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Supplementary methods 
 

Using gametic crossovers to interpret crossover localization in the bivalent 

 

Linkage maps can be used to infer crossovers and their localization in gametes. However, gametic crossovers 

are a subset of those in the bivalent and the number of bivalent crossovers in the meiosis that preceded the 

gamete is generally unknown. This limits the possibilities to study the relationship between crossover count and 

localization from gametic data (Veller et al. 2022). Despite these limitations, the likelihood for bivalent 

crossover count preceding the gamete can be calculated. Assuming no chromatid interference, the likelihood for 

a gamete with k crossovers being from a bivalent with k crossovers is: 

 

 
 

In Eq. 1 n is the maximum number of bivalent crossovers, pk and pl are the likelihoods for k and l bivalent 

crossovers, respectively. For example, in chromosome 8 (LG8) of the nine-spined stickleback, the inferred 

probabilities for 2-4 maternal crossovers are 0.85, 0.12 and 0.03, respectively, and probabilities for other 

crossover counts are 0 (Table S1). The likelihood for a gamete with two maternal crossovers representing the 

total number of crossovers in meiosis is therefore: 

 

 
 

Tables S1–S6 list the inferred likelihoods for different bivalent crossover counts and for the mode the likelihood 

that a gamete with the same number of crossovers is equal to the bivalent crossover count.  
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Proofs for three markers 

 

According to Karlin and Liberman (1978), recombination frequencies rij, rjk and rik between three markers i, j 

and k at map positions mi, mj, and mk (mi ≤ mj ≤ mk) should meet the criterion rij + rjk ≥ rik. Here, we show that 

this holds for the recombination frequencies predicted with the p!(k) function formulated in this paper. The 

three cases are (1) all three markers occur in the same crossover region, (2) two markers (here m" and m#) are in 

the same region and the third marker is in the next region and (3) all three markers are in three adjacent regions. 

If there is a marker-free region either between  𝑚$ and  𝑚% or 𝑚% and 𝑚&, equation rij + rjk ≥ rik holds, since 

𝑟$& = 1/2  and 𝑟$% + 𝑟%& ≥ 1/2 as either 𝑟$% or 𝑟%& is 1/2 and the other one must be ≥ 0. 
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Supplementary tables 
 

Tables S1–S6 (separate csv files).  

The number gametes with certain number of crossovers, total map lengths of the chromsosomes and the 

maximum-likelihood estimates for bivalent crossover counts estimated with the expected-maximization 

algorithm (Yu and Feingold 2001; see Methods in the main text). 

 

Table names 

1. Nine-spined stickleback female 

2. Nine-spined stickleback male 

3. Three-spined stickleback female 

4. Three-spined stickleback male 

5. Human female 

6. Human male 

 

 

Column names in the tables 

• n[*]: number of gametes with [*] crossovers 

•  MLEp[*]: Maximum-likelihood estimate for probability of [*] crossovers in the bivalent. 

• MLEpRestricted[*]: Maximum-likelihood estimate for probability of [*] crossovers in the bivalent, by 

restricting the likelihood for absence of crossovers to 0. 

• BootstrapPvalue: Bootstrap p-value for the MLEp0. Low p-value indicates that non-zero MLEp0 is 

true finding and meiosis without crossovers may occur. 

• MapLength: Map length (cM) of the chromosome. 

• MapLengthParm: Map length (cM) of the shorter chromosome arm.  

• MapLengthQarm: Map length (cM) of the longer chromosome arm. 

• ModeBivalent: Inferred mode of number of crossovers in the bivalent (see columns 

MLEpRestricted[*]). 

• PgameteMode: Probability that gamete with the 'ModeBivalent' crossover count descends from meiosis 

with the same number of crossovers (see Eq. 1 in Supplementary methods). 
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Table S7. Mean absolute error of the predicted recombination frequencies in the nine-spined 

stickleback. Lowest absolute values per sex and chromosome are in bold type. 
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Table S8. Mean absolute error of the predicted recombination frequencies in the three-spined 

stickleback. Lowest absolute values per sex and chromosome are in bold type. 
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Table S9. Mean absolute error of the predicted recombination frequencies in human. Lowest 

absolute values per sex and chromosome are in bold type. 
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Supplementary figures 
 

 
Figure S1. Application of the 𝑝!(𝑘) function. (A) Suppose a chromosome with a total map 

length (d) of 120 cM and the likelihoods of 0.1, 0.4 and 0.5 for 1, 2 or 3 bivalent crossovers, 

respectively (𝑝", 𝑝#,	𝑝$), obtained from empirical data. (B) Probability for the absence of 

crossovers between the markers 𝑚% and 𝑚& is calculated with 𝑝!(𝑘) function (Eq. 1 in the 

main text). Chromosome segmentation is indicated with dashed lines. (C) Recombination 

frequency, r, predicted assuming no chromatid interference and 𝑝! according to 𝑝!(𝑘) 

function. (D) Recombination frequency predicted with inverse mapping functions. 
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Figure S2. Empirical recombination frequencies in the 21 nine-spined stickleback 

chromosomes. Solid lines show the three inverse mapping functions; the linear function was 

capped at 0.5, shown with the dashed line. Each orange and blue dot is a marker pair in 

maternal and paternal data, respectively. 
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Figure S3. Empirical recombination frequencies in the 21 three-spined stickleback 

chromosomes. Solid lines show the three inverse mapping functions; the linear function was 

capped at 0.5, shown with the dashed line. Each orange and blue dot is a marker pair in 

maternal and paternal data, respectively. 
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Figure S4. Empirical recombination frequencies in the 22 human autosomes. Solid lines 

show the three inverse mapping functions; the linear function was capped at 0.5, shown with 

the dashed line. Each orange and blue dot is a marker pair in maternal and paternal data, 

respectively. 
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Figure S5. Recombination frequencies predicted with the 𝑝!(𝑘) function for the 21 nine-

spined stickleback chromosomes. 
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Figure S6. Recombination frequencies predicted with the 𝑝!(𝑘) function for the 21 three-

spined stickleback chromosomes. 
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Figure S7. Recombination frequencies predicted with the 𝑝!(𝑘) function for the 22 human 

autosomes. 
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Figure S8. Empirical distributions of gametic crossovers per map distance in the 21 nine-

spined stickleback chromosomes. Distributions are calculated from gametes whose crossover 

count is equal to the mode of the bivalent crossover count. Letters A–C refer to the order of 

the crossovers. Dashed rectangles show the assumed distributions of the crossovers as 

implemented in the 𝑝!(𝑘) function. Centromeres are shown with the grey dots. 
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Figure S9. Empirical distributions of gametic crossovers per map distance in the 21 three-

spined stickleback chromosomes. Distributions are calculated from gametes whose crossover 

count is equal to the mode of the bivalent crossover count. Letters A–C refer to the order of 

the crossovers. Dashed rectangles show the assumed distributions of the crossovers as 

implemented in the 𝑝!(𝑘) function. Centromeres are shown with the grey dots. 
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Figure S10. Empirical distributions of gametic crossovers per map distance in the 22 human 

chromosomes. Distributions are calculated from gametes whose crossover count is equal to 

the mode of the bivalent crossover count. Letters A–G refer to the order of the crossovers. 

Dashed rectangles show the assumed distributions of the crossovers as implemented in the 

𝑝!(𝑘) function. Centromeres are shown with the grey dots. 
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Figure S11. Error, i.e. the differences between empirical and predicted recombination 

frequencies with the different functions for the 21 nine-spined stickleback chromosomes. 
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Figure S12. Error, i.e. the differences between empirical and predicted recombination 

frequencies with the different functions for the 21 three-spined stickleback chromosomes. 
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Figure S13. Error, i.e. the differences between empirical and predicted recombination 

frequencies with the different functions for the 22 human chromosomes. 


