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Supplementary Note 1: Principle of Coordinate Transformation for
OAM multiplication

The coordinate transformation theory in ray optics facilitates precise mapping op-
erations for the spatial positions of light. Considering the paraxial propagation of
a collimated light beam between two planes separated by a distance d — with the
input plane defined by coordinates (z,y) and the output plane by (u,v) — the gen-
eralized Snell’s law establishes a coordinate transformation between corresponding
points on the two planes, expressed as [1]:
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where k represents the wave vector in free space, and P(x,y) denotes the trans-

P =k (S1)

formation phase applied at the input plane. By modulating P(z,y) appropriately,
various coordinate transformations can be achieved. A spiral transformation is a
distinctive case that maps one spiral geometry to another. In this transformation,
the input and output planes are redefined using spiral-polar coordinates, charac-
terized by a radial coordinate r and a spiral azimuthal coordinate varying over the
range [0, +00). Unlike conventional polar coordinates, this approach imposes no 27
restriction on angular coordinates, enabling a finer and more continuous partitioning
of the plane.

The transformation laws governing spiral transformation are defined as:

peern 5 ? (S2)
n

where (7,0) and (p, ¢) denote the coordinates of the input and output planes,
respectively. The parameter cis an arbitrary constant, and n represents the transfor-
mation factor. Assuming that (r, ) lies on a spiral defined by r = ae?®, Equation (2)
implies that (p, @) will similarly reside on a new spiral expressed as p = ca~nebe
Using Equations (1) and (2), the transformation phase P(x,y) required on the input

plane can be determined as:
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Another phase mask Q1(x,y) (correction phase) on the output plane is required
to compensate for both P(x,y) and the propagation phase generated during the

propagation in free space, which is written as:

Qi(p, ) = =P = k\/12 + p* — 2rpcos(p — 0) + d? (S4)

For FOAM input modes, an additional correction phase ()9 is superimposed onto

(1, which is expressed as:

Qulp,0) = 2nt | 7] (35)

™

where t = mod(ly,, 1). Such a requirement stems from the unique characteristic of
the FOAM modes—its phase distribution in the azimuthal direction is discontinuous
12].

The FOAM optical field can be expressed as E1(r,0) = R(r)exp(ili,0) where R(r)
represents the relationship between the amplitude of FOAM and the radius 7 in polar
coordinates, and [;,, is a noninteger topological charge. After the transformation and
the phase correction, the field Fy at the output point (p, ) is equal to the field E1
at the corresponding input point (7, 6) multiplied by a factor, which is given by

Es(p, ) = —ieap(ikd) |n| ;E< 0) (S6)

The relationship between (r,6) and (p, ) is given by Equation (2). Therefore,
the exponential term in Equation (6) is exp(ili,6) = exp(inly,p), which indicates

that the transformed beam is a vortex beam carrying OAM with loyy = nliy,.



Supplementary Note 2: Efficiency of OAM Multiplication based on

Coordinate Transformation.

In the OAM multiplication process, the key step is the geometric coordinate trans-

formation that rescales the azimuthal angle as

¢’ =no (57)

where n is the multiplication scaling factor.

This rescaling modifies the azimuthal period of the optical field and redistributes
its power. The overlap between the transformed field and the corresponding integer
OAM (I0OAM) eigenmode determines the fraction of optical power remaining in the

desired channel. For OAM multiplication with |n| > 1, only a fraction

Moy = 7 (59)
with the remainder distributed into sidebands.

In experiments, the achieved efficiency is typically lower due to alignment im-
perfections, mode mismatch, and optical losses. Importantly, in our framework the
efficiency is always sufficient for the reconstructed Gaussian-shaped pixels to stand
well above the residual background. This robustness benefits from the strong orthog-
onality between different operator pathways, where unmatched channels contribute
only weak background-like noise (see Figure 3 in the main text). As a result, reliable
image retrieval is ensured even when the absolute efficiency is below the theoretical
bound.

In the future, the efficiency can be further improved by enhancing system stability
and alignment. In addition, metasurface-based complex-amplitude holography or al-
ternative operator implementations may provide new routes toward higher efficiency

in future platforms.



Supplementary Note 3: Pixel distribution under OAM matching and

mismatching condition.

In conventional OAM sorting systems, when the topological charge of the input
vortex beam matches the charge of the compensating phase plate, the resulting
beam collapses into a Gaussian-like central spot because the OAM phase term is
canceled, leaving a planar wavefront. Conversely, when a mismatch exists, the
residual OAM generates a doughnut-shape intensity profile. The radius of this ring
scales linearly with Al, as governed by the Fourier relationship between azimuthal
phase gradients and radial intensity modulations.

In our scheme, the coordinate transformation process introduces subtle wavefront
distortions due to the experimental imperfections in the optical path. This modifies
the pixel intensity distributions even under OAM-matched conditions. The output
exhibits a central Gaussian-like core but is surrounded by faint concentric rings and
azimuthally fragmented sidelobes. These features arise from non-ideal alignment
of the coordinate transformation optics. Under mismatched conditions, the inten-
sity distribution retains a doughnut-shaped profile at its center, but with a serrated
edge rather than an ideal annular symmetry. Additionally, complex sidelobe struc-
tures surround the central doughnut-shaped region. The experimental results of
pixel intensity distributions for both OAM matching and mismatching cases can be
found with detailed characterization in our prior work [2]. Importantly, the mode
distributions under both OAM matching and mismatching conditions exhibit signif-
icantly larger spatial footprints compared to those in conventional OAM holography.
To preserve the FOAM characteristics during reconstruction, the sampling interval
must be designed to exceed the spatial extent of the individual pixel mode distribu-
tion. This requirement leads to a larger sampling interval in our method compared
to traditional OAM holography, inherently limiting the native resolution of the holo-
graphic image. To overcome this trade-off, the method of temporal multiplexing can
be applied to suppresses the adjacent pixel interference (API) [3], thereby achieving

higher holographic imaging resolution.



Supplementary Note 4: Impact of parameter deviations on holographic

image reconstruction.

The structural similarity index (SSIM) quantifies the perceptual difference between
a reconstructed image [ and the target image T'. It combines luminance, contrast,

and structural comparisons, defined as:

2pipr + Gy 20+ Gy
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SSIM(I,T) = (S9)

where p; and pr are the mean intensities, a? and 0% are the variances, o are the
covariance, and C = (k1 L)?,  Co = (koL)? ¢ (k; = 0.01, ko = 0.03, L = 1). Values
closer to 1 indicate higher similarity.

The target image was encoded into the operator pathway (T'C' = 3/2,n = 2,d =
1 cm). Here, we demonstrate the reconstructed images under systematic parameter

offsets, as shown in Fig. S1-S3.

TC=0.1 TC=02 TC=03 C=04 TC=0.5 TC=0.6
C=0.7 TC=0.8 TC=09 Cc=1.1 C=12 C=13
C=14 C=15 TC=1.6 C=1.7 TC=138 C=1.9
TC=2.1 C=22 TC=23 TC=24 TC=25 IC=2.6 C=2.17

Figure S1: Reconstructed images when topological charge T'C' offsets (incident T'C
ranging from 0 to 2.7, step= 0.1). The SSIM values are labeled.



n——04 n=-0.2

n=1.1 n=12 n=14 n=1.6 n=22
n=24 n=238 n=32 n=3.6

Figure S2: Reconstructed images under different scaling factor n (n ranging from
—0.4 to 3.6, step= 0.2, and invalid transformation at n = 0 and n = 1 are excluded).
The SSIM values are labeled.

d=0.5cm d=0.55cm d=0.6 cm d=0.65cm d=0.7 cm d=0.75 cm d=0.8cm

d=0.85cm d=0.9 cm d=0.95cm d=1cm d=1.05cm d=1.1cm d=1.15cm
d=12cm d=125cm d=13cm d=135cm d=14cm d=1.45cm d=15cm

Figure S3: Reconstructed images under different propagation distance d (d ranging
from 0.5 cm to 1.5 cm, step=0.05 cm). The SSIM values are labeled.



Supplementary Note 5: The orthogonality of two operator pathways.

To establish operators as synthetic dimensions in holographic multiplexing, we rig-
orously analyze the orthogonality between distinct operator pathways M(TC,n,d).
The orthogonality condition ensures the independence between operator channels
and forms the foundation of ultrahigh-dimensional encoding. Below, we detail the
mathematical derivation and numerical validation of this critical property.

Under the action of an operator, the complex amplitude obtained on the output
plane after the input light field undergoes a transformation phase P and propagates

a distance d is:

Eou(p, @) = C-R (<g>n> exp (i TC- n - @)-exp (iP ((g)nw» exp (i ©prop (s )

(S10)
where P is the transformation phase and ®p,.,(p, ) is the propagation phase

corresponding to the distance d:

Dprop (05 p) = kn/12 + p2 — 2rpcos(p — 0) + d? (S11)

Consider two operator pathways:

Operator 1: (TCy,nq,dy), output field g

out»

Operator 2: (TCy, ny, dy), output field E®.

out»

The inner product between these pathways is defined as:

< ES Effm / / ) exp i (Al- @+ AP(p, @) + A®pop(p, @))] pdp dyp

(S12)

where:
e Al =n1-TC, —ny- TCy
e AP=P — P,
o Adyy,, = @éﬁ)p - (I)grép
o A(p) = Ri(r) - Ry(r), where r — (5)”

The First Term: Al



When Al # 0, this term introduces a rapidly oscillating phase factor with respect

to ¢ over the interval [0, 27], resulting in:

2m
/ A dp =0 (S13)
0

In practice, the other two phase terms, AP(p, ¢) and A®p..p(p, ), also depend
on ¢. However, these dependencies are typically smooth and slowly varying. As
such, they act as modulation functions and the oscillatory nature of the first term
dominates the angular integration. Therefore, the integration of the first phase term
behaves like a Kronecker delta function and can be effectively factored out of the

double integral. The overall inner product between two operator pathways becomes:

<(T01,n1,dl)\(TCQ,nz,d2)> R Oy TCymy- TCy * // A(p) ot AP(p.9) i A prop(p,p) pdpdp

(S14)
The Second Term: AP
The second exponential term in the overlap integral,
AP(pp) _ i(Pi(pp)—Pa(pp)) (S15)

originates from the coordinate transformation phase applied to the input plane.
According to Eq. (S3), this transformation phase depends nonlinearly on both the
transformation scaling factor n and the propagation distance d. Even when the
azimuthal mismatch term vanishes (Al = 0), a difference in n or d causes AP(p, ¢)
to exhibit spatially varying phase profiles. This non-negligible phase deviation leads
to destructive interference across the integration domain and significantly reduces
the overlap integral. Therefore, the overall inner product between two operator

pathways can be further expressed as:

<( T017 n17 dl) ‘ ( TCQ; n27 d2)> ~ 6711-T017TL2~T02'577/17“2'6d1,d2'// A(p) ei Aq)prop(p,gp> p dp dg@
(S16)
The Third Term: A,



The third exponential term in the overlap integral,

iAo () _ (@&Z,p(p,go)—<1>§§£p(p,w)) (S17)

arises from the accumulated phase during free-space propagation over different dis-
tances dy and dy. According to Eq. (S8), a small deviation in propagation distance
introduces a nonlinear phase mismatch due to the square-root dependence on d. This
mismatch modulates the wavefront curvature across the output plane, resulting in
rapidly varying phase differences over the spatial domain. As a result, this phase
term imposes a similarly strict constraint on the equality of d; and ds, effectively
acting as a Kronecker delta condition with respect to the propagation distance. Fi-
nally, the orthogonality condition between two multiplication operator pathway is

derived:

((TCy,m1,dr)|(TCh,n2,d2)) & S1¢,,7C, * Onyms * Oy ds (S18)

To validate the effectiveness and correctness of the derived orthogonality condi-
tion, we performed numerical simulations of Eq. (S9) by systematically calculating
the normalized inner products under certain deviations of TC)n and d, as illus-
trated in Figs. 1-3. For comparative analysis, we also simulated the conventional
orbital angular momentum orthogonality condition (Fig. 4), which is fundamentally

governed by the azimuthal phase orthogonality:

2
(I|ly) = / 2= gy = 276y 4, (S19)
0

The results demonstrate rigorous agreement with the proposed orthogonality frame-

work, validating the correctness of the orthogonality condition.
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Figure S4: Normalized inner product between two operator pathways as a function
of topological charge deviation.
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Figure S5: Normalized inner product between two operator pathways as a function

of transformation scaling factor deviation.
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Figure S6: Normalized inner product between two operator pathways as a function
of propagation distance deviation.

Normalized Inner Product

Figure S7: Normalized inner product between two conventional OAM modes as a

function of topological charge deviation.

Robustness Analysis

To evaluate the robustness of the orthogonality between operator pathways un-

12



der realistic experimental conditions, we investigate the impact of radial mode con-
tamination, a common imperfection arising from scattered light higher order mode
excitation or imperfect beam shaping. We intentionally introduce radial mode con-
tamination by modifying the ideal Perfect Vortex beam envelope. The contaminated

optical field is described by

1= o () 05 () 020 (- 300

where the three terms represent the ideal main vortex ring, a strong Gaussian back-
ground and a prominent secondary vortex ring, respectively. This model effectively

captures typical experimental imperfections.

Figure S8: Intensity distribution of (a) ideal FOAM beam (7TC

radial-mode contaminated FOAM Beam.

Despite this substantial contamination altering the radial intensity distribution
as shown in Figure S8, the inner product between two operator pathways still ex-
hibits sharp Dirac-Delta-like peaks. Figure S9 confirms that orthogonality is well

maintained even under such non-ideal conditions.
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Figure S9: Normalized inner product between two operator pathways considering the
effect of radial-mode contamination as a function of (a) transformation scaling factor
deviation, (b) topological charge deviation and (c) propagation distance deviation.
(d) Normalized inner product between two conventional OAM modes under the
same condition is also provided.

This robustness analysis strongly suggests that common experimental imperfec-
tions, such as slight misalignment in the optical path or deviations from an ideal
beam profile, are unlikely to compromise the orthogonality between distinct multi-
plication operator pathways, thereby affirming the practical feasibility and reliability

of our proposed multiplexing scheme.
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Supplementary Note 6: Simulation of high-capacity multiplexed hologram.

To validate the feasibility of our 9-channel operator-multiplexed hologram, numer-
ical simulations were conducted by encoding the nine digits of Arabic numerals 1
to 9 into distinct orthogonal operator channels. Each channel corresponds to a
unique combination of parameters: three T'C-n pairs (TC=1/2, n=2; TC=1/3,
n=3; TC=1/4, n=4) and three propagation distances (d = 0.8,1.0,1.2). The holo-
gram was synthesized by superimposing nine OAM-selective sub-holograms, each
generated using the Gerchberg-Saxton algorithm with a corresponding helical phase
correction (I = —1) and Fresnel zone plate. The reconstructed images (Fig. S8)

demonstrate the successful reconstruction of all 9 Arabic numerals.

I0OAM channel / = -1

A

a b TC= 1/2n 2 TC=1/3,n=3 TC= 1/4n 4

Figure S10: Simulation of 9-channel operator-multiplexed hologram. (a) Schematic

d=0.8cm

hologram

J d=1.2cm

of the multiplexed hologram design. Numerical labels 1-9 are encoded into 9 or-
thogonal channels. (b) Simulated reconstruction results for all 9 channels.

15



Supplementary Note 7: Binarization of the complex-amplitude hologram.

The complex-amplitude multiplexed hologram, encoding both amplitude and phase,
is binarized using an off-axis interference encoding scheme. This method ensures
that the binary hologram retains sufficient information to reconstruct H(z,y) under
coherent illumination. The hologram is modulated by a tilted plane wave with
spatial carrier frequency, generating a real-valued interference pattern:

. 1 . 1 .
Hoﬁaxis(xa y) = Re [H(l‘, y) ) 622”0@} = iH(x; y)GZQWOéy + §H* (SC, y)e*ﬂmy. (821)

Binarization is performed by thresholding this pattern into two levels:

1; if Hoffaxis(gjay) Z 07
CGHbinary(xy y) = (822)

0, otherwise.
The binary hologram CG Hynary approximates the interference structure of Hgaxis,
acting as a high-contrast amplitude grating. When illuminated by a collimated

plane wave Uy, (z,y) = 1, the transmitted field becomes:
1 1 . 1 .
Uput(T,y) ~ 3 + §H(x, y)e?™ 4 §H*(a:, y)e mey, (523)

The second term encodes the original complex field H(z,y), modulated by the spa-
tial carrier e =™, This term diffracts at an angle § = arcsin(Aa). The third term
contains the conjugate field of H(x,y), propagating symmetrically to the second
term. While the first term represents the undiffracted light propagating along the

optical axis, carrying no object information.
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3D OAM holography

(TC=-1/2,n=2,d=1cm) (TC=2/3,n=3,d=1.5cm)

1 l

3D operator-enabled holography

Figure S11: 3D holographic reconstruction comparison between traditional and
operator-enabled implementations. The target images “3” (imaging depth: 50 mm)
and “D” (55mm) are simultaneously encoded through traditional OAM channels
(I =1 and [ = 3) and operator channels with M(TC= —1/2,n =2,d = 1cm) and
M(TC=2/3,n=3,d =15cm). Experimental results demonstrate that operator-
mismatched modes degrade into unstructured speckles, whereas OAM-mismatched

modes retain recognizable patterns.
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