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Determination of losses: The finesse of an optical cavity is limited by several factors, including the transmission T and absorption A of the mirrors, scattering losses lS due to short-scale surface roughness1, clipping losses lC caused by the finite aperture RO of the mirrors and mode distortion losses lM caused by large-scale mirror deformations. 
The scattering and clipping losses can be estimated from 
 	and 

The scattering losses are derived from a sinusoidal grating equation assuming white spatial noise with an rms amplitude of σ, while the clipping losses are calculated by integrating the power transmitted through an aperture of radius RO. We can now place bounds on the possible reductions of the reflectivity values ρ1,2 of the mirrors from the observed finesse,
.
The indices pertain to the two mirrors. We have assumed that all losses are small and that the coating properties are the same for all surfaces. 
Losses due to short-scale roughness: Values for lS were obtained from stylus and optical profilometry, as well as atomic force microscope (AFM) measurements, which were performed after the etch procedure and after oxidation polishing. 
Before polishing, profiles within a circular area of a radius of 20 µm, recorded with a tactile profilometer (Tencor P17), display a typical rms roughness of around  nm.
After smoothing by oxidation, the tactile measurement delivered an upper limit of  nm. Optical (phase-shifting interference microscope) measurements on the polished mirrors gave  values of below  nm. The optical measurements have an evaluated profile length of 15 µm with 60 data points. AFM measurements confirm this result: An example AFM measurement, displaying a roughness of  nm (rms) over a measurement area of  µm2 with  points, is shown in Fig. S1 a). The RMS roughness value  was computed after removing a spherical shape and a line-by-line parabolic fit, but without further spectral filtering, from the standard deviation of the height values. 
The properties of the substrate are expected to be perfectly replicated by the mirror coating2. This roughness value would therefore lead us to expect a loss of  ppm, corresponding to a maximum finesse of . Instead, the measured finesse in both types of device points to a maximal loss of  ppm, corresponding to a roughness of nm. It is therefore likely that not all roughness components retrieved in the AFM measurement contribute equally to the scattering loss.
[image: ]
Figure S1: Short-scale roughness of the silicon surface. a) AFM data after removal of spherical background and parabolic fit to each line. b) The extracted power spectral density of the roughness (black dots) is shown with a Gaussian fit (grey line). (The bracketed point was removed for the fit). Cumulated roughness of the spectral components (yellow dots) and corresponding function extrapolated from the fit (red line).
The spatial power spectral density (PSD) of the amplitude noise (Fig. S1 b) of the uncoated micromirrors is closely matched by a Gaussian centred at zero,

with a -width of 11.66 µm-1, evaluated from the average PSD of all 1024 lines. Such a spectrum indicates a Gaussian autocovariance function3. The step size was 4 nm per pixel and the tip radius was 10 nm, such that both enable the measurement of far higher spatial frequencies than the inverse of the observed correlation length. 
Such a coloured spectrum limits the validity of the simple expression for lS used above and indicates the need for a refined analysis. Distortions on a markedly greater scale than the beam waist can be neglected: Pure sine components correspond to a tilt of the mirror, while pure cosine contributions only modify the curvature. Spatial frequencies fS smaller than the mode waist can be assumed to have the effects expected from the standard scattering approximation. However, surface amplitude noise with a spatial wavelength smaller than the optical wavelength can be expected to contribute only weakly to the loss of the specular component. We therefore cumulate the spectral components to find the maximum relevant spatial frequency of the surface roughness4. Assuming a hard cut-off, we calculated the resulting roughness with , with  µm-1, from the data and  by integration of the fit.
We find that the achieved finesse values can only be achieved if features with a spatial extent smaller than µm-1, i.e.  do not contribute to the loss at  µm. Thorough analyses of the effect of roughness on the scattering properties support this reasoning, and indicate that even smaller values of  should be used3: According to the generalized Harvey-Shack surface scatter theory, since a grating with a period smaller than  will not scatter light into modes with real-valued amplitude, the spectral portion  should be excluded. This limit yields a relevant surface roughness of 0.10 nm, enabling a theoretical maximum finesse of .
Losses due to shape distortions: The mirror diameters range from 60 µm  120 µm, making pure clipping losses negligible since  µm for all measured cavities. Assuming a loss of  ppm, the effective aperture of the mirrors is on the order of 2.53  indicating that the mirror size is not a relevant constraint. However, light scattering into higher-order modes can be related to an effective aperture of the mirrors. Since the losses due to generic mirror shape distortions cannot be calculated analytically, we determine a qualitative factor to provide insight into the characteristics of the mirrors. The ideal phase front of a Gaussian beam is a pure parabola and the lowest symmetric distortion is given by a quartic term. The additional phase shift as a function of the radial coordinate r is given by . Numerical simulations5 indicate that a value of  is necessary in order to reach a finesse  in the symmetric cavity assembly. Distortions on this scale are challenging to quantify, since they require a local height resolution of nanometres on a parabolic background with a size of several micrometres. Nonetheless, the calculated limiting value of  shows that the mirrors must match the desired parabolic profile to an extremely high degree.
Birefringence: The low birefringence observed in most of our microcavities indicates that the mirror shapes must be highly symmetric. The observed frequency splitting of the orthogonal polarization states could be related to mirror imperfections caused by the etching process, but also due to mirror misalignment or tilt. It was previously shown6 that a difference in radii of curvature (along two orthogonal axes) can lead to such a splitting, where the length-independent phase shift is given by
.
[bookmark: _GoBack]For a symmetric CC cavity with a radius of curvature along one azimuthal axis  µm, and assuming equal shifts on both surfaces, this expression gives an orthogonal radius  µm. The observation of birefringence does not necessarily require an asymmetry of the shape itself, but can also be caused by an off-axis displacement of the cavity mode spot: The local radius of curvature of a parabola with  is given by . The orthogonal radius of curvature increases more slowly, with .  For perfectly parabolic mirrors, an off-axis displacement of their centres of 19.5 µm, corresponding to a tilt of the cavity axis by 15°, would be required to cause such a splitting. This displacement or tilt is more than an order of magnitude greater than expected from our fabrication tolerances and is therefore not expected to be the dominant contribution to the observed splitting. Aside from assembly effects, strain in the coating can contribute to the birefringence at the level of several µrad7. 
Finally, the strong correlation between finesse and birefringence (see main text, Fig. 3a) indicates a common cause: It is likely that both arise from residual shape deviations with a spatial wavelength on the order of the mode size, since such distortions can lead to scattering into higher-order modes and to a small angular dependence of the radius of curvature5,6.
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