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Supplementary Figures

Translation stages \

Translation stages

Supplementary Fig. 1 Photographs of the experimental systems. (a) Experimental setup
for characterizing phase objects, aberrations and structured beams. (b, ¢) Enlarged views of (a). (d)
Experimental setup for characterizing speckle fields. ND filter, neutral-density filter.
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Supplementary Fig. 2 Unwrapped phase and the Fourier magnitude of the recon-
structed wavefronts. (a-c), (d-f), and (g-i) correspond to the wavefronts in Fig. 5a-c, d-f, and g-i,
respectively. Only Fourier spectra within the support region are shown in the insets.
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Supplementary Fig. 3 Reconstructed amplitude and phase of synthetic aberrations. (a),
(b) and (c) are three representative wavefronts corresponding to Fig. 5c, i, and k, respectively.
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Supplementary Fig. 4 Experimental characterization of speckle fields with varying den-
sities. From left to right: reconstructed complex amplitude, phase, Fourier magnitude, and the cross
section of the autocorrelation of the field profile. The dashed circle indicates the support region in the
Fourier domain. (a-d) Four representative speckle fields with different speckle densities are shown,
where the number of modes within the entire 2,800x2,800 FOV is 194,123 (a), 69,382 (b), 19,988

(), and 3,713 (d), respectively. Note that only 500 x 500 enlarged regions of interest are shown for
better visibility.
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Supplementary Fig. 5 Validation of the accuracy of speckle field reconstruction. (a)
Experimental setup, which is the same as Fig. 3c except that an additional sample is placed after
the ground glass diffuser. (b) Photograph of the amplitude resolution target used as the imaging
sample. (c-e) Holographic reconstruction of the speckle field. (¢) 2,800%2,800 full-FOV field profile.
(d) 500500 enlarged FOV of the boxed region in (c). (e€) 50x50 enlarged FOV of the boxed region
in (d). (f,g) Fourier magnitude of the wavefront, where (g) shows the enlarged view of the boxed
region in (f). The dashed circles indicate the support region. (h) Cross sections of the autocorrelation
of the speckle field. The number of spatial modes is estimated to be 236,768 in this case.
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Supplementary Fig. 6 Runtime evaluation of SAFARI based on simulation. The ampli-
tude PSNR value is plotted against iteration number and runtime. The solid line and the shaded
region indicate the average and the range obtained from 50 random initializations, respectively. The
wavefront profiles are shown in the insets, with a dimension of 1,000x 1,000 pixels.
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Supplementary Fig. 7 Ptychographic measurement for the DOE transmission function
and ground-truth wavefronts. (a) Experimental setup for DOE calibration. The wavefront sensor
is laterally scanned by a two-dimensional translation stage to acquire ptychographic dataset. A diffuser
is placed in the optical path to provide random illumination. (b) Experimental setup for ground-truth
wavefront measurement. (c) Captured raw intensity images under plane wave (upper left) and diffuser
(lower right) illumination are shown. The central region corresponds to the DOE modulation region,
whereas the surrounding clear region is used for positional tracking. (d) Calibrated 9x9 translation
positions of the wavefront sensor during ptychographic acquisition.



Supplementary Tables

Supplementary Table 1 Phase reconstruction errors for aberrations and turbulence.

Wavefront RMS (wavelength) Description

Fig. ba 0.0206 Parabolic phase with a focal length of 1000 mm

Fig. 5b 0.0241 Parabolic phase with a focal length of 500 mm

Fig. 5¢ 0.0337 Parabolic phase with a focal length of 200 mm

Fig. 5d 0.0249 21 Zernike orders, scaling constant s = 4

Fig. 5e 0.0310 21 Zernike orders, scaling constant s = 8

Fig. 5f 0.0375 21 Zernike orders, scaling constant s = 12

Fig. 5g 0.0270 66 Zernike orders, scaling constant s = 2

Fig. 5h 0.0313 136 Zernike orders, scaling constant s = 2

Fig. 51 0.0366 231 Zernike orders, scaling constant s = 2

Fig. 5j 0.0230 Fourier phase screen with Fried parameter rg = 0.3 mm
Fig. 5k 0.0328 Fourier phase screen with Fried parameter r9p = 0.1 mm
Fig. 51 0.0731 Fourier phase screen with Fried parameter ro = 0.03 mm




Supplementary Notes
1 Mathematical interpretation of SAFARI

The general framework of SAFARI consists of three regularization terms. To study the
individual contribution of each regularization term, we performed frequency-domain
transfer function analysis based on their proximal operators [1]:

1
prox. p(u) = argmin {2 |z — w3+ fyR(m)} . (S1)

While in practice the differentiable regularizers R, and R, are implemented through
gradient updates rather than proximal updates, the similarity between proximal
operators and gradient descent updates has been well known [1]:

prox, g(u) ~ u — 7V R(u) (S2)

when ~ is small and R is differentiable. Thus, from a practical (albeit less rigorous)
perspective, apart from enforcing consistency with the forward model, the iterative
reconstruction process can be interpreted as sequentially applying proximal updates
for each regularization term.

Complex amplitude regularization R.. The proximal update with respect to
the complex amplitude regularization term R, is given by

1 _
prox, z_(u) = argmin {2 |z — u||§ + 7 ||Dw|§} = (I +2y\.D"D) L. (S3)

Note that D consists of two one-dimensional finite-difference operators along the hor-
izontal and vertical directions D = (D] D;)T. D, and D, can also be interpreted as
convolution operators with kernels (1,—1) and (1,—1)T, respectively, both of which
are diagonalizable in the Fourier domain. Therefore, we have

D,
Dy

— F\diag(|h, ") F + F~diag(|h, ), (34)

D"D = (DY DY) ( ) =D!'D, + D;'D,

where h, and h, are the transfer functions corresponding to the horizontal and vertical
finite difference operators, respectively. Substituting Eq. (S4) into Eq. (S3), we have

1
-l
prox,p (u) = F~ diag <1 W (R |hy2)> Fu. (S5)

From Eq. (S5), it can be observed that the proximal update of R, applies a low-pass
filtering to the current estimate. The transfer function is shown in Supplementary
Note Fig. 1a.



Amplitude regularization R,. The proximal update with respect to the
amplitude regularization term R, can be similarly derived:

.1 2 2
pros, () = argmin {1 i — wll + 12, | Dl 2
x

= diag <|uu|) (I+ 2’)/)\aDHD)71 |u]

T i 14 1
= g (57 ) P (s Pl (59

Equation (S6) implies that prox,p (u) has a transfer function identical in form to
Eq. (S5), but applies only to the amplitude while leaving the phase unchanged.

Fourier-domain regularization Ry. R is an indicator function of set C, whose
proximal update corresponds to the projection operator to C"

.1 1.
prox, , (w) = argmin {2 e — 2 + “ﬂc(ﬂ?)} — Pe(u) = F~'diag(h,)Fu, (S7)

where the transfer function h; is a {0, 1}-valued Boolean function that takes the value
1 inside the support region C' and 0 outside. As a result, prox,p (u) serves as a
brick-wall filter shown in Supplementary Note Fig. 1b.

To briefly summarize, the proximal updates for all three regularization terms serve
as low-pass filters but perform in slightly different ways. The spatial-domain regulariz-
ers R, and R, serve as soft low-pass filters that promote lower-frequency components
for the amplitude and complex amplitude, respectively, whereas the Fourier-domain
regularizer Ry serves as a hard low-pass filter that rejects any frequency components
larger than ky,.x. We empirically observed that R, and R, primarily enhance recon-
struction of smoother wavefronts, while ¢ proves more effective for complex wavefront
features and high-frequency components.
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Supplementary Note Fig. 1 Understanding SAFARI from frequency analysis. (a) Transfer
function of the proximal update with respect to the spatial-domain regularizer R, with A\ = 1 and
~v = 1. (b) Transfer function of the proximal update with respect to the Fourier-domain regularizer
Ry. (c) Cross sections of (a) and (b).
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2 Modeling of the wavefront sensor

The wavefront sensor consists of a DOE that functions as a thin diffuser and an
image sensor placed a few millimeters downstream, as illustrated in Supplementary
Note Fig. 2. While diffuser-based wavefront sensors have been widely studied in the
literature, their working principle often relies on the memory effect, providing phase-
gradient measurements. Here, we adopt a different modeling scheme for the imaging
process based on scalar diffraction theory, which allows us to directly retrieve the
complex amplitude of the wavefront. Below is a step-by-step description of the forward
model. A detailed MATLAB implementation can be found in Ref. [2].

(1) Diffuser modulation. The DOE introduces random binary phase modulation
to the wavefront, which can be expressed as an element-wise multiplication:

U, = M(Uy) . Ui, (S8)

where M denotes the DOE transmission function, and U; and U, denote the input
and output complex fields, respectively. When converting to vectorized notation, this
process can be expressed as an element-wise product with the diffuser transmission
function m, or equivalently multiplication with a diagonal matrix diag(m).

(2) Free-space propagation. The modulated wavefront then propagates from
the DOE plane to the sensor plane, where the free-space propagation can be described
based on the angular spectrum model as [3]

v, = o) 7 {Fwy e [ Fay 1= 0nr - 02| b o9

where A denotes wavelength, f, and f, denote the spatial frequency coordinates, j
is the imaginary unit, and F and F~! denote the Fourier transform and its inverse,
respectively. This process can be expressed as an abstract matrix operator @ in the
vectorized notation.

(3) Sensor response. The image sensor only responds to the intensity (or equiva-
lently, amplitude) of the incident wavefront. Therefore, the captured amplitude image
corresponds the modulus of the incident wavefront:

Uo = ‘Uz| (S].O)

Taking the above steps together, we arrive at the forward model of the wavefront
sensor:

Y = Qo M(X)), (S11)

where X and Y denote the complex amplitude of the wavefront and the raw
measurement, respectively. The vectorized form of Eq. (S11) is

y = |Qdiag(m)x|. (S12)

11
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Supplementary Note Fig. 2 Forward model of the wavefront sensor. The physical processes
and the corresponding mathematical operators are shown.

3 Quantitative evaluation of SAFARI

In this section, we conduct simulation studies to quantitatively evaluate SAFARI’s
performance and validate its effectiveness across diverse wavefront sensing tasks.
All simulation parameters, including pixel size, wavelength, DOE feature size, DOE
phase retardance, and sensor noise level, are kept as consistent as possible with the
experimental conditions, unless otherwise specified.

3.1 Robustness of the physical priors

The introduction of a hard support constraint in the Fourier domain may raise prac-
tical concerns regarding its generalizability to different wavefronts. To investigate
the robustness of such physical prior knowledge, we conducted simulation studies on
reconstructing wavefronts with varying Fourier spectrum distributions. Supplemen-
tary Note Figure 3 shows six representative cases of speckle field reconstruction with
arbitrarily shaped Fourier spectra. These speckle fields were generated by assigning
specified amplitude profiles and random phases uniformly sampled in [0, 27) to their
Fourier spectra. Their Fourier spectra differ in size, shape, and amplitude profile, and
the resulting spatial statistics also vary across cases. Nevertheless, the wavefront is
accurately retrieved in all cases, as indicated by the uniform phase profiles of the
phase-conjugated wavefronts. These results demonstrate that SAFARI does not impose
stringent requirements on the Fourier spectrum of the wavefront. Notably, when the
wavefront spectrum extends beyond the support region, the reconstructed wavefront
deviates slightly from the ground truth due to missing spectral components, yet the
low-frequency content within the support region is still well estimated.

In addition to speckles, we examined SAFARI’s tolerance to spectrum mismatch
by reconstructing synthetic wavefronts with amplitude and phase maps drawn from
natural images from the DIV2K dataset [4], as shown in Supplementary Note Fig. 4.
For both amplitude and phase objects, the band-limited wavefronts can be accu-
rately reconstructed. This is largely because most natural scenes have their energy
concentrated in the low-frequency regime, and SAFARI is expected to fail when
high-frequency components beyond the cutoff frequency dominate.

12
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Supplementary Note Fig. 3 Simulation study on SAFARI’s robustness in retrieving
speckles with different Fourier magnitudes. From left to right: complex amplitude of the
ground-truth wavefront @ ,.¢, Fourier magnitude of @,.f, complex amplitude of the reconstructed wave-
front &, Fourier magnitude of &, and phase-conjugated wavefront & © exp(—jarg ®yef). The insets
show the enlarged views, and the dashed circle indicates the Fourier support region.
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Supplementary Note Fig. 4 Simulation study on SAFARI’s robustness in retrieving
synthetic amplitude and phase objects. From left to right: complex amplitude of the ground-
truth wavefront @,.f, Fourier magnitude of @,.f, complex amplitude of the reconstructed wavefront &,
Fourier magnitude of &, and phase-conjugated wavefront £ ©exp(—j arg @yef). The Fourier magnitudes
are shown in a logarithmic scale for better visibility. The insets show the enlarged views, and the
dashed circle indicates the Fourier support region.
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3.2 Parameter tuning

To evaluate SAFARI’s dependence on parameter tuning, we reconstructed diverse
simulated wavefronts using a fixed set of algorithm parameters, as shown in Supple-
mentary Note Fig. 5. We set Ay, = A\, = 1 x 1072 and the Fourier support radius
to 1/8 of the sensor bandwidth. With this configuration, SAFARI successfully recon-
structed wavefronts across extreme cases with markedly different spatial features and
Fourier statistics, including Laguerre-Gaussian beams with azimuthal orders of 1 and
150 (Supplementary Note Fig. 5a, b), Hermite-Gaussian beams with mode indices of
(1,0) and (30,30) (Supplementary Note Fig. 5¢, d), parabolic phases with focal lengths
of 1000 mm and 80 mm (Supplementary Note Fig. 5e, f), speckle fields with differ-
ent mode densities (Supplementary Note Fig. 5g-1), Zernike aberrations with varying
numbers of modes (Supplementary Note Fig. 5j-1), other structured beams or turbu-
lent wavefronts (Supplementary Note Fig. 5m-o0), an amplitude image (Supplementary
Note Fig. 5p), as well as challenging cases approaching the dynamic range and spatial
resolution limits (Supplementary Note Fig. 5q, r). These results indicate that SAFARI
is relatively insensitive to the choice of regularization parameters, and a single set of
fixed parameters is suitable for most application scenarios.

In the experiments, considering various sources of error and noise, the optimal
regularization parameters A, and A are typically tuned between 1x 1073 and 1x107!,
depending on the expected smoothness of the wavefront.

3.3 Stagnation issue and initialization strategy

The underlying inverse problem in SAFARI is a nonconvex optimization task. Conse-
quently, the optimizer may stagnate at local minima, degrading wavefront estimation.
We empirically observed that stagnation is often associated with phase vortices in
the reconstructed wavefront, as illustrated in Supplementary Note Fig. 6. Artifacts
also appear in the amplitude channel around the branch point. The data-fidelity loss
F(x) in Eq. (2) is typically larger when stagnating at suboptimal points, which can
be used to identify such cases. To address this issue, a practical approach is to adopt
a multi-start strategy, where the algorithm is run with multiple random initializations
and the solution with the lowest data-fidelity loss is selected. This provides a viable
workaround, albeit at the cost of longer runtimes.

Additionally, the reconstruction time can be further shortened if certain prior
knowledge of the wavefront is available. For example, estimating the global speckle
displacement can reveal the global linear phase shift (i.e., tip and tilt) of the wavefront.
Incorporating prior knowledge of low-order aberrations into the algorithm initialization
can significantly accelerate convergence and reduce the required number of iterations,
particularly when reconstructing highly tilted wavefronts.

15
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Supplementary Note Fig. 5 Simulated reconstruction of diverse wavefronts with fixed
algorithm parameters. For each wavefront, the reconstructed complex amplitude and Fourier
magnitude are shown. The dashed circle indicates the support region. For better visibility, some of
the Fourier magnitudes are shown in linear scale while some others are shown in logarithmic scale.
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Supplementary Note Fig. 6 Failure case of speckle field reconstruction. Complex
amplitudes of (a) the reconstructed wavefront &, (b) the reference wavefront @,.f, and (c) the phase-
conjugated wavefront & © exp(—jarg ®,of) are shown. (d-f) Enlarged views of the boxed regions in
(a-c). A vortex phase can be seen from the phase-conjugated wavefront.



3.4 Generalizability to other types of wavefront

Due to the experimental challenges of obtaining reproducible atmospheric turbulence,
we evaluated SAFARI’s generalizability to turbulent wavefronts through simulation.
Synthetic turbulent wavefronts were generated using the layered atmospheric model
[5], with the turbulence strength controlled by varying the number of phase screens
through which the source propagated. Supplementary Note Figure 7a-d presents four
representative reconstructions corresponding to 3, 5, 10, and 20 phase screens, respec-
tively. Compared with the single-layer phase screen experimentally demonstrated with
a phase-only SLM, these simulated wavefronts exhibit more realistic spatial profiles
with strong scintillation, particularly as the number of phase screens increases. In all
four cases, the turbulent wavefronts are accurately retrieved, although slight phase
residuals are observed for ultra-strong turbulence due to the Fourier spectrum cutoff,
as shown in Supplementary Note Fig. 7d.

Amp. 0
(a.u) 1
- Phase ™
(rad)

Supplementary Note Fig. 7 Simulation study of reconstructing atmospheric turbulence.
The numbers of phase screens used to generate the wavefronts are 3 (a), 5 (b), 10 (c), and 20
(d), respectively. From left to right: amplitude and phase profiles of the synthetic wavefront @f,
reconstructed complex amplitude &, phase-conjugated wavefront & © exp(—j arg o), enlarged view
of the region of interest, and enlarged Fourier magnitude of &.
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3.5 Extending SAFARI to generalized SHWF'Ss

In principle, SAFARI is a wavefront reconstruction framework that is not restricted to
specific measurement schemes. We present a simple simulation study on three popu-
lar sensor configurations for generalized SHWFSs, including the microlens array-based
classical SHWEF'S, the cross grating-based quadriwave lateral shearing interferome-
ter (QWLSI), and the diffuser-based wavefront sensor. The simulation parameters
are summarized in Supplementary Note Table 1. As shown in Supplementary Note
Fig. 8a-c, while these configurations produce markedly different field amplitude pro-
files, conventional reconstruction methods apply similar flow-tracking procedures to
derive the phase gradient. Here, SAFARI is adapted to the specific forward models
and employed as an alternative reconstruction approach, capable of directly retrieving
the complex amplitude of the wavefront.

We synthesized 50 random speckle fields and performed reconstruction from sim-
ulated measurements. Considering the global phase ambiguity and the existence of
phase singularities, direct comparison of the reconstructed complex amplitude may
not genuinely reflect the actual reconstruction quality. After obtaining the recon-
structed wavefront &, we apply a virtual phase conjugation to the speckle field as
Tref © exp(—jarg &) and focus the corrected wavefront using a virtual lens. An ide-
ally corrected wavefront should have a uniform phase profile and a bright focal spot.
Therefore, we introduce relative focusing efficiency (RFE) as the quality metric, which
is defined as the ratio between the total energy distribution within the main lobe of
the focal spots from the phase-conjugated fields using & (i.e., .ot ©exp(—jarg£)) and
the ideal wavefront @,ct (i.e., Tyef © exp(—j arg @ref)). Supplementary Note Figure 8d-f
shows the calculated RFEs at different DOE-to-sensor distances for the three mea-
surement schemes. It can be observed that all three configurations benefit from a
larger distance, because stronger interference between distant points of the incident
wavefront occurs as the propagation distance increases. Notably, the microlens array-
based SHWFS demonstrates improved performance at defocused positions, which
differs from its conventional usage. This can also be explained by the reduced inter-
ference and consequently increased ambiguity between neighboring sub-apertures at
the focal plane. While SAFARI achieves the best reconstruction quality for diffuser-
based wavefront sensors, complex wavefront reconstruction is made possible in other
configurations as well. We anticipate that incorporating model-specific modifications,
such as combining SAFARI with classical flow-tracking algorithms for SHWFS or
spectrum-filtering algorithms for QWLSI, could further enhance performance.

Supplementary Note Table 1 Simulation parameters.

Diffuser-based WF'S QWLSI SHWFS
Pixel size 5 pm Pixel size 5 pm Pixel size 5 pm
Wavelength 500 nm Wavelength 500 nm Wavelength 500 nm
Diffuser 25 pm Grating 40 pm Lens 160 pm
feature size period diameter

19
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Supplementary Note Fig. 8 Simulation study of extending SAFARI to generalized
SHWFSs. (a-c) x — z cross-sectional amplitude profiles of the diffracted field under plane wave illu-
mination for three typical measurement schemes: microlens array (a), cross grating (b), and diffuser
(c). (d-f) Wavefront reconstruction performance for different DOE-to-sensor distances corresponding
to (a), (b), and (c), respectively. The calculated relative focusing efficiency after phase conjugation
is used as the quality metric. The solid line and the shaded region indicate the median and the
interquartile range across 50 random speckle wavefronts. Insets display the reconstructed complex
amplitude (upper left) and the phase-conjugated profile (lower right) for a representative test case.
The focal length of the microlenses is 3 mm and is highlighted in (a) and (d).
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4 Comparison with existing wavefront sensing

methods

Supplementary Note Table 2 Comparison with commercial wavefront sensors.

‘Wavefront Spatial Dynamic Accuracy
Method Product dim. resolution range (RMS)
Thorlabs a a
SHWFS WFS31-TAR 73x45 150 pm 500 A/40 / 15.8 nm
SHWFS Thorlabs 35%21 300 2502 2/60 / 10.6 nm®
WFS31-14AR pm o
Phasics
QWLSI SID4 HR 416%360 24 pm 500 pm 20 nm
This b b
ok 700700 9.6 um | 313X\ /166 umP | A/30 / 17.6 nm

& Evaluated at 633 nm.
b Evaluated at 532 nm.

Supplementary Note Table 3 Comparison with existing wavefront sensing methods

for speckle field characterization. CMI, coherent modulation imaging. SSM,
speckle-correlation scattering matrix. MMF, multimode fiber.

Method # modes Wavefront dim.? Application Refs.
CMI 10-50P - General wavefronts 6, 7]
Diffuser-based 133 20,000 General wavefronts (8, 9]
QWLSI ~ 3,000 ~ 683x683¢ General wavefronts [10]
Image-based 5,796 N.Ad Speckles from MMF's [11]
SSM 22,500° 150x 150 General wavefronts [12]
This work =~ 190,000 700x 700 General wavefronts

& Calculated by dividing the FOV by the half-pitch resolution, or according to the number
of effective phase sampling points.
> Only OAM modes are measured in Ref. [6]. The maximum number of detectable spatial
modes could be potentially increased by considering multiple degrees of freedom.

¢ Estimated assuming the optimal 1/3 bandwidth utilization according to Ref. [13].

4 The mode coefficients, rather than the spatial profile, are retrieved.
¢ Calculated theoretically according to the dimension of the transmission matrix.
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5 Calibration of the spatial light modulator

The SLM takes an 8-bit grayscale pattern as input and produces a corresponding
pixel-wise phase retardance. The relationship between the input grayscale and the cor-
responding phase retardance is calibrated in advance to synthesize ideal wavefronts.
Supplementary Note Figure 9a shows the experimental setup widely adopted for SLM
phase response calibration [14]. In the illumination path, the polarizer (P1) and the
half-wave plate are adjusted such that the transmitted light has a polarization angle
of 45° with respect to the orientation axis of the SLM. In the detection path, the ana-
lyzer (P2) is rotated to -45° and the filtered intensity is captured. During calibration,
uniform grayscale patterns between 0 and 255 are sequentially addressed to the SLM,
and the corresponding output light intensity is measured. The intensity signal follows
the relationship I o< 1 — cos A¢, where A¢ denotes the phase retardance between the
z- and y-polarized light. Supplementary Note Figure 9b plots the measured intensity
versus input grayscale, showing good agreement with theoretical expectations.

a ) b 1
Detection
P2
4

‘ 0.8

Kyls" —~
= 06

2

2
i o 04

SLM /{"50 g
0.2

BS
*_ 0 . A . . .
HWP 0 50 100 150 200 250

P1 lllumination Grayscale

Supplementary Note Fig. 9 Phase response characterization of the SLM. (a) Experimental
setup. Polarizer P1 and HWP are adjusted to produce 45° linear polarization relative to the SLM
orientation axis, and the -45° polarization state is selected in the output path for intensity detection.
(b) Measured light intensity as a function of the SLM grayscale value.

6 Algorithm derivation and convergence theory

6.1 Derivation of the proximal gradient algorithm

As described in the main text, the wavefront reconstruction algorithm for SAFARI is
based on the proximal gradient method (Egs. (7)-(9)). While straightforward, a brief
derivation of the algorithm is presented here for completeness. The differentiable terms
F(x), R,(x), and R.(x) are minimized using a gradient descent step given by Eq. (7).
The Wirtinger gradients are calculated as

. Ax
Vo F = AMdiag <|Ax|> (|Az| — y), (S13)
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xTr

VaeRo = \,diag ( ) D"D|x|, (S14)

||
VeR.= \.D"Dz, (S15)

where ()H denotes the conjugate transpose. The proximal update with respect to the
non-differentiable term R¢(x) corresponds to the projection operator onto set C'. One
can easily prove that this projection can be explicitly expressed as

prox, p (z) = Po(x) = F~'diag(h,)Fzx. (S16)
Equation (S16) implies that the proximal update with respect to Ry is simply applying

a brick-wall low-pass filter with a cutoff frequency of Ky ax-
To ensure stable convergence, the step size v for the algorithm is selected as

7<=, (517)

S

where L = Lp + Lg, + Lg, is the Lipschitz bound of the differentiable terms. In
the following section, we derive the analytical bounds for the three terms, which are
summarized below:

Lr = p(A"A), (S18)
LRa = )\ap(DHD)a (819)
Lr, = \ep(D"D), (S20)

where p(-) denotes the spectral radius.

6.2 Proof of convergence

In this Section, we present a theoretical analysis of the Lipschitz bound for the
objective function of SAFARI (Eq. (2) in the main text), thereby providing practical
guidelines for step size selection with stable convergence.

6.2.1 Preliminaries

Since we are primarily dealing with real-valued functions over complex-valued vari-
ables, we adopt the CR-calculus as a helpful mathematical tool for analysis. The
CR-calculus extends the complex derivative to general non-analytic functions. Read-
ers may refer to Ref. [15] for a detailed introduction. The CR-calculus regards the
complex variable x and its conjugate & as independent variables. For example, the
fidelity function F'(x) should be interpreted as a function over the pair of conjugate
vectors & = (x7,Z')T € C?", where n is the dimension of «. Nevertheless, to keep the
notation consistent, we still denote the function as F(x). The same applies to other
functions as well.

The followings are some intermediate results from matrix analysis, which are
helpful for proving the convergence theorem.
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Lemma 1. Given matrices P € C"*" Q € C"*"™ and R € C"*", the following
holds [16]:

() P-Q~-0=Q '=P'~0,

(ii) P~ Q= R"PR >~ R"QR.

Lemma 2. Given two symmetric matrices P € R"*" and Q € R™*™ and assuming
that P = Q > 0, the following holds:

Q'P'Q=<P. (S21)

Proof. According to Lemma 1(i), @ ! = P~! = 0. Then, we have

(a)
QPTIQ2QQTQ=Q"=Q=P, (522)
where (a) is based on Lemma 1(ii). O

Lemma 3 (Schur Complement [16]). Given a 2n x 2n Hermitian matriz

Pll P12
P= S23
(le P22) : (523)

where each block is of size n x n, and we have PlH1 = Pyq, PQH2 = Pyy, and Pl"é = Py
Then
P>0< P;; -0 and P22—P21P1711P12}0. (824)

Lemma 4. Let D € R?"*" be the gradient operator for two-dimensional signals
x € C", the following holds:

D'D|x|

p(D'D)-1>
||

, Yz el (S25)

where 1 € R™ denotes the all-ones vector.

Proof. We only need to prove that

1) (2) DTD\:B|

p(D'D)-1>4-1> (S26)

x|

(1) We only need to construct a vector & € C™ such that ||Da:||§ >4 Hw||§ Let

X;;=(=1)" forall 1 <i < n,,1<j<n,, where n, and n, are the dimensions of

X and satisfies n = n,n,. Then, we have
||D:cH§ =4(ny — 1)ny + 4ng(ny — 1) = 8nyny — 4n, —4ny,

(c)
—4(ny —1)(ny — 1) — 4+ dnyn, > dnyn, =4 ||z|, (S27)
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where (c) holds for all ng,n, > 2.
(2) Let w = D'D|x|. According to the definition of D, one can verify that

Ui = A Xi ;| = [Xiv1,5] = [Xic1 5] = [Xi | = 1 Xi 1] < 41X 4] (528)

for all 1 <4 < ng,1 < j < ny, where the replicate boundary condition is used.
Therefore, we have

D'Dix| > 4|z|, VxecCm (S29)
Combining Egs. (S27) and (S29), we arrive at Eq. (S26) and thus complete the
proof. O

6.2.2 Convergence of the algorithm

Recall that the wavefront reconstruction is recast as a optimization problem in the
following form:

. 2 2 2
min § [[[Az| = yll; + Ao | D|||[; + A | Dz|[; + Io(z) o - (S30)
—_——
F(x) Ra(z) Re(z) Ry ()

To prove that the proximal gradient algorithm converges with a step size of v, it
is sufficient to show that given any z € C", the differentiable part of the objective
function J(x) = F(x) + Ru(x) + R.(x) is upper-bounded by a quadratic function
Q(x) defined as follows:

T@) < Q@) J()+ (VI(), 8 -5 + L3 33, vaeC',  (S3)

where v < 1/L, and (-,-) denotes the inner product. We now derive the quadratic
upper bounds for the three terms F'(x), R.(x), and R,(x) separately.

Data-fidelity function F(x). It has been shown in our previous paper that the
data-fidelity function F'(x) is upper-bounded by a quadratic function with Lp =
p(AM A) [17).

Complex amplitude regularization function R.(x). The Wirtinger gradient
is given by

VzRe(x) = \.D" Dx. (S32)
For any xy,xs € C™, we have

[VeRe(x1) — VaRe(2)]l2 = A|| DT D(x1 — x2)||2
< A||DTD|z||lzy — @22 = Acp(DT D)@y — @22, (S33)

which implies that V4 R.(x) has a Lipschitz upper bound of Lg, = A\.p(DTD).
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Amplitude regularization function R,(z). R,(x) is nonsmooth for x
def

€ 7,

where Z = {xeC":31<i<n,st. |z =0} For « € C"\Z, recall that the

Wirtinger gradient is given by

VzRa(x) = A\ diag (|> DTD|a;|.

The complex Hessian is defined as

H,, Hz
VZRa _ H:E:E _ TT Tx
(@) (0 )

where the four second-order partial derivatives are calculated as follows:

o= ()

o8 (3 o0
:% (diag (| |) D' Ddiag (| |> + diag (DT|Z|JJ|)>

A; diag ( ) (DTD + diag (W)) diag (i) :
i (75

=daz= (dlag < ) DTD|$>
(dlag( ) oD (1) i (15 ) o (0721
dlag < > (DTD diag <T|f||:c)> diag <2> ’
o2 (M)

ox
72
D" Ddiag (| |> — diag (| |3) diag (DTD|sr:|)>

)
EDTD g (2 ) ().

(S34)

(S35)

(936)

(S37)

(938)



A S ding ( |> (DTD + diag <DT|fx>> diag (?;') . (S39)

Lemma 5. For anyx € C"\Z, the Lipschitz constant for the gradient of the amplitude
regularization function V4R, (x) is bounded above by Lp, = \op(DT D).

Proof. We only need to prove that for any 7 > \,p(D' D), we have

(S40)

G=1I—-Hz; = (TIH” ~Haw )>0.

*Hma_: I — H@i

Denoting G11, G12, Ga1, Goo € C™*" as the four block matrices of G, we have

-
G =71 — dlag <||) (DTD + diag (D |D||$|)> diag <| |)
T
T —_
>/\2 d1ag< ) ( DTD I-D"D — diag <W>) diag (|w|)
x
T —_
=29 4ia ( )( (D"D)I — dlag(D D'””'))dag( )
2 || ||

Q)
=0, (S41)

where (a) holds according to Lemma 4. And according to Lemma 1(i) and Lemma
1(ii), we have

. D'D|z
G21G1'Gi2 < Go1— dlag( |>(p(DTD)Id1ag( |CB|| |)) dag<| |)G12

S () (o0 (22) G- (2220)
e _1
2 2) s (222 oo (752
(2252
e om0 o)
< ) (3)
- o 270 o (22 o2
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= G2, (542)

where (b) holds because of Lemma 2. Therefore, according to Lemma 3, G is positive-
definite. This implies that for & € C™"\Z the Lipschitz constant of VR, is upper-
bounded: Lr, < A\op(DTD). O

The above Lemma implies that R, (x) is upper-bounded by a quadratic function for
all z € C™"\Z. The following lemma states that R, () is in fact globally upper-bounded
by the same quadratic function for all € C”.

Lemma 6. Given any z € C", the amplitude reqularization term Rq(x) is upper-
bounded by a quadratic function Qg,(x):

Lpg,
2

Rq(®) < Qr,(®) = Ra(2) + (VRa(2), & — 2) + |12 — 2[3- (543)
Proof. Let Ax = x — z, then either of the two following cases occurs:

1) The line between x and z does not pass through any nonsmooth points, i.e.,
z 4+ alAx € C\Z,Va € [0,1], or « and z lie in the subspace, i.e., z + aAx € Z,Va €

[0, 1], the result is obtained directly according to the multivariate Taylor expansion of
R,:

Ru(®) =Ra(2) + (VRa(2),& — 2) + %(a: _ SMV2R,(w)(d — 2)

<R.(z) + (VR,(2),& — 2) +
=Qr, (), (S544)

where u is a convex combination of  and z.
2) The line between & and z passes through a finite number of nonsmooth points.

For simplicity, we consider the case of passing through a single nonsmooth point
indexed by i, that is, we have

|i| = |2i + " Az = 0, (S45)
for some 0 < a* < 1. According to 1), for any 0 < a < a*, R, () is upper-bounded by

Qr, (x). We now prove that this also holds for any a* < o < 1. R, () can be written
as a function over « for any point that lies on the line between x ad z:

9(@) =Ra(z + ale) = Aa(|ai] = |2j)* + Xa Y (Jax] = laa])?
k,l
=Xa(|zi + aday| — |z + A0 Y (el = |2l)®

k.l

=Aa((0 = aM)|Azi| = |25])* + Xa Y (k] — a])?
k.l
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(o= o) Az] + ;) + X Y (2] = |2i])?
k,l

<h(a), (S46)

where j denotes the pixel index adjacent to ¢, and h(a) = ef

we have

Qr, (z+aAz). As a result,

R.(x) = Ry(z+ Ax) = g(1) < h(1) = Qgr, (). (S47)
The above derivation can be easily extended to the case of multiple nonsmooth points.
With this, we conclude that for any & € C", we have

Ra(z) < Qr, (), (548)

which completes the proof. O

Based on the above analysis, we can establish the convergence theorem of the
algorithm as summarized below. The proof directly follows from the results in Ref. [18].
Note that owing to the nonconvexity of the phase retrieval problem, only proof for
the basic proximal gradient algorithm is presented, yet we empirically observed stable
convergence for the accelerated algorithm as well.

Theorem 1. The basic proximal gradient algorithm (with B; = 0 in Eq. (9)) converges
to a stationary point using a fized step size that satisfies

1
= p(AHA) + A.p(DTD) + Acp(DTD)

(S49)

7 Ptychographic reconstruction algorithms

7.1 Blind ptychographic reconstruction for DOE calibration

Recall from the main text that the blind ptychographic reconstruction problem for the
joint recovery of DOE transmission function and the illumination wavefront is given by

K K
™, p = argmm{ > Jk(m,p) Z | Qdiag(m)Ty,p| — ykg} . (S50)
k:

k=1

Following the notation convention of ptychographic phase retrieval, for the k-th mea-
surement, we define the shifted probe as pp = Typ and the exit wave as e, =
diag(m)py. The Wirtinger gradients are

Vot = ding(p) Qg ({2 ) (1Qer] ~ ) (s51)
|Qex|

Vo, Ji = diag(m)Q"diag ( Qe ) (|IQek| — yx), (S52)
Qer|
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Vpdi = THVp, Ji. (S53)

Inspired by the rPIE algorithm, we employ a modified stochastic gradient descent
algorithm with spatially varying weights [19]:

m <m — diag(wa,, (P))VmJ, (S54)
p <p — (Vppr)diag(wy, (m))VpJy, (S55)
where the weight function is defined as

1
(1 — a)|ul]?2 + amax(|u|?)’

we(u) = (S56)

where o is a tunable parameter. In this work, we set a,,, = 0.8 and oy, = 1. During the
reconstruction, m and p are sequentially updated with respective to each measurement
with k following a random order. We discovered that initializing the DOE profile as
the designed value could boost the convergence and reduce the number of iterations
required.

7.2 Non-blind ptychographic wavefront reconstruction

Once the DOE transmission function has been calibrated, the relative position between
the DOE and the image sensor remains fixed throughout the experiment. As a result,
non-blind ptychographic reconstruction is performed for each wavefront:

K K
. . 1 1 . 2
p= arg;mn {K ; Ji(p) = 74 kZ:l Il|Qdiag(m)Ty.p| — yk||2} ) (S57)

The objective function is essentially the same as Eq. (S50) except that m is treated
as a known parameter. A stochastic gradient descent algorithm is employed:

p < P—7VpJi, (S58)

which proceeds following a random order.
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Supplementary Videos

Supplementary Video 1 Visualization of the autofocusing process. The
propagation distance d increases from d = 0 mm to the focal position of d = 14.5 mm
with a step size of 0.1 mm. The amplitude and phase of the wavefront are shown for
each propagation distance.
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