
Swio(t) = dn (). (32)

Following Eq. 8 we define the truncated Fourier transforms
for phase and frequency noise fields

T/2 _

Or(w) E/ o (t)e “dt, (33)
—T/2
T/2 _

Wr(w) E/ Swro(t)e "“tdt. (34)
~-7/2

Then the phase and frequency noise PSDs are defined by

. 1

S8 w) = Jim = (|er@)?), (35)
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Sioo @) = Jim — (IWr(@)*). (36)

Using the definition of ®7(w), the fact that dwo(t) = ¢ (t),
and integrating by parts we find

Wr(w) = iwdr(w) + R, 37
R = ¢n(T/2)e T2 — g (=T/2)e™T/2, (38)

where we have used the Fourier relation d/dt < iw, and the
residual term R comes from the integral limits after integrat-
ing by parts. Taking the modulus square we therefore obtain

(Wr(w)|* = w? [ (w)]* + R, (39)
where the residual terms are absorbed into

R = |R| + [iw®r(w)R*] + [—iwdr(w)*R].  (40)

Consequently
SP (W) = lim 1 <w2 |7 (w)[? +R’> (41)
dwio T—oo T
1 1
_ 2 : - 2 . - /
= L 7 (10rP)] + i 7).

(42)

The term in square brackets is the definition of SfN) (w) given
in Eq. 35. The second term, on the other hand, vanishes in
the limit T — oo as the residual term R’ does not grow suffi-

ciently rapidly with 7. We therefore set

lim — (RY=0 (43)

T—o0

from which it follows (see Eqs. 20-21, p. TN197 of Ref. [4])

S (W) = wSP (). (44)

3 wLO

Now define the noise field
B(t) = adwro(t) = agb}v(t) (45)

by simply scaling the frequency noise by some factor o.. Sub-
stituting this into the above derivation we obtain the slightly
more general PSD relation

SP (w) = oS5

6UJLO

= o?w?8 (w). (46)

Clearly, substituting the unilateral counterparts to the PSDs
in these relations simply multiplies both sides of the equation
by a factor of 2. Consequently Eqgs. 44 and 46 apply to both
bilateral and unilateral PSDs.

B. Interpretation of Sy, (w): modulation theory

Here we provide an interpretation of the phase instability

S’ﬁz (w) defined in Eq. 35 as the ratio of the power in the side-
bands relative to the power in the carrier. This relationship is
set out in Ref. [4]. In this section we reproduce this result in
a manner consistent with the notation introduced above. Con-
sider the LO signal

V(t) = QcoslwLot + ¢n (t)], 47)

where here the term {2 simply represents the amplitude of the
sinusoidal signal and in a given realization over some window
[—Z, 2], ¢n(t) has spectral components described by some
Fourier spectrum. To obtain a simple interpretation of the re-
sulting PSD Sy, (w), we restrict attention to the case where
¢n (t) consists of a single (phase-randomized) Fourier com-
ponent

on(t) = % (e™9™¥5 +c.c.) = ajcos(wjt +1p;), (48)
equivalent to imposing a narrow-band filter at Fourier fre-
quency w;. The resulting waveform may be expressed in
terms of an infinite comb of frequency components,

V(t) =Q z JIn(e) cos[(wro + nw;)t + ny;],  (49)

n—=——oo

weighted by Bessel functions .J,,(x) and centred around the
carrier frequency wpo. Assuming the phase fluctuations are
small relative to the carrier frequency (o; < wro) we may



make the small angle approximation to obtain

V(t) ~ Volt) + Vi (t) + V_(1), (50)

where
Vo(t) = Qcos(wiot) (LO/carrier),  (51)
Vi(t) = %aj cos[(wyt + ;)] (blue sideband), (52)
V_(t) = %aj cos|(w_t — ;)] (red sideband),  (53)

and wy = wro & wj are the positive- and negative-detuned
frequencies of the principle (first-order) sidebands on the car-
rier. Using Egs. 8 and 9 we may now compute the PSDs for
¢ (t), Vo(t) and Vi (t).

Substituting Eq. 48 into Eq. 8 (or more specifically, Eq.
33), the Fourier transform of the time-gated phase fluctuation
is given by

OéjT

Bp(w) = (e“/’f sin [T'(w — w;)/2]

+ e~ Wisine [T(w + w;) /2] ) (54)

Substituting this into Eq. 9 (or more specifically, Eq. 35) the
(bilateral) PSD is therefore given by

(2) I e
S (w) = lim 7(§s1nc [T(w — w;)/2]

T—o0

¥ %sian [T(w + w;)/2] ) (55)
where cross products in the modulus square between the dif-
ferent frequency components, sinc[T'(w % w;)/2], are omitted
as these vanish in the limit 7' — oco. Carrying out the limit,
subject to the condition that the area under the sinc”(z) curve
remains equal to 7, we obtain

S (@) = 503 8w —w;) + 6w +w,)].  (56)
Similarly,
(2) T2
Sy (w) = 5(2 [0(w — wro) + §(w + wrLo)] , (57)

Qa;\?
S (w) = g (;‘J) 5w —ws) + 0w +ws)].  (58)
Let Py(w,A) denote the power in the signal y(¢) in (angu-
lar) frequency bandwidth A centred on (angular) frequency
w, namely over bandwidth [w — A/2,w + A/2]. Then

w+A/2
Py(w, A) = / 28D (W), (59)

Yy
T Ju—A)/2

where the factor of 2 inside the integral accounts for the equal
contribution to the total power in this bandwidth from the neg-
ative frequency domain of the bilateral PSD. In our case, for

any A > 0, we obtain

1

Py (w5, A) = 507, (60)
1

Py (wio, A) = 57, (61)
1/Qa;\>

Py, (ws, A) = 5 (;) : (62)

The ratio of the total power in both sidebands relative to the
carrier is therefore given by

PV+(w+,A) + Pvi(w,,A)
Py, (wro, A)

1
= 50@ = Py (wj, A). (63)

In particular, setting A = 1/27 rad = 1 Hz and dividing the
power by the measurement bandwidth, we obtain

P, i A

% — a2 [rad?/rad]. (64)
Using Eq. 56, this compares directly with the (unilateral) PSD
for ¢ (t) (i.e. the phase instability)

S(;IN) (w) = WO&?(S(W — wj). (65)

According to Eq. 63, the unilateral (one-sided) phase insta-

bility PSD SélN) (w) may therefore be interpreted as the ratio
of the power in the both first-order sidebands relative to the
power in the carrier measured over a 1 Hz bandwidth (com-
pare with discussion surrounding Eq. 32, p. TN200 of Ref.
[4D.

III. QUBIT ERRORS ARISING FROM PHASE NOISE

As detailed in section II, phase fluctuations in the LO map
to frequency fluctuations resulting in the instantaneous LO
frequency wy o+dwio(t), where dwio(t) = ¢ (t), and giving
rise to the relationship between the PSDs for phase and fre-
quency fluctuations expressed in Eq. 46. For a qubit driven by
a (nominally) resonant LO, phase fluctuations therefore map
to frequency detuning noise which give rise to dephasing er-
rors [5, 6]. These errors are typically computed in terms of
the associated “dephasing noise field” appearing in the qubit
Hamiltonian in the interaction picture rotating with the LO’s
instantaneous frequency. The dephasing field appearing in
this interaction picture, however, is different from dwy o (t) by
a pre-factor, which must be accounted for when computing er-
rors in this way. In this section the qubit Hamiltonian in the
interaction picture is derived to identify this pre-factor. Once
identified, the correct relationship between the LO phase in-
stability Sy, (w) and the dephasing noise PSD S (w) is ex-
pressed.



A. Hamiltonian in interaction picture rotating with
Instantaneous LO frequency

The Hamiltonian of a single qubit in the canonical “rotating
frame” (i.e. rotating at the frequency wy associated with the
qubit’s energy splitting) takes the generalized time-dependent
form

H(t) = [h(t) + éh(t)]o. (66)
Here 0 = (6,,6,,6.)" denotes a column vector of Pauli
matrices, and the row vectors h = (hy, hy, h,) and dh =
(0hg, 8hy, 0h,) denote the ideal (e.g. control) and fluctuating
(noisy) Cartesian components of the respective Hamiltonian
terms expressed in the basis of Pauli operators [7, 8]. The
scalar noise fields dh, , . (t) model semi-classical processes
in each of the three Cartesian directions. In particular, de-
phasing processes are accounted for by the dephasing noise
field 0h(t), generating stochastic rotations about the Z-axis
(< 6,) of the Bloch sphere.

In this paper, the canonical rotating frame is generalized
to an interaction picture rotating with the LO’s instantaneous
frequency wi o + dwio(t). This interaction picture reduces to
the canonical rotating frame in the case of an ideal (dw o (t) =
) ~(t) = 0) resonant LO, since in this case the instantaneous
frequency is given by the constant wi o = wp. Restricting
attention to the dephasing noise by setting dh, ,(t) = 0, we
show the total Hamiltonian in this interaction picture takes the
form

H(t) = h(t)o + 6h.(t)6., (67)
Sh.(t) = ShE™) (1) 4 5hLO (1) (68)

where the dephasing field separates into a component due

strictly to environmental dephasing, ShS™") (t), and a compo-
nent induced by phase fluctuations in the LO, A9 (¢), both
on formally equal footing.

We begin with the physical system Hamiltonian (A = 1) in
the laboratory frame for a qubit possessing a nominal transi-
tion (angular) frequency wq, driven by a local oscillator with
carrier frequency wi o,

1 1
Hg :§WQ&Z + 5(5&)0(06’;;

+Q(t) cos (wLot +[pelt) + ¢N(t)]>[7,,. (69)

Appearing in this expression are the operators &; representing
the Pauli matrices in the Cartesian coordinate basis. The first
term corresponds to the Hamiltonian of the qubit under free
evolution, while the second term captures environmental noise
(e.g. magnetic field fluctuations), which effectively change
the nominal qubit transition frequency by an amount dw(¢) as

wo — wo + dwo(t). (70)

The third term corresponds to the qubit-field interaction with
amplitude (¢) driven by a local oscillator with nominal car-

rier frequency wro. The time-dependent phase of the LO is
partitioned into a "control" component (desired phase evo-
lution), ¢¢(¢), and a “noise” component (unwanted phase
fluctuations), ¢y (t). The LO phase fluctuation produces a
time-dependent frequency detuning through its time deriva-
tive, dwro(t) = ¢n(t), effectively transforming the LO fre-
quency as

wLo — wLo + dwro(t). (71)

We now perform the transformation to the interaction pic-
ture rotating at the instantaneous LO frequency. This task is
split into two steps. First, move to the frame rotating at the
carrier frequency wi o (corresponding to the canonical rotat-
ing frame when the resonance condition wi g = wg holds).
Second, perform the additional transformation associated with
rotations due to the frequency detuning dwy o ().

The first of these transformations corresponds to the
interaction-picture Hamiltonian

H*) = Ul HgU,,,

wLo - WLO

(72)

where Uy, (t) = exp[—i*42t5.] is the evolution operator for
the Hamiltonian term HwLO = 2wL00'Z Carrying out the
transformation and making the rotating-wave approximation
we obtain

ooy 1 1 )
Ho) = 5 (&0 = wL0)dx + Sdwo (1)

N iﬂ(t){e—i[dw(t)-i-dw(t)] s + o Orox 015
(73)

where we define the qubit ladder operators 64 = 6, £ i0y.
The second transformation corresponds to the interaction-
picture Hamiltonian

H(wLo,¢N)

Ul H*U,, — H, (74)

N

qu(t)

where U () = exp[—i .| is the evolution operator

under the dephasing Hamlltoman H; = §gb ~(t)d, induced
by phase fluctuations in the LO. Setting the static LO detuning
to zero (wg — wro = 0) the transformed system Hamiltonian
subject to LO phase fluctuations thereby takes the form

HI(WLO7¢N) _

5wo( )5z — *¢N( )5

+ %mt){ cosloc (), + sinldo(t)]s, b 79

Comparing this with Eq. 67 we see the third term in Eq.
75 corresponds to the control component h(t)o. The first two
terms, on the other hand, represent the two dephasing terms
identified in Eq. 68. Namely,

ShL™) (1) = %5000(75) (76)

1 L
OhEO(t) = —Fdwio(t) = —gén(t)  (T7)



Arriving at this expression explicitly links LO phase fluctu-
ations to a dephasing Hamiltonian that is indistinguishable
from a generalized environmental bath Hamiltonian.

B. Relationship between S (w) and Sy, (w)

In the limit of a perfect qubit (wy(t) = 0), dephasing is in-
duced by fluctuations in the LO phase exclusively. This is
clear from Eqs. 68, 76 and 77 which, in this case, yield

Sh.(t) = 6hO(t) = —%5%0(75) = —%@V(t). (78)

Comparing this with Eq. 46, we may identify dh.(t) with
B(t), setting & = —1/2. Denoting the (bilateral) PSD of the
dephasing field by Sf)(w) and using Eq. 46, we therefore
obtain

1 1
SP(w) = 288 = 2w?8P) (w). (79)

470w0 g

This relation also holds for the corresponding unilateral PSDs.

C. Relationship between S (w) and tabulated single-sideband
phase noise

Following Eq. 79, in the limit of a perfect qubit, the dephasing
noise PSD describes fluctuations in the LO phase exclusively,
as captured in the relation

1
§P(w) = 7754 (@) (80)

where Séi\)r (w) is the phase instability, defined as the unilat-

eral PSD of the LO phase fluctuations. Although S(SN) (w) is
used in the metrological community, most LO manufacturers
use a different metric to specify phase noise. Namely, the
single-sideband phase noise defined by

L(w )575(1)( ). 81)

The phase noise £(w) is typically represented in logarithmic
units of dBc/Hz, which we capture explicitly by writing (see
Eq. 26, p. TN199 of Ref. [4])

L(w) = 10log;o[L(w)]. (82)

The Fourier frequency w is then interpreted as an offset from
the carrier, with £(w) taking units dBc/Hz and indicating the
level of the sideband power relative to the carrier measured
over a 1 Hz band. We convert from ,C( ) into linear units via

the relationship Sé )( ) =2- 1055
80 thus yields the final relationship

. Combining with Eq.

C(w)

S (w) = 2w 21070 (83)

taking (logarithmic) single-sideband phase-noise specifica-
tions to unilateral dephasing power spectral densities.

D. Expressions for fidelity under phase noise

The quantities derived above may now be directly incorpo-
rated into expressions for the fidelity of arbitrary single-qubit
operations in the presence of (LO-induced) pure-dephasing
noise using Ref. [8]

1
Fao(7) ~ 5 {1+ exp[—x(7)]}, (84)
X(m) = (i) / SS0W) Y Galw) 69
0 l€ z,y,z

(LN [T

_(4w>/o dwsw(w)le;y’zc;z,l(w) (86)
1 > £(w)

- (27T>/0 dw107T0 IEEZWGZJ(W). (87)

The transfer functions for the control, G ;(w), may be cal-
culated analytically as presented in Sec. IV. The latter two
expression for y(7) simply re-express the overlap integral in
terms of various quantities encountered in describing phase
noise.

IV. ANALYTIC FORMS OF FILTER FUNCTIONS

Here we give the explicit form for the filter-transfer functions
for the qubit operations detailed in the main text. Namely,
Ramsey (free evolution), spin echo, primitive w-pulse, and
DCG/WAMF m-pulse. In the dephasing noise quadrature, the
filter function in all cases takes the generic form

> G (88)

le z,y,z

where the transfer functions for the control, G ; (w), capture
contributions along all Cartesian directions (indexed by ). In
general all three components are non-zero as dephasing noise
induces both dephasing and amplitude-damping rotations [8,
9] during non-commuting control operation (e.g. x 7).

In the following sections we give the functional form only
for the nonzero transfer functions G, (w) for each of the qubit
operations listed above.

A. Ramsey sequence

For free evolution (i.e. zero driving field) over a duration 7
the only nonzero transfer function component takes the form
[10-13]

G,.(w) = 4sin? (%) : (89)



B. Spin echo

Spin echo is the DES version of the identity operation. This
takes the form of free evolution over duration 7, but with an
instantaneous 7, rotation at time 7/2. The nonzero transfer
function component takes the form

2eiw'r/2

. 2
Goo(w) = |14 &7 - ’ — 16sin* (“’T

T)' (90)

C. Primitive 7-pulse (X gate)

We consider a finite-duration primitive 7-pulse (or X gate),
defined as a driven rotation (< 6,) through angle 7 about the
z-axis of the Bloch sphere. For a duration 7, the primitive X
takes a constant Rabi rate ) = 7/7. There are two nonzero

J

transfer functions:

2

w? .

G..(w) = ’M (e“T+1)| , 1)
1w} - 2

Gy(w) = ’M (7 +1) (92)

The second line arises because of the non-commuting nature
of the control (x &,) and the dephasing noise (x &), as
described in [8, 9].

D. DCG/WAMF r-pulse

This is a finite-strength sequence performing a net 7 rotation
via three distinct steps, and has been identified both as a dy-
namically corrected gate (DCG) and a Walsh amplitude mod-
ulated filter (WAMF) [6, 14]. Let R, (0, 7) denote a primitive
rotation of the Bloch vector about the Z-axis (o< ,) through
an angle 6 over a duration 7 with Rabi rate Q = 6/7 (e.g.
R, (m,7) = X). Then the DCG/WAMEF sequence of total du-
ration 7 is defined by the operator sequence

REDREDRED, o

with transfer function components

. 2
B idnwret s [(72w2 + 872) cos (4F) + 2 (T%w? — 47?) cos (“’2—7)]
Gey(w) = 74wt — 20m2720w2 4 6474 ’ S
, 2
B 272027 T [12#2 cos (ﬂ) + (72w2 - 4772) cos (%)]
Gaz(w) = 74wt — 20m272w2 + 6474 )

V. THERMAL NOISE FLOOR

Here we consider the contribution to infidelity from the fun-
damental limit associated with a thermal noise floor. For in-
stance, the theoretical minimum noise power for an oscillator
coupled into 50 2 RF cable is given by P,,;,, = kKT B for
bandwidth B, temperature T', and where k is the Boltzmann
constant. Normalized to a 1Hz bandwidth this is expressed as
absolute powers, either in W/Hz or dBm/Hz.

We assume an LO at 0 dBm with the minimal possible
phase noise. Namely, with phase noise given by the power
in the (white) thermal noise floor relative to the power in the
carrier. We further impose a high-frequency cutoff w. on to
the otherwise white thermal noise to account for filtering due
to e.g. coaxial cable cutoff frequencies or narrowband filter-

(

ing. Hence, the thermal noise floor may be characterized by

~ Z’mzn 0 S w S We
L(w) = {0 oo (96)

where the value of ﬁmm in dBc/Hz is assumed to be given
by the value of P,,;, in dBm/Hz. These correspondences are
shown in Table I for T'=4 K and T = 290 K.

]T (K] \P,m-n [W/Hz]| ..., [dBm/Hz]| Z,,;,, [dBc/Hz]
4 |55x10723
290 | 4.0 x 1021

—192.6
—174.0

—192.6
—174.0

TABLE I. Lower bounds on phase noise set by thermal noise floor.



The infidelity Z = 1 — F associated with this noise floor is
given by

1
I-1-3 [1 + e*X“)}, 97)
where
1 [ £(w)
(7)) =— [ dwl0 0 F,(w) (98)
27T 0
1 Ewtin we
=—10"10 / dwF,(w) (99)
27T 0

and F,(w) = 37, , . Gzi(w) is the filter function. Thus,
the infidelity is given by the integral of the filter function over
the band [0, w,] scaled by a constant factor associated with the
strength of the thermal noise floor. For the qubit operations
described in the main text we can obtain analytic expressions
for this integral. We assume the cutoff frequency w, is fast
compared to the duration 7 of the qubit operation:

1
We > — = w.T > 1. (100)
T
In this case the bulk of the thermal noise floor lies in the band-
width beyond the stopband of the filter function and the inte-
gral is very well approximated by its asymptotic value, linear
in the cutoff frequency. Specifically

KWe . Lmin

x(7) = 10710, (101)
2w
where
K=2 (Ramsey), (102)
k=26 (spin echo), (103)
K=2 (primitive T-pulse), (104)
K=2 (DCG/WAMF m-pulse). (105)
We derive these expressions below.
1. Ramsey sequence
In the case of free evolution we have
We We 2
/ dwF, () = / 4sin (ﬂ) dw  (106)
0 0 2
sin(wT)
=2w,|1— ——= (107)
WeT
~ 2We, weT > 1. (108)

Consequently we arrive at a final approximate expression for
the coherence integral

1 ['m,in
x(t)=—10"10 (2w,)
2

(109)

is proportional to the cutoff, with proportionality factor as-
sociated with strength of the thermal noise floor. Using the
appropriate filter function, similar results hold for other qubit
operations.

2. Spin echo
For the spin echo sequence we derive

/wc dwF,(w) = 6we. (110)
0

1 10 Lmin 6
= — 10 .
x(r) = 51075 (6w,)

(111)

3. Primitive w-pulse (X gate)

The form of the filter function becomes more complicated for
nonzero-duration driven operations. For the primitive 7 pulse
we have

27222 224
Fi(w) = (12— 22)2 ' (72 — 22)2
) 2.2 2 4
w222 cos(z) z cos(z)’ (112)
(72 — 22)2 (72 — 22)2

where we introduce the dimensionless variable z = w7. The
main contribution to the integral over the band [0,w,] for
we > 1/7 comes from those terms in Eq. 112 which survive
the limit z — co. We find

. 272 72
zli>nolo (w2 — 22)2 =0,
2 4
lim c___o

2) ) 27222

— |:zli)nolo m COS(Z) = 07
2 4

— ngrolc e ZZQ)z} cos(z) = 2cos(z),

where in the last two lines we formally separate the oscillating

(and bounded) cosine factors in order to extract the functional

form of the surviving terms. Consequently,

F,(w) =~ 2(1 4+ cos(wT)), wr > 1, (113)

and the integral is well approximated by
/ P (w)dw ~ / 2(1 4 cos(wr))dw  (114)

0 0
sin(w,7)

=we |24+ —— (115)

WeT
~ 2w, WeT > 1. (116)



Hence

1 10 Lopin 9
= — 10 .
X(7) = 51058 (2,)

(117)

4. DCG/WAMF m-pulse

Similarly, expanding the filter function for DCG/WAMF -
pulse and taking the limit, the only surviving term takes the
form

I 4" cos(3)" dcos? (3). 118y
— ).
4300 (6474 — 207222 4 24)2 €5 \3
Consequently,
F.(w) ~ 4cos? (%) , wr > 1, (119)

and the integral is well approximated by

/ F(w)dw ~ / 4 cos? (ﬂ) dw  (120)
0 0 2

— %, (1 n Sm@”)) (121)

WeT

~ 2We, weT > 1. (122)
Hence

1 5nzi71

X(7) = — 107%™ (2w,). (123)
2

VI. PHASE NOISE IN LO UPCONVERSION

An experimental LO, operated near resonance with the
qubit Larmor frequency will generally be upconverted from
a lower-frequency phase reference. This process results in ad-
ditional phase noise; assuming noiseless upconversion by a
factor of IV to reach the desired carrier, the carrier phase noise
in log units Leymier(w) — Lref(w) + 20log N dB [4]. The
second term on the right indicates that the frequency upcon-
version leads to an effective increase in the fractional phase
instability of the carrier. The synthesis chain will also gener-
ally add some phase noise on top of this quantity.
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