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The Supplementary Information is structured as follows. Section I outlines the necessary proper-
ties of wave behaviour 20(p) and particle behaviour % (p), revisiting key concepts of entanglement
monotones, which are essential for the establishment of universal conservation laws. We then explore
the interactions among wave behaviours, particle behaviours, and entanglement monotones in the
context of a two-qubit mixed state pap. Our analysis sequentially examines these behaviours and
monotones via von Neumann entropy and [1,l2-norms within our experimental framework. Addi-
tionally, we propose alternative definitions for wave behaviour, particle behaviour, and entanglement
monotones, supported by specific examples. In Section II, we describe the device fabrication, exper-
imental setup, and general measurements for wave—particle transitions, along with the techniques
for state preparation and measurements of I concurrence. Section III presents explicit formulations
of wave and particle behaviours, as well as entanglement monotones, via von Neumann entropy and
l1,la-norms within our experimental setup.
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I. ANALYSIS OF 2(p), B(p) AND €(¢a5)
A. The properties of wave behaviour 2J(p) and particle behaviour B(p)

As discussed in the main text, an appropriate measure of particle behaviour and wave behaviour should satisfy
conditions (P1)-(P4) and (W1)-(W4), respectively. We reformulate these properties via density matrices and demon-
strate that the definitions of particle behaviour in Eq. 1 and wave behaviour in Eq. 2 of the main text satisfy the
corresponding properties. See Propositions 1 and 2 below for details.

Proposition 1. Let f be a strictly convex function. Define B(p) := c1 (Trf(A(p))] — nf(1/n)); then, the
quantity P(p) characterizes particle behaviour and has the following four properties (P1)-(P4):

(P1). B(p) =1« p;; =1 for some j, which implies that the path is certain;

(P2). B(p) =0« p;; = 1/n for all j, which implies that the path is completely uncertain;

(P3). B(
(

)
p) is invariant under relabelling of the n paths;
(P4). B(p) is convex.

Proof. We begin by noting that Tr[f(A(p))] = >_1; f(\;), derived from the spectral decomposition of f(A(p)),
is expressed as f(A(p)) = E?:_()l F(N)13) (i], where {\;}, represent the eigenvalues of A(p). Applying Jensen’s
inequality straightforwardly leads to

r(Ee) < ; LI (1)

and equality holds if and only if Ay = Ay = --- = A,, = 1/n since f is strictly convex. As a result, the sufficient and
necessary condition for PB(p) = 0 is p;; = 1/n for all j. If there exists a j such that p;; = 1, then the other diagonal
entries of A(p) must be zero, as Tr[A(p)] = 1. Thus, it is feasible to identify a positive constant ¢; that depends on
the function f and the dimension n, such that c1[f(1) + (n — 1) f(0) — nf(1/n)] = 1. Next, when B(p) = 1, the path
of the photon can be precisely determined. Given that p represents a pure state under this condition, we conclude
that there exists some j for which p;; = 1. The invariance of P(p) under the relabelling of the n paths is clear.
Furthermore, as noted in [1], the continuity and convexity of f guarantee that Tr[f(G)] retains these properties as
well, where G is any Hermitian matrix. This concludes the proof. |

Proposition 2. Let g be a differentiable, strictly convex function. Define 20(p) := caTrlg(p) — 9(A(p))]. If g
is appropriately chosen so that M (p) satisfies (W5) W(Ap) < AW(p) and 0 < A < 1 and (W6) 2(p) does not
increase under incoherent operations, then 2 (p) also has the following four properties (W1)-(W4):

(W1). W(p) = 1< p is a pure state with equal diagonal entries;

(W2). 2(p) =0« p=A(p);

(W3). 25(
(

)
p) is invariant under relabelling of the n paths;
(W4). W(p) is convex.

Proof. For the first property, if p is a pure state with equal diagonal entries, it follows that Tr[g(p)] = g(1) +
(n — 1)g(0) and Tr[g(A(p))] = ng(1/n). Thus, there exists a constant ca(g,n) > 0 such that ca2(g,n)[Tr(g(p)) —
Tr(g(A(p)))] = 1. Here, ca(g,n) is used to highlight dependence on g and n. Moreover, ca(g,n) = [g(1) + (n —
1)g(0) — ng(1/n)]=1. Conversely, if 20(p) = 1, we find that Tr[g(p) — g(A(p))] = g(1) + (n — 1)g(0) — ng(1/n), which
occurs only when p is in a pure state. Hence, Tr[g(A(p))] = ng(1/n), which is equivalent to the condition P(p) = 0.
Therefore, p is a pure state with equal diagonal entries if 20(p) = 1.



Lemma 1. (Generalized Klein’s Inequality [1, 2]) For all A, B € H,, and all differentiable convex functions
g:R =R, or for all A, B € H} and all differentiable convex functions g : (0,+00) — R,

Trlg(A) — 9(B) — (A - B)g'(B)] > 0,

where ¢'(-) stands for the derivative and where H,, and H} denote Hermitian and positive definite matrices,
respectively. In either case, if g is strictly convez, equality holds if and only if A = B.

We only need to show that 20(p) = 0 implies p = A(p) for the second property. By Lemma 1, the generalized
Klein’s inequality is equivalent to

Tr(g(B) — 9(A)] < Tx[(B — A)g'(B)], (2)

with equality holding if and only if A = B. Let B = p and A = A(p). It can be found that Tr[g(p) — g(A(p))] =
if and only if p = A(p). This also gives an upper bound of 2(p) [3]; i.e., W(p) < ca(g,n)Tr[(p — A(p))d' (p)], where
c2(g,n) = [g9(1) + (n — 1)g(0) — ng(1/n)] ™

The third property is evident. Thus, it suffices to show the convexity of the function 23(p). To do this, we use an
alternative framework for coherence measures [4]. Let A; and p; be the eigenvalues of p1 and ps, respectively. The
eigenvalues of p1p1 @ pap2 can be easily computed, where p; +p2 =1 and 0 < p1,p2 < 1. In fact,

Det(AE2, — p1p1 © p2p2) = Det(AE,, — p1p1) - Det(AE,, — pap2), (3)

where Det stands for determinants and where Fs, and FE, are identical matrices of orders 2n and n, respectively.
Therefore, the eigenvalues of p1p1 @ pap2 are {p1 i, pap;}. Hence,

Tr[g(p1p1 @ paps)] Zg piA) + Zg Paty)- (4)

Similarly,

Trlg(A(p1p1 @ p2p2))] = Zg(plai) - Zg(pzbjL (5)

where a;, b; are the diagonal elements of pq, p2, respectively. By Eq. 4 and Eq. 5, we have

W(p1p1 © p2p2) = c2(g, 2n){Tr[g(p1p1 © p2p2)] — Trlg(A(pipr © p2p2))]}

:M ngM ZQPMJFZQW‘J Z (2b;)

02(97

- ‘(ggff)) (W(papn) + Wipaps))
c2(g,2n)

S algn) (P12 (p1) + P22 (p2)) , (6)

where the inequality follows from the condition that 20(p;) and 20(ps) are contractive, i.e., property (W5).

To validate the proposition, we follow the approach of [4]. We introduce a two-dimensional auxiliary system A with
incoherent basis states |0) and |1). The combined system AS consists of this auxiliary system .4 and the original
system S, with the incoherent basis {|m) ® |k)}, where m = 0,1 and k = 0,1,--- ,n — 1. Assume that the whole
system is initially in the state

pS = p1[0X0] @ p1 + p2 [1X1] © pa, (7)
where py, ps are the states of system S and where p; +ps = 1, 0 < p; < 1 for j = 1,2. Assume that A4S is an

incoherent operation such that (|0) (m|® E,)Z(|0) (m|® E,)" C Z, where |0) (m| ® E,, are the Kraus operators of
AAS | with m = 0,1 and 7 representing the set of incoherent states. Then,

A4S (pA8) = 3 (10) (m| ® Ea)p?9(10) (m] @ ). (8)
m=0



Upon performing a straightforward calculation by combining Eq. 7 and Eq. 8, we derive

A (pA%) = |0X0] @ (p1p1 + p2p2)- (9)
Furthermore, it follows that
c2(g,2n
WA (749) = 0001 (191 +p22) = ZL2 0913+ pape). (10)

By applying Eq. 6, Eq. 9 and Eq. 10, along with the condition of nonincreasing 20(p) under incoherent operations
(W6), we ultimately derive

Wiorpn + o) = 2L GAAS ()

c2(g,n) AS
o2(0.2n) W(p”™)
_ CQ(Qvn)

o 62(9,271)Qn
< p1W(p1) + p2W(p2), (11)

N

(p1p1 ® p2p2)

which implies the convexity of 203(p).

Various functions g satisfy conditions (W5) and (W6), such as g(x) = zlogz and x?, which correspond to 2(p) =
Tr[plog p — A(p) log A(p)]/logn and 2(p) = nTr[p?> — A2(p)]/(n — 1), respectively. Therefore, these functions also
meet the wave behaviour criteria (W1)-(W4). |

B. Basic concepts of entanglement monotones

In this subsection, we demonstrate that a valid entanglement monotone can be derived from a convex function h.
First, we revisit some fundamental concepts related to entanglement monotones. Let H = C" ® C™ be a bipartite
Hilbert space shared by A and B. We use I'(C™) and U(n) to denote the set of density matrices and the set of
unitary operators on C", respectively. Consider F, as the collection of functions that are invariant under unitary
transformations on the set of density matrices, which means that

HUpU" = H(p), Yp e T(C"), U e U(n), H € F,. (12)

We define F,. C F, as the collection of unitarily invariant real concave functions defined on the space of density
matrices. In other words, H € F,. satisfies

H(ppr + (1 = p)p2) = pH(p1) + (1 — p)H(p2), Yp1,p2 €T(C"), 0 <p<1. (13)

For any H € F,., an entanglement monotone for |1)) € H can be defined as [5, 6]

€ (¥) := H(Trp([¢¥)X¢])). (14)

The entanglement monotone can be naturally extended to mixed states p € T'(C™) via the convex roof construction
¢ = i i 15
0= T Zp (1) (15)

where the minimum is taken over all pure state decompositions of ensembles p = 3. p; |;)(¢;|, where Y. p; = 1 and
0 < p; < 1. Lemma 2 is cited from reference [5, 6], where a detailed proof is given.

Lemma 2. For any H € F,., the function € defined by Fgs. (14) and (15) is an entanglement monotone.
Conversely, the restriction to pure states of any entanglement monotone is identical to € for certain H € F..

Given the convexity property of the function h, combined with the unitary invariance of Tr(h(-)) defined on I'(C"™),
we can readily derive the following result.



Lemma 3. Let h : R — R be a convex function and ap be a bipartite pure state. Set €(Yap) = c3[8 —
Tr(h(pa))], where B is a constant and pa = Trp(Yap). Then, E(Yap) is an entanglement monotone.

Proof. Given that —Tr(h(-)) € Fue, we note that &(¢4p) behaves as an entanglement monotone under Lemma 2.
The constant f is determined when p4 is in a pure state, resulting in €(¢p45) = 0. Consequently, 8 = h(1)+(n—1)h(0).
This concludes the proof. |

By integrating Propositions 1 and 2 with Lemma 3, we establish Theorem 1, highlighting the complementary
relationships among wave behaviours, particle behaviours, and entanglement monotones in the main text.

C. Relationships among wave behaviour, particle behaviour and the entanglement monotone for two-qubit
mixed states

Theorem 1 in the main text establishes that for a bipartite pure state 4 g, the sum of particle A’s particle behaviour
and wave behaviour and the entanglement between particles A and B is a constant, determined by the function f and
the dimension n. However, this conservation law does not hold for a bipartite mixed state, as illustrated in Fig. 4 of
the main text. We now present a rigorous theoretical explanation for this discrepancy.

For a two-qubit mixed state pap, we consider the reduced density matrix pa = Trg(pap) of qubit A. We focus on
the case where f(z) = 22, as illustrated in Example 2 of the main text. Since p4p is a mixed state, the concurrence
of pap is defined by the convex roof extension, Ca(pap) = min)_, p;Ca(|p;)), where the minimum is taken over all
the ensemble decompositions pap = >, pi [pi)eil, 0 <p; <1, >, pi =1, and Ca(|g;)) is the concurrence of [¢;) [7].
We draw the following conclusions.

Proposition 3. Let pap be a two-qubit mized state and pa = Tre(pap). Then, W(pa) +P(pa) + E(pan) < 1.

Proof. Let |¥) be the purification of p4; namely, pg = Trp(|¥X¥|) = Trg(pap). Since the wave behaviour 2 (p4)
and particle behaviour B(p4) are solely dependent on p 4, regardless of whether we consider |¥) or pag, it is sufficient
to demonstrate that the entanglement of pp is less than or equal to the entanglement of | ).

Let {p;,|ziXzi|} be the optimal ensemble decomposition of pap; i.e., Ca(pap) = ZlepiCA(|zi))7 where k >
Rank(pap). On the basis of Wootters’ optimal ensemble decomposition construction [7], the concurrences of each
|z;) are all equal to the concurrence of psp. This means that Tr[Trp(|2;)Xz;|)]? are identical, from the expression of

concurrence. Since pa = Trg(pap) = Zle piTrp(|z:)zi]),

k
pa =Y pi[Tra(z)z] + D pipyTre(lz)(z: ) Tre (1221 + > pipyTea (2= Tea(l12)z1), (16)

i=1 i<j i>j

which leads to

k
Tr(p%) = D piTe(Trp(lz:)(=)]° + D pipy Tr[Trp(|2:)(zi) Trp(|25)z])]

i=1 i#£j
k
<D P Trp(|z:)(=:))° + > pip; \/TI"[TI"B(|Z¢><21'|)]2T1"[TFB(\ZJ><ZJ'|)P
i=1 ]
K
=> PIM+Y pip;M
i=1 ]
K
= (S +> o | M
i=1 i#£]
=M, (17)

where M = Tr[Trp(|z;)2:])]?>. The inequality comes from the Cauchy-Schwarz inequality, i.e., |Tr(ST)]> <
Tr(S?)Tr(T?), for Hermitian matrices when S and 7T are of the same order. The last equality holds since



6

Zlep% + D i PiDj = (Zlepi)g = 1. In fact, we observe that ¢(|¥)) = C3(|¥)) = 2(1 — Tr(p%)). Thus, we
obtain €(pap) = 2(1 — M) < 2(1 — Tr(p?%)) = €(|¥)) from the expression of concurrence. This completes the
proof. |

D. Comparisons among the three wave behaviours, particle behaviours and entanglement monotones

In the main text, Examples 1, 2, and 3 reveal fundamental differences in particle behaviours, wave behaviours, and
entanglement monotones. To demonstrate this, we calculate these quantities for a qutrit state using the measures
from these examples. Subsequently, we use numerical simulations to plot these measures on the same coordinate
system, clearly showing the differences between them.

We prepare a qutrit state p4 by applying a phase damping operation ®, whose Kraus operators are given by

1 0 0 0 0 0 00 O

Ki=[0yvi=vy o0 JKo=|0,70],Ks=[00 0 |, (18)
0 0 JI—n 00 0 00 5

where 0 < v < 1. Let the initial pure state be |o) = ? sin «|0) 4+ ‘/75 sina [1) +cosa [2), 0 < o < §. The state |o) is

subjected to the action of the phase-damping channel ® and becomes p4 = ®(|o)o|) = E?:l K;|oXo| Kj Finally,
we obtain the two-qutrit pure state [1) from the purification of p4.
For simplicity, we choose v = 0.5. p4 becomes

% sin® o % sin? o % sin v cos «
pa = % sin? a % sin? a g sinacosa |- (19)
% sin o cos « % sin a cos a cos? a

Therefore, when n = 3, the wave behaviours 20(p4) in Examples 2 and 3 of our main text are

3 9

Wi, (pa) = (8sin2a—|— 8cosgoz) sin? o, (20)
2 2 2

Wi, (pa) = %sinza—l— +\[sinacosa. (21)

The wave behaviour Wyon(pa) can be numerically calculated; see the comparisons among the three wave behaviours
Won(pa), Wi, (pa) and Wy, (pa) in Fig. Sl(a).

0l T Byon(Pa) P | NN — Pvon(pa) 064 Cvonlyas)
= Wy, (pa) 7 e AN === P(pa) = €(Yas)
05l Bylea) AN 08 \\\ N e PBx(Pa) 054 " G (Yas)
; N

0.0 0.2 0.4 0.6 0.8 1.0 12 1.4 1.6 0.0 0.2 0.4 0.6 0.8 1.0 1.2 14 1.6 0.0 0.2 0.4 0.6 0.8 1.0 12 1.4 1.6

(a) Three wave behaviours (b) Three particle behaviours (c¢) Three entanglement monotones

Fig. S1. Comparisons among the three wave behaviours, particle behaviours, and entanglement monotones in our
experiments. Monotonicity is not preserved when a € [0, 7/2].

Similarly, when n = 3, the particle behaviours B(p4) in Examples 1, 2, and 3 of our main text are given by

1
Poon(pa) = 1+ {sin2 alog (2 sin? a) + cos? alog cos? a} -logs 2, (22)
3 3 1
P, (pa) = Zsin4a—i-§cos404—§7 (23)

1
B, (pa) = 1— (2 sin? o 4 \/isinacosa) . (24)



See Fig. S1(b). The entanglement monotones €, (¢ ap), €, (¥ap) and Eyon(ap) are derived from the complementary
relationships among wave behaviours, particle behaviours and entanglement monotones; see Fig. S1(c).

E. Conservation laws based on functions of the entries of density matrices

In Theorem 1 of the main text, the wave behaviour 20(p4), particle behaviour B (p4) and entanglement monotone
¢(¢Yap) are defined on the spectrum of density matrices (i.e., the eigenvalues of quantum states), which does not in-
clude wave behaviours characterized by I1-norm coherence. Below, we introduce an alternative framework for defining
the wave behaviour 25(p ), particle behaviour B(p4) and entanglement monotone &(¢)45) based on multivariate func-
tions f defined on the entries of density matrices. This multivariate function f is only required to have joint convexity
and invariance under variable permutations. While it may be challenging to obtain abstract forms such as particle
behaviour in Proposition 1 and wave behaviour in Proposition 2 in general, we can provide a concrete example to illus-

trate this framework. Let us consider such a multivariate function f(z1, 2, -+ ,Z,2) = nP~! Zil |z;|P/(n—1),p > 1.
Then, 2, (pa), Bp(pa) and €,(vap) can be represented solely through the multivariate function f(xq, e, -« ,zpy2):
[mp(pA)]p = f(Plh P12, apnn) - f(Plh P22, 5 Pnn, 0)7 (25)

n—1
[mp(pA)]p: 1- [f(\/plla\/pQQa"' 7\/pnn;0)]2+f(p11,p22,"' apnnvo)v (26)

np—1

€ Wan) = S (/o P O = Flpir, iz, o), (27)

where f(\/ P11 A/ Pnn; 0) stands for f(\/ P11 A/ Pnn; 07 T ao)a and Simﬂa‘rly for f(Plh P22;° 5 Pan, O) The
explicit expressions of 2, (pa), Bp(pa) and E,(Yap) are

p—1
2, (pa)l” = = D lpul”, (28)
i#]
p—1
Bolpa)l? = 1= =" Ipuapss "2, (29)
i#]
p—1
€ wan)l” = =" (Ipupssl”? = loul”) (30)
i)

Example 3 is the special case of p = 1 in Eq. 28, 29 and 30. Moreover, the normalized /;-norm coherence and I
concurrence correspond to p = 1 in Eq. 28 and p = 2 in Eq. 30, respectively. The ternary complementary relation
discussed in Ref. [8] pertains to the scenario of p = 2, i.e., Example 4.

Next, we demonstrate that 20,(p4) and B,(pa) conform to the axioms of wave behaviour and particle behaviour
for arbitrary n when 1 < p < 2.

Let us first examine properties (W1)-(W3) and (P1)-(P3) for 1 < p < 2. It is evident that 20,(p4) = 0 is equivalent
to pij = 0 for ¢ # j and Pp(pa) = 1. Without loss of generality, we assume that p;; # 0. Then, we deduce that
pii = 0 for 2 < ¢ < n from Eq. 29. Hence, ps = |0)X0], which satisfies (W2) and (P1). Conversely, if 2,(p4) = 1,
then B, (pa) = 0. By Jensen’s inequality, we have

2 ansi |7
Zlﬂ--p--l”/2<n(n_1)- Z;jp - <2l (31)
I h 2 n(n —1) = opp-1?

1<J

with equality holding if and only if p; = 1/n for all 4. In other words, p4 is a pure state with equal diagonal entries;
i.e., (W1) and (P2) hold. Owing to the invariance of Eq. 28 and Eq. 29 under permutations of indices, the properties
(W3) and (P3) are naturally satisfied.

Finally, we address the convexity in (W4) and (P4). For 1 < p < 2, the convexity (W4) of 2,(p4) is guaranteed
by Minkowski’s inequality [9], [Aa + (1 — A)b], < Alfal, + (1 = X) [b],. Denote a = (p{3, p{5, -+ ol -+ o))
and b = (pg),pg), - ,pgi),n- ,pfizfl), where 0 < A < 1 and PS)WE?) are the off-diagonal entries of p™), p(2),
respectively. Specifically, a, b are vectors of the off-diagonal entries of p™), p() and lall, = O iz |P§j1')|p)1/p, and
similarly for |[b|[,. Next, we analyse the convexity (P4) of ,(pa) for p = 1,2.



For p = 1, establishing the convexity (P4) of B1(pa) is essential to demonstrate that

p1+ p2 P1(p1) + Pi(p2)
b (245) B sin

(32)

In fact, Eq. 32 is equivalent to

> [\/(pg)ﬂf)) (p” + o\ ) \/p” o) - \/p” pﬂl >0. (33)

i#]

Every term in Eq. 33 is nonnegative since

1 2 1 2 2 1 2 2 1
pﬁz)pﬁj) + pf,)pﬁj) 24/ pfl)pﬁj)pib)pﬁj) (\/ pﬁz)pﬁj) \/ pEﬂpﬁf) >0, (34)
1 (

where p;;”, p; j) denote the diagonal entries of p(1), p(®). This guarantees the convexity of P1(pa).
The case of p = 2 can be similarly proven. For instance, concerning convexity, we have

P3(pa) = <Zp“—> =nnlzn:(mi—;>2- (35)

i=1

The convexity of PBa(pa) is due to the fact that the function w(w1, 2, ,2,) = /27 + 23 + -+ + 22 is convex.

To demonstrate the convexity of PB,(pa) for 1 < p < 2, we conduct numerical experiments by selecting different
values of p and generating random density matrices p4 for each p. The numerical results show that P,(p4) is convex
forl<p<2.

Moreover, for every pair (i,j), |piipj;| = |pij|* since pa is positive semidefinite. Thus, €,(1)4ap) in Eq. 30 vanishes
when |p;ip;j| = |pij|? for an arbitrary i, j, which occurs only when p4 is in a pure state; i.e., the bipartite pure state
Yap is a product state. Hence, €,(¢4p) vanishes if and only if ¥ 45 is a product state, if and only if there is no
entanglement.

Since €,(¢ap) has the same monotonicity as the I concurrence €3()ap) when p = 1 [10], €,(¥ap) is expected
to be nonincreasing under local operations and classical communication (LOCC) [11] as well for some p. When
p =1, P1(pa) is interpreted as the sum of the distinguishabilities of different pairs of paths, which is based on the
successful probability of unambiguous quantum state discrimination [12]. Moreover, B, (p4) in Eq. 29 has a one-to-one
correspondence with ;(pa). Consequently, B, (pa) and €,(1)ap) can be interpreted as monotone functions of the
particle behaviour 9B1(p4) and I concurrence €5(1)4p5), respectively.

Hence, we have proven that, for all 1 < p < 2, the expressions 2,,(p4), Bp(pa) and Ex(1ap) defined in Eq. 28,
Eq. 29 and Eq. 30 are the valid wave behaviour, particle behaviour and entanglement monotone, respectively. For
these quantities, the conservation law is [2,(pa)]? + [Bp(pa)? + [€p(Yap)]P =

II. EXPERIMENTAL METHODS
A. DMultipath wave—particle quantum superposition and classical mixture

Photon pairs are created at the spiralled sources on the basis of the spontaneous four-wave mixing (SFWM) nonlinear
process. The dispersion of the waveguides is engineered to efficiently create photon pairs near 1550 nm. Two SFWM
sources are coherently pumped to generate a bipartite state:

€0 (1) 50115010051 10)5,1 +€110)5010);0 (1)1 [L)in s (36)

where the subscripts indicate that the signal (idler) photon is in its O-th or 1-th spatial mode; |0,1) indicates the
photon number state; and ¢ 1 represents the complex amplitude in each mode, satisfying |co|? + |c1]/?> = 1. The two
nondegenerate photons generated by SEFWM are deterministically separated via asymmetric on-chip MZI filters and
then swapped via a waveguide crosser:

¢0 [0}, 10); +er 1), 1), (37)

where 0, 1 is encoded by the path degree of freedom.



Maximally path-entangled Bell states can be obtained by carefully adjusting cg,1:
€
V2

Whether the target photon goes through the n-BS depends on the state of the control photon, resulting in a
wave—particle entangled state

(10}, 100 + 1) [1),)- (38)

o) o = %(\on D), + 1), [w),), (39)
Ip) = [0}, (40)

1 n—1 .
|w) = 7 ; |2) - (41)

The measurement apparatus M, performs a specific unitary transform Uy, = U, = U; on the target photon.
Then, the control photon is rotated by an angle «, and the target photon is symmetrically divided into two parts by
an n-mode quantum eraser:

.« (07 « e
(sin 5 |0) .+ + cos 5 10).. )Wt p); 4+ + Ut lp), ) + (cos 5 0),. 4 — sin 5 10)e ) (Ut [w); 4 = Upfw), ). (42)

By measuring the coincidence counts between D, and {Dt,j};’;ol, we can perform the measurement M, on a

wave-particle quantum superposition state [11) ,:

e a
10), ® Uy (sm 5 [p), + cos 3 |w>t> . (43)

Additionally, the coincidence counts between D, o and {Dé j ?;01 result in a measurement of another wave—particle

quantum superposition state [¢1) ,:

e o
10), ® U, (sm5 p); —cos 5 |w>t> . (44)

By summing these two counts, we can obtain measurement results for a wave—particle classical mixture p =
. g & «
sin? & p) (pl + cos® & Jw) {ul.

B. Measuring the I concurrence of the bipartite pure state

By choosing proper controlled unitary matrices U o1, Ut p/w, We can measure the I concurrences of two families
of bipartite pure states from a general control-target state

1
V2

The control and target photons for the wave-particle quantum superposition state |¢1) , are separable. We apply

(Ue010), @ Uty

p>t +Uc1 04 |1>c ® Ut w |w>t) . (45)

measurement apparatuses Mc’t to control and target photons with U.g = U1 = U, Usp, = U = Uy, rotate the

control photon by an angle «, and symmetrically divide the target photon. I concurrence can be measured from the
coincidence counts between {D. o, D.1} and {D; ; ?:_01:

e o
U, |0), ® U, (sm5 [P}, +cos 3 |w>t> . (46)

Considering the entanglement state [1)2) ., = sin% |0),|p), + cos% 1), |w),, we set Ucg = U, Uy = Ue - 0, and

Uip = Uy = Uy. The coincidence counts between {D. o, D, 1} and {D; ; ?:_01 after a rotation a of the control photon
yield

sin% U.10), @ Uy |p>t+cos% U 1), @ Uy |w), . (47)

Thus, we can measure I concurrence in the case of a classical wave—particle mixture.
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III. GENERALIZED MULTIPATH COMPLEMENTARY RELATIONSHIPS

A general complementary wave—particle-entanglement triad relationship holds for any bipartite pure system. We
focus on two types of wave-particle transition states with clear resource conversion. The separable state [1)1), =

@ @
10), ® (sin ) Ip), + cos ) |w>t) yields a quantum superposition of wave and particle behaviours

1 sin o

V), = —= (sin% |p) —|—cos% |w)) , N=1+ W7 (48)

while the entangled state |12) ., = sin% |0),. |p), + cos % [1),|w), results in a classical wave-particle mixture

. « «
pr = sin® = p)(p| + cos® 7 [w){w] . (49)

A. Complementary relation with von Neumann entropy

The wave behaviour 20(p4), particle behaviour B(p4), and entanglement monotone &(14p) in Example 1 are
related to the von Neumann entropy of the target subsystem.

W(pa) = S(A(pa)) — S(pa), (50)
PBpa) =1 - 5(A(pa)), (51)
€(Yap) = S(pa), (52)

where S(pa) = —Tr[palogpal/logn, S(A(pa)) = —Tr[A(pa)log A(pa)]/logn and n is the dimension number of the
target subsystem. In the qubit case (n = 2), this reduces to:

W(pa) = Aolog Ao + A1 log A1 — poo log poo — p11log p11, (53)
B(pa) =1+ poolog poo + p11log p11, (54)
E(Yap) = —Xolog Ao — A1 log Ap, (55)
1
where Mg = 5(1 + /1 —1?) and [ is the T concurrence of the target qubit.
In the quantum superposition case of Eq. 48, the resource terms are
W(pa) = <1 B COS2(05/.2) )1og (1 B COSQ(Oz/.Q) ) B cos2(a/.2) o ( cosz(a/.Q) ) 7 (56)
2+\/§sma 2+\/§sma 2+\/§sma 2—}—\/5511104
2 2 2 2 L2 2 2 2
Tloa) =1+ (1_ cos (oz/' ) >log (1_ cos (oz/. ) ) L _cos (oz/' ) Io ( cos (oz/. ) ) (57)
2+\/§sma 2+\@sma 2+\/§sma 2+\/§sma
€(Yap) = 0. (58)
In the classical mixture case of Eq. 49, the terms are

200( )—1 1+ /sin* S +cost < ) 1o L 1+ y/sin* S 4 cost =

Pa) =5 2 2) %3 2 2

—i—l 1— fsin* 2 4 cost S ) 1o 1 1— /sin* 2 + cost =

2 2 2) %2 2

1 s« 1 s« 1 5 1 S«
B = _Z Z) oz = - hd 5
(1 5 €08 2) log <1 5 €08 2) 5 €08 log 5 €08 , (59)
PB(pa) =1+ (1— = cos? @ log [ 1 — = cos? @ + = cos® = log [ = cos? — (60)
2 2 2 2 2 2 2 2/’
4 1 4 a
E(pap) =—= 1+ 4/sin +cos4§ log§ 1+ 4/sin —+cos4§
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It is easy to verify, whether in quantum superposition or classical mixtures, that

W(pa) +B(pa) + E(Yap) = 1. (62)

B. Complementary relation with /3-norm coherence

The wave behaviour 2J(p), particle behaviour J(p), and entanglement monotone €(1p4p) of the target subsystem
in Example 2 are

Woa) = ——= > loul (63)
i#j

Plpa) = —— (Z ol — i) : (64)

E(¥an) = —— (1 - Tr[p?)). (65)

In the quantum superposition case of Eq. 48, the resource terms are

2
W(pa) = (lJrC;)iSn(j//Q\/ﬁ)Q <1+sin2(;+ %sina) , (66)
.2
P(pa) = (1:;1113;2\/5)2 (Sin2 % + %COS2 % + % sin a) ) (67)
E(ap) = 0. (68)

quantum n=3

quantum n=4

T
et

I

¥
t )
3

s

classical n=3

[T

L B . A

—— wave behaviour (W)
particle behaviour (P)
quantum entanglement (E)
conserved resource (W+P+E)

&3
R NIy

w

s s

4

R N[y

Fig. S2. Complementarity relations in Example 2 applied to both the quantum-superposition state |¢1). and
classical-mixture state |1s2). for 3, 4-path experiments. The error bars (+0) are estimated from the photon

Poissonian statistics.

In the classical mixture case of Eq. 49, the terms are

W(pa) = cos? %, (69)
P(pa) = sin’ % (70)
E(hap) = %sin2 Q. (71)

It is easy to confirm that, whether in quantum superposition or a classical mixture,

W(pa) +P(pa) + E(ap) = 1. (72)
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C. Complementary relation with /;-norm coherence

The wave behaviour 20(p), particle behaviour (p), and entanglement monotone €(1p4p) of the target subsystem
in Example 3 are

W(pa) = = 3 losl, (73)
i#j
Ploa)=1- —= 3 Vo (70
i#£j
C(bap) = — > (Vpini; — lpis) - (75)
i#j

In the quantum superposition case of Eq. 48, the resource terms are

. -1
EZU(pA) = (1 + Sf;g) (\/ZH sin%cos% + cos? g) s (76)

_ Vnsin®(a/2)
Bloa) = L0, ()

@(’Q/JAB) =0. (78)

quantum n=3 quantum n=4

classical n=4
i ¥ 3 3
k3

—— wave behaviour (W)
particle behaviour (P)
quantum entanglement (E)

conserved resource (W+P+E)

w)

ST s
4

R My
S
Q mIy

Fig. S3. Complementarity relations in Example 3 applied to both the quantum-superposition state |t1). and
classical-mixture state |12). for 3, 4-path experiments. The error bars (+0) are estimated from the photon
Poissonian statistics.

In the classical mixture case of Eq. 49, the terms are

«
W(pa) = cos? Px (79)
PB(pa) = sin? 2y 2 cos? = — 2 cos = [nsin? = + cos? 97 (80)
2 n 2 n 2 2 2
E(Yap) = 2 cos = [nsin? < + cos? = — 2 cos? S (81)
AP T 2 2 n 2

Whether in a quantum superposition or a classical mixture, it is easy to verify that

W(pa) +P(pa) + E(Yap) = 1. (82)
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