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The Hankel-Laplace transform. The m™-order Hankel-Laplace (HL) transform of a function f from the primal domain (r, z,t)
to the HL domain (¢, z, s) is defined as (1):

f(m)(fv z,8) = / / Flr, z,t) Jm(€r) e Str dr dt [1]
o Jo

where 7, z, t denote the radial, axial, and the temporal dimensions, respectively. The associated m*-order inverse HL transform

is defined as
1
t) = —

Note three important identities of the Hankel transform (.74,) used in the derivation of the thermo-mechanical retina model:

ctioco

/ ) FO(E, 2, 8) Jm(Er) e € dE ds 2]
(0]

—100

10 ( of m? . A 2 5m)

a<a>_ == .
Tm—l% (Tlmf> Hm _§f~(m*1) [4}
Tflfmd;dr(rlJﬁmf) Hm é—f(”’H’l) [5}

Setting m = 1 and m = 0 for the last two identities, respectively,

af 4, 70

T, ¢ 6
1d Ho, o 5(1)
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Derivation of the thermo-mechanical retina model.

The thermo-mechanical problem. The rodent retina is modeled as an axisymmetric multi-layered medium. The physics of each
layer is governed by thermo-elastic partial differential equations (PDE). In cylindrical coordinates, the equations of motion for
an elastic medium in quasi-static conditions are (2):

0o,  OTr, Op — 0p

or + 0z * T 0 (8]
OTrz | 00y | Trz
or oz ' r 0 9]

where o, g9, and o, are the normal stress components, 7., is the shear stress in the » — z plane. The isotropic stress-strain
constitutive relations (the generalized Hooke’s law) including the thermal stress are:

or + 80 = Ney + 262 [10]
ar
oo + 8O = Aey + 26" [11]
02+ 5O = Aey + 262 [12]
0z
Our  Ou,
rz — G ( ) 13
i 0z + or [13]
where
e ( is the shear modulus:
E
_ 14
¢ 2(1+v) 4]
with E the Young’s modulus and v the Poisson’s ratio.
e )\ is the Lamé’s first parameter:
2Gv
A= 1
1-2v [15]
o u, and u, denote radial and axial displacements, respectively.
e ¢, is the volumetric strain:
Our  ur  Ouy
v = — 16
¢ or + r + 0z [16]
e (0O is the thermal stress, where 3 is the thermo-mechanical coupling parameter
1+v
= 1
ﬂ 2GO¢TE 1_9 [ 7]

and © = T — Ty denotes the temperature change. Note aTg is the thermal expansion coefficient.

The relationship between displacements and temperature change can be derived by substituting o,, 0¢, 0. and 7, from
constitutive equations (Egs. [10] to [13]) into the equations of motion (Egs. [8] and [9]):

1  Oe, 1 B 0O
wor 2% Gor " [18]
1 de, BOO
2w a: Gaz " [19]

VQur +

Viu, +

where V? is the Laplacian operator. The temperature change is governed by the Fourier heat conduction law and the heat
diffusion equation:

q=-xkVO [20]
% =aVv’e [21]

where q = [gr, ¢z]" is the heat flux vector, k is the coefficient of thermal conductivity, & = k/pcp is the coefficient of thermal
diffusivity, p is the material density, ¢, is the material-specific heat capacity, and V is the gradient operator.
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The state matrix equation. With equations [18], [19] and [21], the state equations of an elastic layer can be derived. Taking the
1%*-order HL transform of equation [18] gives:

*a)  20-v) ) 1 €8ﬁ§°> LB
0z G

0 = 22
022 T—20 " T 1-2 €0 0 [22]

where HL property [6] has been used to convert the axial displacement variable and temperature change variable in the HL
domain from 1%-order to 0™-order. Similarly, taking the 0®*-order HL transform of equation [19] gives:

21 — 1) 928 1 eaW 5(0)
1—2v 022 1-2v> 0z G 0z
Lastly, taking the 0*"-order HL transform of equation [21] gives:
25 (0)
760 o297 _ 24
(s+a&”)O o 9.2 0 [24]
Define A as the state vector:
at
A= | [25]
6
A . . . . .
and let W = OA/5z|" three state equations can be combined into one matrix equation:
OW (&, z,s
IWE2S) _ e, s)Wie, 2, 9) 26]
z
where ® € R%%6 is given below:
0 0 0 1 0 0
0 0 0 0 1 0
B(c.5) 0 0 0 0 0 1 7]
,8) = | 20—v
1(7211)52 1720 ) 7%5 q 1j2u§ 1720 s
0 2(171;)5 0 _2(171/)f 0 2(1—v) G
0 24 0
The eigenvalues of ® are found as
Aao=¢ 28]
A3q = —¢ [29]

Corresponding eigenvectors are found as columns of the following matrix:

—€7t —2(1-2w)e? et 2 -2 pepTt —nept
¢! —£7? £t £ U
0 0 0 0 N [32]
-1 (=3+4)Et 1 (=3+d)Et —mee —me€
1 0 1 0 —n-p NP
0 0 0 0 1 1
where
_ (1-2v)ap
K 21 —v)sG 3
p= i + 52 [34}
(0%
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Note that the eigenvectors in [32] are generalized eigenvectors solved using Jordan decomposition. Denote the it" generalized
eigenvectors as m;, the general solution to the first-order matrix differential state equation [26] with algebraic multiplicity in
eigenvalues has the form of

Aqz

W(E, z,8) = mie™” - 01 + (myz 4+ ma)e™?” - lo + m3e™®® - f3 + (m3z + my)e™” - £y + mse™” - 5 + mee™” - g [35]

= |mief? (m1z+m2)egz mse &% (m32+m4)67§z mseV ate2z mge VvV §+522] [36]

= M(¢, z,5)L [37]

where £;’s are arbitrary constants. Consider a single finite layer with the top boundary at depth z = 0 and the bottom boundary
at depth z, and take the top half of the vector W and the matrix M, the states at the boundaries can be expressed as

A(&,0,8)| _ |M(&,0,5)
[A(g,z,s)] = {M(f,z,s)} L 38]

where M is the top half of the matrix M, i.e.,

€7l (T2l - 2w)E e gle T (e k2L —2w)E e ppTiet® —pp e
M(€,2,8) = | € 1e™ (2 —¢72)e —& e —( 2+ )e ne’” ne’”
0 0 0 0 —p~teP? pleTP?
[39]
The stress matrix equation. The normal stress along z—axis, the shear stress in the r — z plane, and the heat flow are chosen to
form the stress vector in HL domain, i.e.,

7
V= |0 j40]
Q(O)
The relationship between the stress vector and the state vector can be derived from equations [12-13] and the heat flow in the
z—direction based on the Fourier heat conduction law:

t t
00

Q:/ qsz:—/ Kk— dT [41]
o 0 Oz

Taking the HL transform of equations [12-13] and [41] gives

~(1)
() _ o (08 19
= (%) 2
2Gv 1—v 9 ~
5(0) _ 2 4 o 2 _ 350 4
0 =gt Ty e, P8 [43]
5(0)
= (0) Kk 0O 44
Q 92 [44]
Hence, the stress matrix equation is derived:
V(€ z,5) =8(£,5)W(E, 2,5) [45]
where S € R3*6:
0 -G¢ 0 G 0 0
S(&,s) = | 2% 0 -8 0 2G&£ 0 [46]
0 o 0 0o 0  -=
As derived in the previous section, W (¢, z,s) = M(f, z,8)L, hence
V(£ 2,5) = (£, 5)M(E, 2, s)L [47]

Denote N(¢, 2, s) = S(¢&, 5)1\7.[({, z,8), for a single finite layer with the top boundary at depth z = 0 and the bottom boundary
at depth z, we have

_ 7N(£7 Oa S)

_[N(g,z7s)]L 48]

{V(f,(), s)]
V(¢ z,s)

The reason for using the minus sign will become clear later.
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The stiffness matrix of a single elastic layer. Combining equations [38] and [48] to eliminate L yields

-V (£,0,s)
V(¢ z,s)

where matrix K € R6%% is called the stiffness matrix

g9
= _ _2GBag[4zEeibi(peady — Eerds) + bsdi (§dads — pdida)]
Kis =Ku = —
sgds
4GEe b (bsdy — zEbrd
Kis =Ky = €erba(bsdr — 2€b1d3)
g
4G2€%e1b1bad
K15 = K51 = _K24 = _K42 = —%
= _ _4GPag[z€eibi (§dads — pdida) + bydi (peady — Eerdy)]
Kie = Ky = —
sgds
2
Koo = Kss = _2G£b2(4z§e;b1 + badyds)
= _ 2GBag[4z€peibr f + 4peiesbsdy + bsdi (§dids — pdsda)]
Koz = —Ks6 =
sgds
4GEe1ba(badr + zEbid-
K25:K52: 612( 391 51 5)
_ _ 4GBag[4zEp eleabr + z€e1bi (§didy — pdsda) + pbsdi f]
K26 - _K53 =
sgds
d
K3z = Kes = _kpas
Sdg
K36 = Koz = 2kpes
8d2
and K31 = K32 = K34 = K35 = Kg1 = Kg2 = Kgs = Kgs = 0, where
b =X+G
by = A4 2G
by = A+ 3G
e1=e **
ex =e P?
dl =1— 6%
do=1-— eg
dz=1+¢€3

Kii =Ky =

Ki2 =Ko = —Kys = —Ks4 =

} =K(, z,9) {

e - | e ||

Equation [49] is referred to as the transfer matrix equation in this modeling. Elements in K, also given in (3), are:

A(&,0,9)
A(g, z,8)

M(¢, 2, 5)

M(¢,0, s):| -t

2GEba (42€e2by — badyds)

9

2GE(422€%e3b; — Gbad?)

f = 62d3 — 61d4
g =42°¢%€lb] — b3di

It is worth to write out the stiffness matrix and observe symmetry among its elements:

K(, z,8) = {

A3><3
CB><3

Baxs
Dsxs

]_

K
Ko
0
Kis
Kis
0

Ki2
Koo
0
—-Kis
Koss
0

Kis
Kos
Kiss
Kie
—Kos
K3

Kis
—Kis5
0
K
-Ki2
0

Note the similarity between submatrices A and D, also submatrices B and C.
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Kis
Kos
0
—Ki»
Ko
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Kie
Ko
Kse
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The mathematical formulation of the retinal N-layer assembly. The geometry and coordinate system of the N-layer assembly is defined
in Fig. S1. The top plane of the retina is at z = 0, and the space above it is called the top half-space defined as the 1% layer.
Similarly, the last layer of the assembly will extend from z = zr (zr:the thickness of the retina) to z = +00 and is called the
bottom half-space. Denoting the stiffness matrix of the i*® layer as

i gl
o [AT B
K" = [Cm Dm] [75)

then the transfer matrix equation for the i*" layer can be written as two equations using the submatrices, i.e.,
~V(€, 2, s) = AVIA(g, 2, s) + BUIA(E, 274, 9) [76]
V(& 7ip1,8) = CYAE =7, 8) + DA 231, 9) [77]
For the boundary conditions, we assume no stress, displacement, heat transfer, or temperature rise at infinity, i.e.,
V(& —00,s) = V(£ +00,5) = A(§, —00,s) = A(§,+00,8) = 013 [78]

With the boundary conditions, the transfer matrix equations for the top and bottom half-spaces are reduced to

V(£,07,s) =DMAE 07, s) [79]
“V(& ik, s) = AMIAE =, 5) [80]
where
K kY 00 0
D= 1im |kl KU K| = [0 0 0] [81]
Tkl Kl k] oo

N N N
N Kéﬁj K%i K%‘vgj 00 o
AV = zglﬁl}oo K[21\11] K[21\21] Kﬁ%] =10 0 (?w [82]
K51 Kz Kig 00 =%
The continuity conditions at interfaces between layers without external forces or heat sources are given as:
V(£72;78) = V(f,Zj,S) = V(‘fv Zi,S) [83]
A(€7Zi_7s) = A(€7zz+75) = A(éazlas) [84]

At an interface where a surface heat source is present, e.g., at the surface of the RPE layer (z = zrpg), the boundary condition
is:

V(£7 ZgPE7 S) = V(§7 ZﬁPE? S) + F(f, ZRPE, S) [85]
where F represents the external heat source term, i.e.,

0
F(¢ 2rpE, 5) = o) 0 (86]
¢ (& 2rpE, 5)

where ng) (&, zrPE, s) is the HL transform of the external heat flow Q.(r, zrpE,t) brought through the laser absorption (see
next section Surface heat source). Any layer has a system of matrix equations similar to [76] and [77], hence, for N layers,
there is a total of 2N — 2 matrix equations (the top and bottom half-spaces only need 1 matrix equation for each). The
introduction of the minus sign in equation [49] with the continuity conditions simplifies 2N —2 to N — 1 equations. For example,
consider a simple 4-layer assembly, with the top half-space (layer 1, between z1 = —oo and 22 = 0), a water layer, an RPE
layer, and the bottom half-space, with a surface heat source located at the top of the RPE layer, the complete set of matrix
equations are

V(£,07,s) =DMAE 07, 5) [87]
—V(£,0",5) = APIA(£, 07, 5) + BPIA(E, 23, ) [88]

V(25 ,8) + F(€ 23,8) = CPIA(E, 07, 5) + DPIA(E, 25, ) [89]
—V(& 25, 5) = APIA(E 28, s) + BEIA(E, 21, 5) [90]

V(& 21, s) = CPIA(E, 2, 5) + DPIA(E, 21, 9) [91]

—V(& 2f,5) = AMA(E 2 9) [92]
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Combine [87-88], [89-90], and [91-92], and then apply continuity conditions to obtain three resultant equations:

03><1 = (D[l] +A[2])A(51078) +B[2]A(£,Z378) [93}
F(¢ 23,5) = CPIA(,0,5) + (D + APA(E, 25, 5) + BUIA(E, 24, 9) [94]
03x1 = CPIA(E, 23, 5) + (D) + AM)A(E, 24, 5) 195]
which can be written as one matrix equation:
0351 DM 4 A B 03x3 A(&,0,5)
F(¢ 23,5) | = cl DP 4+ A Bl A(E, 23, 5) [96]
03><1 03><3 C[B] D[3] +A[4] A(f,z4,s)

This simple example can be extended to a N-layer assembly. By inverting the final matrix equation, the state vector A(¢, z;, s)
at any interface can be found. For brevity, the equation [96] is written as

V(£75) = ’C(£7S)A(§7S) [97}

Numerical inverse Hankel-Laplace transform. To obtain u. (r, z,t) and ©(r, z,t) for the AOPL calculation from A(¢, z, s), we perform
numerical HL transform inversion of ag‘”(g, z,s) and OO (¢, 2, s). The inversion can be treated independently:

e The inverse Hankel transform is defined by the integral:

/ F(E) Im(er)ede 98]

which can be approximated as

o it1 B
r) = Z /5 - J©Imereds [99]

Eit1
~ Z / F(&) Tm (r)€de [100]

i

where &;’s are zero points of the Bessel function J,, and Np denotes the number of Bessel intervals considered. The
integrals over the intervals [&;, &+1] can be approximated using the Gauss-Legendre quadrature:

Sit1 _ Nar
/ F€)Im(er)ede ~ S8 Sy f (51 T (i) [101]
&i p=1

where N¢r denotes the quadrature order, w, and r, are the Gaussian weights and nodes, respectively (4), and

By = Eiv1 — &r n i1+ &

102
Tt 102

e The Abate-Whitt framework (5) is used for the inverse Laplace transform in which f(t) is approximated as a linear
combination of f(s) values, i.e., for t > 0

e

where nodes i, and weights 7, are Ny-dependent real or complex numbers. The nodes and weights are made available
by the authors of (6) which uses concentrated matrix exponential distribution.

In summary, to obtain u,(r, z,t) and ©(r, z,t), we need to compute

Nar

uz(r, 2, 1) Z [Tk Z &H & Z wpuzO) (ﬁz P2 7*) Im(1Bip)Bip (104]

and

o(r,2,1) Z 1t Z s Z 00 (B2, ) Tn(rBir)Bu [105
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218 The general algorithm. The computational flow of equations [104-105] in MATLAB or Python is summarized in a pseudo-code
format shown below:

Algorithm 1 State inversion

Define arrays E, X, B, W, J, U,, T,
for k=1,2,...,Nr do
for i =1,2,..., Ng do
Compute z; = (&1 — &) /2
for p = 1, 2, ceny Ngi1, do
Compute: Bip = (§ir1 — &)rp/2 + (Git1 +&i)/2
Assign: X[i,p, k] = zi, Bi,p, k] = Bi,p, Wi, p, k] = wp
Running in parallel for all r and ¢
for k=1,2,..., Ny do
Compute: ex = i/t
Compute: gr = i/t
fori=1,2,..., Ng do
for p= 1, 2, ceny Ngi, do
Assign: El[i, p, k] = ek, J[i,p, k] = Jm (rBli, p, k])
Generate: the model matrix IC(BJ[i, p, k], gx) and the total stress vector V(B[i,p, kl, gk)
Compute: A = K(BJ[i, p, k],gk)fl\?(B[i,p, k], gr)
Extract: ﬁg])(B[i,p, k], z, gr) and é(o)(B[i,p, k], z, gr) from the state vector A
Assign: U.[i,p, k] = 1]20), T.[i,p, k] = 6w
Compute: u.(r,z,t) = EOXOWoeJoBoU,
Compute: O(r, z,t) =Y EOXOWOIOBOT.:

i,p,k

i,p,k

219

220 Note that ® denotes the Hadamard product.
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Surface heat source. In reality, the absorbed laser intensity exhibits a continuous exponential decrease along the layer depth
according to the Beer-Lambert law:

qe(2) = %#ae’*(“““s)z [106]
where Py is the incident laser power at the absorbing layer plane, a is the laser radius, and p} = ps(1 — g) is the reduced
scattering coefficient with ps being the scattering coefficient and g the anisotropy factor. However, based on the construction of
the model, the elements of the stress vector correspond to external heat stresses only at interfaces, hence, the N-layer analytical
model only accepts surface heat sources and not volumetric sources. This limitation is overcome by discretizing the volumetric
heat source into planes that are sufficiently close to each other, such that the surface heat source and volumetric heat source
become equivalent after a characteristic time that is shorter than the experimental characteristic time (1 ms). Heat diffuses
over a thickness of 1 nm with a characteristic time of 2.5 nus. Hence, the volumetric heat deposited on the apical membrane of
the RPE (modeled as a layer of 1 ym) can be approximated as a surface heat source, however, the pigmented choroid with a
thickness of 20 pm is segmented into five sub-layers of the same thickness with surfacic heat sources placed on top of each
sub-layer (7). Consider an absorbing layer of thickness ¢ with the top interface at z = zu, the amplitude of the surface heat
source was set to equal the total heat deposited over 4, i.e.,

P a — (. ’

The complete spatial-temporal profile of the surface heat source is
Qe(r,21,1) = qe(2m) X de(r,1) (108]

where ¢e(r,t) can be decomposed into spatial and temporal components:
¢e(r,t) = Pspatial (1) X Premporal (t) [109]
The spatial profile is modeled as
Pspatial (1) = H(R — 1) [110]

where H is the Heaviside function. As shown in Fig. S2B, the measured heating beam at the detector using a model eye lens
with 30 mm focal length is the image of a pinhole and its edges are relatively straight. The measured temporal profile was fit
to a double exponential function, i.e.,

Ale—t/h + Aze—t/tz

Premporal (t) = [H(t) — H(t — to)] A1+ Ao

[111]

where to = 10 ms is the laser pulse duration, A; = 4.63, A2 = 1.01, t1 = 0.35 ms and t2 = 4.98 ms were fitting results (7).
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Fig. S1. Axisymmetric multilayer model with state vectors, stress vectors, and stiffness matrices at the layer interfaces.
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Fig. S2. (A) Heating beam and OCT beam at the retinal plane imaged with a model eye lens of a 30 mm focal length. (B) Lateral profile of heating beam. Intensity fluctuations

are due to laser speckles.
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(A) Averaged B-scan (100 frames) a5
o
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Fig. S3. Lateral referencing for the tilt correction. (A) Averaged OCT B-scan of a WT retina (Rat LE 1 in the main text). (B) Baseline measurements (no heating). Raw phase
map extracted by time referencing to the first frame (left). The complex valued signals along an A-line were averaged within an axial range to obtain an averaged phase. A
linear function is fitted to 50 data points on both ends of the phase profile (center). Each A-line phase was then compensated according to the fitted function value at the
corresponding lateral positions (right). (C) Post-heating results in the same order.
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(B) Lateral-referenced phase map at t=10 ms
Y YR AL T LS A AR T
2ET Ay = Feni g & 0 e s Sl iy e = =

(A) Averaged B-scan (100 frames)

55 Intensity (dB) 85 -300 AOPL (nm) 300

LT T B R WP TG

i3, T g ?'ﬁ e e
L RN v fo e
P TG B 5 Rk s Rl

Fig. S4. Structural image (left) and laterally-referenced phase map (right) for another two WT rats. Scale bar: axial, 90 um; lateral, 50 um.
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(A) Averaged B-scan (100 frames) (@]
5 2 @ WT, Mean (SD)
inner retina 'I. $ RCS, Mean (SD)
-50 4 e Individual measurements
WT OS-RP!
=100
E .
= -150 I I I
T .
I ] o
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-250 : I'
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Fig. S5. (A-B) Regions of interest used for averaging the extracted OPL changes at various locations in the retina for WT and RCS groups. (C) Statistical results of maximum
OPL changes averaged over various locations of 3 WT retinas and 3 RCS retinas.
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Optimization convergence
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Fig. S6. (A) An example convergence plot for the parameters fitting process. RMSE: root mean squared error. (B) Contour plot showing parameter correlations between the
absorption coefficient and optical transmittance. Same as Fig. 4E in the main text. (C) Contour plot showing parameter correlations between the heating spot radius and optical
transmittance. Naturally, for the same amount of absorbed energy, a smaller spot results in higher temperature, hence also correlated with optical transmittance and absorption
coefficient. However, since the laser spot radius also results in faster heat diffusion, and it was mainly fitted through the temporal profile and the lateral extent of AOPL, it is less
dependent on i x C,,. (D) All predicted temperature profiles from bootstrapping analysis for animal LE 1. Peak temperature standard deviation: 0.34°C.
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Table S1. Initial thermo-mechanical properties for LE retinal layers. ¢: layer thickness. E: Young’s modulus. v: Poisson’s ratio. «: coefficient of
thermal conductivity. c,,: specific heat capacity. ate: coefficient of thermal expansion. 1., : absorption coefficient. 1. scattering coefficient. g:

anisotropy.

Layer £ (um) E (kPa) v k(WmTIK™Y) ¢, JkgTK™Y)  are (KTY)  pe(em™1)  ps (em™1) g
1. Nerve fiber layer (NFL) 10 1.3¢  0.47¢ 0.45¢ 4190/ 2.25x10~4 -

2. Inner plexiform layer (IPL) 50 1.3¢  0.47° 0.45¢ 41907 2.25x10~4 -

3. Inner nuclear layer (INL) 20 2.7%  0.47° 0.45¢ 4190/ 2.25x10~4 -

4. Outer plexiform layer (OPL) 15 8@ 0.47¢ 0.45¢ 41907 2.25x10~4 -

5. QOuter nuclear layer (ONL) 50 2.7% 0.47¢ 0.45¢ 41907 2.25x10~4 -

6. Connecting cilium layer (CCL) 10 0.02  0.47¢ 0.45¢ 4190/ 2.25x10~4 -

7. Rod outer segment (ROS) 24 26%  0.47¢ 0.45¢ 41907 2.25x10~* - - -
8. RPE apical layer (RPEa) 1 5a 0.47¢ 0.45¢ 41787 225%x10~% 9.976x103 f 6.75x103 f 0.84F
9. RPE basal layer (RPEb) 3 5@ 0.47¢ 0.45¢ 4178f 2.25%x10~* - - -
10. Pigmented choroid layer (PCL) 20 30%  0.47¢ 0.45¢ 38407 225%x10~4 2.494x103 f 24x103 7 0.947
11. Non-pigmented choroid (NPC) 30 30%  0.47¢ 0.45¢ 38407 2.25%x10~* - - -
12. Sclera (SCL) 500 30%  0.47¢ 0.45¢ 4178f 2.25x10~4 -

13. Fat o 2v 0.49° 0.2¢ 2300° 2.25x10~% -

a. Qu et al. (8). b. Gonzalez et al. (9). c. Lu et al. (10). d. Harting et al. (11). e. Lagendijk (12). f. Goetz et al. (13). The value for the

coefficient of thermal expansion is taken from our previous work (7).

Movie S1. Lateral-referenced OPL change for RCS rat. Scale bar: axial, 70 pm; lateral, 50 pm

Movie S2. Lateral-referenced OPL change for WT rat. Scale bar: axial, 70 pm; lateral, 50 pm
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