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Supplementary Note 1.

Here, we briefly review some notions and results con-
cerning the consequences of symmetries on band struc-
ture. The discussion here will closely mirror that of the
1D example given in the main text, but we will assume
a general 3D setting from the outset.

Little group and its representation

Consider a system of noninteracting fermions symmet-
ric under a purely spatial symmetry group G with the
lattice translation subgroup 7. An element g € G that
maps a point x € R? to g(x) = pgX +ty € R? may be
characterized by an orthogonal matrix p, and a vector
ty. Thanks to the lattice translation T', it is natural to
label the eigenenergy E,,(k) by the band index m and
the wavevector k € BZ. The notion of energy bands,
however, becomes ambiguous whenever they cross, since
the underlying wave function of a single band will gen-
erally become discontinuous. Instead, it is more natural
to consider a set of entangled bands, separated from all
others by band gaps above and below, as a single entity.

Whether a given set of energy bands can be isolated
from the others dictate whether or not the system can be
insulating, and therefore is a fundamental question in the
study of electronic band structures. High-symmetry mo-
menta play a crucial role in this analysis. The subgroup
of G that leaves a momentum k € BZ invariant (up to a
reciprocal lattice vector G) is known as the little group
of k, which is commonly denoted by Gy [1]. As a set, we
have

Ge={9€G : pk=k+7G}. (1)

By definition, lattice translations 7" automatically form a
subgroup of Gy, and we say k is a high-symmetry momen-
tum whenever Gy contains any element aside from lattice
translations. Note that when we say ‘all high-symmetry
momenta’, we include all high-symmetry points, lines and
planes in the BZ.

Generally, a spatial symmetry g demands E,,(psk) =
E..(k), and the corresponding wave functions are simi-
larly related. When g € Gy, the constraint becomes a lo-
cal condition in momentum space. This implies the wave
functions furnish a representation of Gy [1]. Such rep-
resentations encode the transformation properties of the
BS at k, and can be generally decomposed into a direct
sum of irreducible representations (irreps) u{, which have
been exhaustively tabulated in Supplementary Ref. [1] for
both spinless and spinful fermions. Insofar as symmetry
properties are concerned, we can label a BS at k by the
set of non-negative integers

{ng : a=1,...,Dx}, (2)

where njf denotes the number of times the a-th irrep
appears in the BS, and Dy denotes the number of irreps.
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Note that such symmetry labeling makes no reference to
the detailed energetics of the system, i.e. the labels are
insensitive to the energetic arrangement of the individual
bands within the BS.

Types of momenta and compatibility relations

A priori, a BS will carry independent symmetry la-
bels {ng} and {nﬁ,} at distinct high-symmetry momenta
k and k’. However, symmetries and continuity can cast
extra constraints on such assignment [1]. To see this con-
cretely, let us classify all points in BZ into a finite number
of ‘types’: we say ki and ko, are of the same type if either
k; and ky are symmetry-related, i.e., ko = py ki + 3G,
or each point of the line connecting k; and ky has the
same Gk as Gy, = Gk,. For example, imagine a line in-
variant under a n-fold rotation (or screw) C,,. Any point
on this line (except for possibly the end points) has the
identical little group generated by C), and hence is of the
same type. Similar situation arises for a plane invariant
under a mirror (or a glide). By assumption, the existence
of band gaps imply the representation content of a BS is
invariant within such high-symmetry lines or planes, and
therefore it suffices to specify the representations at one
arbitrarily chosen k point for each type of momenta in the
BZ. Therefore, a full set of symmetry labels of a BS can
be obtained by specifying only those arising from a finite
number of representatives. In addition, the BS is also
labeled by the total number of bands in the BS, which
we will denote by v. Note that physically v is simply the
electron filling of the system when BS is interpreted as
the set of filled bands in the full system. Aggregating all
the labels {n{} and v into a single quantity, we denote
the representation content of a BS by n, a set of D non-
negative integers where D = 1+ ), Dx. Here, we have
chosen one arbitrary k for each type of the k vectors in
the BZ.

Next, we note that a general n may not be compatible
with the continuity of the bands and the gap condition we
imposed on BS. To find the set of admissible labels {n},
we introduce the notion of compatibility relations. [1] For
any pair of infinitesimally close momenta k and k + dk,
their little groups satisfy Gy sx < Gk (assuming a proper
choice of labeling for the two momenta). Since the irreps
at the higher-symmetry momentum k can be decomposed
into those of the lower-symmetry ones at k + Jk, the
symmetry labels {ny, 5} are fully constrained by {ni}
This is captured by the compatibility relations, one for
each value of «,

k,5k
Mok = Z Cap e (3)
s

where the coeflicients cl;’ék are non-negative integers.
There is also a similar compatibility on the filling: v =



> dim[ug] ng, where dim[ug| denotes the dimension of
the irrep « (i.e. the number of bands involved).

As our target is to study BSs as global entities, it is
instructive to collect all compatibility relations into a sys-
tem of linear equations:

Cn=0, (4)

where C is an integer-valued matrix with coefficients de-
termined by those in Supplementary Eq. (3). By def-
inition, any BS can be identified with an n satisfy-
ing Supplementary Eq. (4). Conversely, any set of D
non-negative integers n € ZQO satisfying Supplementary
Eq. (4) can be identified with a physical band structure
(Supplementary Note 3).

Construction of irreps of G

Given an irrep uj, of Gy, one can construct an irrep of
G, which s called the induced representation. It is known
that every irrep of G can be constructed in this way [1].
Here we review the construction in detail for the case
where vy} is a projective representation of Gx due to the
spin degrees of freedom.

Let {|¢:k>}?;n11[uf‘] be the basis of an irrep u} of Gx.
Namely, [¢],) transform under h, b’ € Gy as

hl o) = Z |65 ) [t (R)] i (5)
ug (h)ug (h') = Zh,h/UﬁA(hh')y (6)
AR |6%)) = zne ()| 655), (7)

where z4 o+ = %1 is the projective phase originating from
the spin of fermions. For the spinless case z4 4 should be
set to be 1.

Since elements g ¢ Gx change k to an inequivalent
momentum pgk by definition, g[¢],) cannot, in general,
be expanded by {|¢:k>}l The symmetry orbit of k,
{kU}Lg:/ngl = {pgk g € G}, is called the star of k.
We arbitrarily choose a complete set of representatives
{ga}‘cfgz/lgkl (go=1 = €) of G/Gx that satisfies k, = p, k
and define |68y ) = §o|¢f). The set {|¢] ) )}io serves
as the basis of the representation of G. To see how |¢%, )
transforms under a general element g € G, note that
ggs € G can be uniquely decomposed into a product of
Jdor € G/Gx and h € Gy. Therefore, step-by-step, we have

3165, = 9(Goldis))
29.9,(990)|95%) = 2.9, (9o P)| D7)
= 2990 N7 500 |65 a0 gt (0]

Zga/7h’ i
K2 ~ (o7 «
= 292N " o6 s [uft (B)]iri
Zgo-/)h i
= > 168w MU (9)]ors 0 (8)
o’ i’

where

29,95

U (@osoi = O, pyks [ug (95 995)]5i (9)

-1
957591 990

and 0y ., is 1 only when k; = ks modulo a reciprocal
lattice vector. This is the induced representation of G
constructed from u5 of Gx. It has a nice property that
U* is irreducible whenever uy} is.

Time-reversal symmetry

Here we will follow the discussion in Supplementary
Ref. [1] on the consequence of the TR symmetry T
commuting with every element of G. We will write

72 = (pr)N where N is the number of fermions and
nr = —1 (n7 = +1) for the spinful (spinless) case.

1. General case

Let us start with a finite group G in general. Suppose
that {|i)}&, (d = dim[u]) is a basis of an irrep u of G:

gli) = 17)u;i(g)- (10)

Then {7i)}%_, is a basis of the conjugate representation
u*(g):

9(T1) = (T15))ujil9). (11)

When u and u* are different irreps, the group G + TG is
simply represented by

o= (5 ). oo =(17) a2

The situation is different when w and u* are the same
irrep, i.e, u*(g) = v'u(g)v for a unitary matrix v. Using
the definition of v twice, we have (vv*)u(g) = u(g)(vv*)
for every g. Since u is irreducible, we see vv* = {nyrly
for £ = £1. In other words,

UT = (,U*)T = 5777—“7 57777— ==+1. (13)

It is easy to see that the combination |i) = (7’|]>)UL
transforms in the same way as |i) under G:
gli) = [5)uji(9)- (14)

Hence the question is if |i) and [i) are the same. To see
this, let us evaluate the inner-product G;; = (|i),]5)).
Since ¢ is unitary, we have

G = (1), 17)) = (9l). 917)) = [u(9)' Gu(g)];, (15)

i.e., G and u(g) commute for every g and we must have
G = c1y. To compute ¢, note that

) = 15)vji, (16)

Tli
Tliy = nrli)(w")ji = Elg)vss. (17)



The second line follows from the first by applying 7 and
using Supplementary Eq. (13). Hence

d d
1 1
o= 2300 ) = 2 ST T

i=1 i=1

_ St _
= @) (13:17) = (18)
Namely, when ¢ = —1, c vanishes and {|i)}¢ , and
(T}, are orthogonal On the other hand, when

¢ =1, cis finite and {[i)}¢
state.

Ly and {7i)}

~_, are the same

To compute ¢ from the character x(g)
use the following identity

= trlu(g)], we

“(9)]"u(g)
Enrou”(g)vru(g). (19)

u(g)u(g) = [u
= [v'u(g)v]*ulg) =

Zg,gu(g )

We used Supplementary Eq. (13) in the last line. There-
fore,

1 1
777’@ ZZQ,QX(QQ) §@ Z’Uiju;k(g)y;:lu”(g)
9 g

1(’UUT),‘J‘ = § (20)

:gd

where, in the second last line we used the orthogonality
of irreps }_, u(a)(g)u,(j)( )" = (|IG|/d)6:ik6;16%?. From
this orthogonahty, it is also clear that Z z5.9X(g%) =0
when u and u* are different irreps.

To summarize, to see if the TR symmetry changes of
degeneracy for the irrep u of G, one should compute

777_|G| ZzggX

geG

+1 : Degeneracy is unchanged.
=q-1
0 : u and u* are different and are paired.

: Two u’s are paired under TR. (21)

This is called Wigner’s test in the literature [1].

2. TR pairing of uj,

Let us apply this result to irreps uy; of Gi. If there is no
element g € G such that psk = —k modulo a reciprocal
lattice vector G, then the TR symmetry just implies an
additional degeneracy between uy and u®, and this case
is easily handled. Thus, suppose that there is at least
one g € G such that pgk = -k + IG.

As explained earlier, an irrep ug; of Gy induced an irrep
U® of G, see Supplementary Eq. (9). Its character can

be expressed as

(63 Z o [ -
tr[U (g)] = 5{(/(,,;091( % [ (ga lgga)]
90,95 990
_Z Z 9:90hgs " ZW]U trfui (h)]
o heGx ook
=D > Ggntrlui, (0]
o h€Gk,
=D D domxic, (), (22)
o h€Gi,
where uf (h) = —2=—uf(g,;'hg,) and xi (h) =

9090 9h9o

tr[ug_(h)]. Hence,

ﬁ Z 2g,gtr[U* (°)]

9eg

|Q|ZZ Z 042 h%g,9X1k, (h)

g€G o heGy,

1
= m Z Zg,9Xk(97)

geg

1 (07
:W Z (%k,—kzg,g)(k(gz) (23)
K geg/r

To go to the third line, we used the fact that contributions
from each star of k are identical and replaced ) by the
factor |G|/|Gk|- To go to the last line, we performed the
sum over the translation subgroup 7', which results in the
constraints Y, e K Potrttr) — 7|0 1,1 There-

fore, the TR index can be computed given by [1]

1 " 2
N O Om kZg.gXi(9”)
G/T] 2=,

+1 : Degeneracy is unchanged.
= ¢ —1 : Two up’s are paired under TR. (24)
0 : uy is paired with another irrep uﬁ

As explained in the main text, when an irrep uj is paired
with a different irrep uﬁ under TR, we simply add to C
an additional compatibility relation ny = nﬁ; when uy is
paired with itself, we demand nj} to be an even integer,
which can be achieved by redefining ng = nf/2 and a
corresponding rewriting of C in terms of n.
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In Supplementary Note 1, we characterized each BS by
n, the set of integers nj; that specifies the representation
contents of the BS. In this section, we derive a general
formula that gives n for each Al

Wyckoff position and site symmetry representations

An Al is specified by the location of the sites on which
atomic orbitals sit, and the type of orbitals on each
site. Mathematically, these two inputs correspond to the
choice of a Wyckoff position and the representation of the
site symmetry group of a site in the Wyckoff position.

Just as we defined the little group of k, let us define
the little group of x as the subgroup of G that leaves x
invariant. We call it the site symmetry group Gy of x.
As a set, we have

Gu={h e G | h(x)=px+ty=x}.  (25)

Points in real space are classified based on their little
group. Namely, two points x; and x5 belong to the same
Wyckoff position iff there exists g € G such that Gy, =
9Gx, 9~ %, The full list of different Wyckoff positions (in
the real space) is available in Supplementary Ref. [2].

Let us pick a site x in the unit cell UC. By definition,
elements of G not belonging to Gx will move x. The crys-
tallographic orbit {g(x)|g € G} defines a G-symmetric
lattice Lx. Let {Xs}o=12, .. (X1 =x) be the lattice points
in UC. We choose {go}o=12,. from G in such a way
that g,—1 = e (e € G is the identity) and g,(x) = x, for
o =2,3,.... Namely, {g,}s=1,2,... is a complete set of
representatives of Wy = (G/Gx)/T.

We want to introduce an orbital on every site of Ly in
a symmetric manner. To that end, let us first put states

{\(b;i,k)}?i:?[u;] on x that obey an irrep ul, of Gy:

hlSkine) = D 10% j puic) [ux ()]s (26)
i

ul (R)ul (') = zp pul (R, (27)

X X

B |6 i) = 2 (B |6 1) (28)
for h,h' € Gy and

£R|¢;,i,k> = |¢§,i,k>6_ik'R (29)

for tg € T. The orbitals at other sites of Ly are then
defined by [¢} ;1) = G006 ). As before, z5 4 =

x,i,p5 'k
+1 is a factor system of the pprojective representation
originating from the spin degrees of freedom.

The choice of the position x to start with and the
choice of an irrep u} of the site symmetry group Gx will
specify an Al and its representation contents as we will
see now.

Atomic Insulators as Band Structures

Representation contents of an Al

To determine the transformation of {|¢} ;. )}o.ik un-
der G, note that any element g € G can be uniquely
decomposed as ¢ = trg,h where tg € T and h € Gy.
In particular, we can decompose ¢gg, as trg,h with
R = g(x45) — x¢7. Therefore,

910x, i)
= 29,90 (ggo') |¢;,i,p;1k>
= 24,9, (tRGo" h)|O] k>

x,i,p5 "
_ Zg,gatA g /(md)r L >>
zgn 07 i e
z R
SP e DI
ol
= > ¢n 1)UL (9)ovine oires (30)
o’ il k!
where
[Ux(9)]orirk oix (31)
—iK' %) %g.90
= O gt O i€ I T R [ (B, ],
ga’7h§./_’g
5;1’,(2 = 1 only when x; = x2 modulo a lattice vector,
and
h?f’,g = g(;’ltxaz—g(xa)gga- (32)
Note that hJ, , € Gx when (5;6,’9()(0) = 1. An AI con-

structed from an irrep u} of Gx has a representation Uy, of
G. Although the discussion here is similar to the deriva-
tion of the induced representation U® of G starting from
an irrep uj of Gx in Supplementary Note 1, there is an
important difference. That is, the representation Uy is in
general reducible, unlike U® which is always irreducible
whenever uy is irreducible.

Let us focus on a particular k in BZ. The Al’s repre-
sentation of Gy is immediately given by Uy by restricting
G to Gx. In particular, its character is

Xk (9) = tr[Ux(9)]

Wi
—ik-(g(xs)—x 29,95 r
= Z 5;(U,g(xa) € ke (9(x0) o) 9.9 Xx(hg,a)v (33)
o=1 nghg,o

where x%(h) = trul(h)]. Note that this result does not
depend on the choice of x,; even if one chose X, = x, +
R, instead, the character is unchanged.

Let x£(g) = tr[ug(g)] be the character of an irrep ug
of Gx. Then, the irrep uy appears in U(g)

[0 1 « * T
ny = Z G /T Xk (9] Xk k(9) € Z>0  (34)
9€G/T

times. This is the formula that gives n for a Al in general.



The general position

As a special case of the above general discussion, let us
assume that the site symmetry group Gy is trivial, i.e.,
Gx = {e}. In other words, let us assume that x belongs
to the general Wyckoff position. There is only one trivial
representation uL=1(e) = 1 for such a generic position.

In this case, Supplementary Eq. (33) reduces to

Xk (9) = |G/T18g.c. (35)
Therefore, using xi (e) = tr[ug (e)] = dim[ug], we get
9/T]
ni|generic position — |Qk/T| dlm[uﬁ] Z 1. (36)

Namely, the Al constructed from the trivial orbital on a
generic position x contains every irrep uy at least once
at each k.

The special position

Next, consider a position x with a nontrivial Gx > e.
In other words, x belongs to a special Wyckoff position.
In this case, there are several irreps uy.. We have a sum-
rule separately for each x:

a — E
Ny |generic position —

r:all irreps on x

dlm[u;] nﬁ'irrep ul, on X-

(37)

TR invariant Als

To construct a TR invariant Al, we have to determine
if the time-reversal (TR) symmetry 7 enhances the de-
generacy of an irrep ul. This can be easily done by the
method reviewed in Supplementary Note 1. Namely, one
should compute the following sum, which can be either
+1, 0, or —1.

1

e > znnxa(h?)
h€gx
+1 : ul by itself is TR invariant.
=4 —1 : Two ul’s are paired under TR. (38)
0 : ul and (ul)* are different and are paired.

Here, x%(h) = tr[ul(h)] and nr = -1 (nr = +1) for
the spinful (spinless) fermions. If the sum is either —1
or 0, the AI constructed from the irrep u} on the site x
alone is not TR symmetric, and one has to make a proper
stacking with its TR pair.

Uniform basis

So far we have presented two constructions of a repre-
sentation of G: In Supplementary Note 1 we constructed

one from an irrep uj of Gy, and the present note gives
another one from an irrep u}(h) of Gx. There is yet an-
other construction of a representation of G. Suppose that
we know a representation v(py) of the point group G/T.
Then a representation of G is given by

[U(g)} a’i’k’ o1tk

= 0, goen) O i€ I [0 (pg )]s (39)

The advantage of this representation is that we have the
same representation v(py) on every site. As a result, the
effect of spin-orbit coupling, for example, can be inter-
preted much easily than U}. Our leSM example discussed
in the main text is formulated using this representation.
The drawback is that this construction generally requires
as input particular representations of Gy, in contrast to
the earlier construction which applies to any representa-
tion, in particular to the irreducible ones.
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Mathematical details

Here, we discuss some relatively formal aspects of our
mathematical framework. We will start with the claim

{BS} =kerCNZP = {BS}~7Z%s, (40)

where dgg = dim ker C. This claim can be interpreted ge-
ometrically: Embedded in RP, ZP is a hypercubic lattice
and ker C defines a dps-dimensional hyperplane. {BS} is
then the collection of lattice sites sliced by kerC, which
defines a Bravais lattice in dpg dimensions.

Alternatively, this can also be understood alge-
braically, as we now discuss in details. First observe
{BS} < ZP. Since any subgroup of a finitely generated
abelian group is again finitely generated, and that no el-
ement in ZP has finite order, we see that {BS} ~ Z9
for some d < D. Next, note that as C is a matrix
of integer coefficients, its solution space can be identi-
fied as a vector subspace of QP (instead of RP). Let
{q; : i=1,...,dps} be any complete basis for ker C ~
Q¢9es. Since only a finite number of rational numbers are
involved, we can always multiply the basis by the least-
common multiple of all the denominators to arrive at an
integer-valued basis. This implies {BS} has at least dpg
linearly-independent elements, i.e. d > dgg. Now also ob-
serve that as {BS} < kerC, kerC has at least d linearly-
independent vectors, which implies dgg < d < dgs.

Next we discuss the computation of Xpg =
{BS}/{AI}, where {AI} ~ Za1 < {BS} denotes the sub-
group of BS arising from Als. The first step in the analy-
sis is to compare their ranks. dgs, a property of C, is de-
termined once all compatibility relations are found. day
can be computed as follows: Any Al can be understood
as a stack of those arising from fully occupying an irrep
of the site-symmetry group of a Wyckoff position. Hence,
by focusing on the finite number of Als arising from these
irreps, we can find a (generally over-complete) basis for
{AI} using the formalism developed in Supplementary
Note 1 and Supplementary Note 2. Finally we simply
extract the number of linearly independent combinations
among them, which is by definition daj.

Generally, we have da; < dgg, and the general struc-
ture of the quotient group is given by

Xps = 2957 X gy X Lgy X -+ X Ly, . (41)

It remains to compute the integers s; > 1. In more phys-
ical terms, any element of Xgg corresponds to a class
of BSs that cannot be obtained from integer combina-
tions (i.e. stacking) of entries in {AI}. Now consider a
b € {BS} with its equivalence class [b] being the genera-
tor of a factor Zs, in Xgg. From definition, s;[b] = [s;b]
is the trivial element of Xgg, i.e. s;b is an Al. Running
the argument in reverse, the torsion (i.e. finite-order) el-
ements of Xpg correspond to (the classes of) fractions of

Structure of {BS} and Computation of Xgs

Als that are nonetheless in {BS}, and hence to compute
the s;’s in Supplementary Eq. (41) one simply studies the
possible set of coefficients for which Zf‘:“l aa;, q; € Q,
is integer-valued. This can be readily computed using
the Smith normal form, which is, loosely speaking, an
integer-valued version of the singular-value decomposi-
tion (in our context).

An interesting observation is that, for all the 230 x 4
cases we studied, corresponding to all the SGs assuming
spinless or spinful fermions with or without TR symme-
try, we found dgs = da1. This implies a basis for {BS}
can be obtained by a suitable combination of the basis
of {AI} using rational coefficients, which are found in
the computation of s; described above. Equivalently, we
found that a BS can always be expanded as

BS = Z Z qx,r Nx r, (42)

where ny, denotes the n of the Al arising from fully
occupying a site-symmetry group irrep u} of the posi-
tion x (it is sufficient to choose one representative of x
for each Wyckoff position), and gx, € Q are rational
numbers. This is very similar to the decomposition of
energy bands at high-symmetry momenta into irreps of
the little group, except that this is now performed in a
global manner over the BZ. An interesting open question
is whether there is any symmetry setting, say when one
studies the remaining magnetic SGs, for which dgg > da1
and therefore leads to an infinite Xpg (i.e. some BSs re-
main non-atomic no matter how many copies we take).
Alternatively, if such equality always holds for any sym-
metry settings, there should be a more elegant method
to prove that Xpg is always finite.

In closing, we comment that the expansion in Sup-
plementary Eq. (42) is similar in spirit to the notion of
elementary energy bands developed in a series of work by
Refs. [3-5]. In our language, these earlier results focus
on such a decomposition between the Als, and whether
or not the building blocks of such decomposition, dubbed
elementary energy bands, can be split into energy bands
of lower fillings. These earlier works approached the
problem from a real-space perspective, which in our lan-
guage is about the structure of {AI}. In contrast, our
formalism, centered on the structure of {BS}, automat-
ically captures all the momentum-space constraints and
is more suited for studying topological band structures:
our notion of a global decomposition allows for quantum
interference in momentum space, which is more general
than that in Refs. [3-5]. Finally, we also remark that the
results concerning energy band connectivity in Refs. [3—
5]. has interesting implications on finding leSMs (specif-
ically, for spinless fermions with TR symmetry).

(Note: From a more mathematical perspective, the
earlier results in Refs. [3-5] are concerned with a decom-
position in terms of the direct sum &, whereas we have



first made a generalization & — 4+, akin to how represen-
tation rings are constructed, and then further assert that
the decomposition is physically meaningful with rational
coefficients, as long as the resulting (formal) sum lies in

{BS}.)

Physical relevance of Xgg

Having discussed the mathematical aspect of the for-
malism, we now comment on why such notions are rele-
vant to physical band structures. Recall we have moti-
vated the definition of {BS} by asserting that, as long as
only symmetry properties are concerned, a set of energy
bands can be labelled simply by a count of the multi-
plicities of each irrep at the high-symmetry momenta. A
priori, it is insensible to say that an irrep appears a neg-
ative number of times. As mentioned in the main text,
this leads to an additional condition in connecting the en-
tries of {BS} to physical band structures—for n € {BS} to
be physical, all components of n must be non-negative.
Equivalently, one can define a physical subset

{BS}p = {BS} N ZL, c {BS}. (43)

As we have explained, all elements in {BS}p enjoy the
properties of a general element in {BS}, say the decom-
position in Supplementary Eq. (42). Therefore, the inclu-
sion of unphysical entires, crucial for the group properties
of {BS}, should be viewed merely as a mathematical way
to simplify the analysis of the physical problem. (If one
insists, one can identify {BS}p as a commutative monoid
enjoying similar properties as the group {BS}. However,
we do not find this perspective particularly useful in our
discussion, and would rather stick with {BS}, a simpler
mathematical gadget.)

However, there are still two points we have to establish
in order in order to quantify the relevance of our math-
ematical framework to the study of real, physical band
structures. First, we argue that all entries of {BS}p cor-
respond to physically realizable band structures. To see
this, consider an arbitrary element of {BS}p, and let a
set of physical bands possess the desired irrep content
at all high-symmetry momentum points. (If only high-
symmetry lines or planes are present, we choose arbi-
trary, isolated representatives.) This is always possible
by a suitable arrangement of the energies of the irreps
at these isolated momentum points. By symmetries and
continuity, all compatibility relations are locally satis-
fied near these points. Suppose there are still certain
band crossings obstructing us from identifying this set of
bands as a BS. Since any pair of bands carrying the same
symmetry representation will generically anti-cross, these
band crossings must correspond to an exchange of irreps
between our target set of bands and the others. As all
compatibility relations are globally satisfied by assump-
tion, such exchange must be accidental in nature, i.e. it
is possible to perturb the Hamiltonian in a symmetric
fashion to get rid of all the band crossings. This then

leads to a BS corresponding to the specified element in
{BS}p.

Note that, however, there is a subtlety in the statement
on generic anti-crossing: Topological band degeneracies,
like Weyl points, can only be pushed away but not lifted,
unless their topological charges are neutralized by their
partners. This does not concern us, since by our defi-
nition of BS we will only be interested in band gaps at
high-symmetry momenta, and therefore as long as these
degeneracies can be moved away they do not affect our
discussion. This also explains why the notion of reSM,
which cannot be insulating due to the specified repre-
sentation content, is still consistent with our notion of
BS.

Second, we show that all nontrivial classes in Xgg have
physical representatives. Let b be a representative of a
nontrivial class in Xpg which is not physical, i.e. cer-
tain entries in b are negative. Now, we consider a small
corollary from Supplementary Note 2: all irreps appear at
least once in the Al corresponding to the generic Wyckoff
position [see Supplementary Eq. (36)]. Therefore, we can
always stack b with a sufficiently large number of copies
of the generic Al and rectify the representation content.
By definition, such stacking leads to a physical BS be-
longing to the same nontrivial class as b, and hence all
classes of Xpg have physical representatives.

Lower dimensional systems

Here we discuss Xpg for (quasi-)1D and 2D systems.
As far as spinful electrons are concerned, the fact that
lower dimensional systems in reality are embedded in the
3D space cannot be neglected, since the electronic spin
degree of freedom is a projective representation of O(3),
the rotation of the 3D space. For brevity we will focus
on 2D systems but the 1D case can be discussed in the
same way.

The symmetry groups for 2D lattices lying in the 3D
space are called layer groups. An element h of a layer
group £ maps (z,y,z) to (z/,y’,2), where (z/,y") =
qn(z,y) + sn (gn is a O(2) matrix and s, is a two com-
ponent vector) and 2z’ = £,z (£, = £1). The translation
subgroup Top of L is a group of lattice translations in
the 2D plane, giving rise to the 2D crystal momentum
(ks ky). (At this moment k, is not defined.) One can fol-
low the same steps as in 3D to define {BS*} and {AI*},
and X5q = {BS*}/{AI*} for a layer group L.

To make use of our results established for space groups,
let us consider the space group G corresponding to a layer
group £, which is simply the layer group £ endowed with
a lattice translation 7T, along z. More precisely, G is given
by the semi-direct product of £ and T,, whose element
g = (h,t) € G(h e Land t € T,) maps (z,y,2) to
(a',y',2"), where (¢, y) = qn(x,y) + s, and 2’ = {rz + 1.
The product of g = (h,t) € G and ¢ = (W,t') € G is
defined as gg’ = (hh',t+&pt’). We list the corresponding
space group G for each layer group £ in Supplementary



Table 1. Note that there is one different entry when
our table is compared to the one provided in Supple-
mentary Ref. [6]: we found that the correct correspon-
dence for layer group 35 should be space group 38. To
avoid confusion, we use the notations {BSY}, {AI9}, and
Xgg = {BSY}/{AI9} for a space group G in this section.

Given a layer group £ and the corresponding space
group G, we expect ng to encapsulate that of X§S:
stacking lower-dimensional nontrivial phases by transla-
tion symmetries will naturally give rise to weak topolog-
ical phases, which are nontrivial as long as the transla-
tion symmetries remain intact, i.e., a nontrivial BS of £
will never become trivial when lifted to G upon stack-
ing. Generally, we also expect ng to be richer than
X§S, since certain strong phases should become possi-
ble. These observations can be summarized by asserting
the subgroup relation X§q < ng (we will explain shortly
the precise meaning of this symbolic relation). In the
following, we formalize these observations and provide a
(technical) proof for this relation. Before we dwell into
the technical details, we remark that, given this natu-
ral subgroup relation, the finiteness of ng implies that
of X&q, and therefore X5g can be readily computed us-
ing only the data on AI without finding and solving the
compatibility relations.

Let us introduce a group homomorphism f : {BS*} —
{BSY} through stacking of layers. Namely, starting from
a given b € {BS*} of a layer group £, we can get a band
structure of G by stacking infinite copies of b in the z
direction. To make this idea more concrete, let us take
a tight-binding model H, symmetric under £ such that
the lowest v bands of H, are isolated from other bands
by a band gap at all high-symmetry points of the 2D
BZ, and the combination of irreps of the lowest v bands
precisely agrees with b. Given H, one can generate a G
symmetric tight-binding model by

]ffg = Z f]ffgf_l. (44)
teT,

Since there is no inter-layer hopping, the band structure
of Hg is completely flat as a function of k., and as a re-
sult, the lowest  bands remain isolated from other bands
by a band gap at all high-symmetry points of the 3D
BZ. This band structure of Hg defines f(b) € {BSY}.
By construction, the homeomorphism f(b; + by) =
f(b1)+f(by) is obvious. Furthermore, f maps a € {AI¢}
to f(a) € {A19}. Therefore, f defines a group homomor-
phism

f:XEs — X5 (45)

Below we show that this f is injective. If this is the case,
XEy = Imf is isomorphic to X&g and is a subgroup of
X5

To this end, let us introduce a projection p that de-
fines a homomorphism from {BSY} to {BS*}. Given
B ¢ {BSY}, one can project out all entries of B asso-
ciated with high-symmetry points with k, # 0, keeping

only entries associated with high-symmetry points with
k, = 0. By definition p(B) satisfies all compatibility con-
ditions imposed on the irreps of £ and hence is an element
of {BS¥}. The projection p in fact acts as an inverse of
f: p(f(b)) = b. Furthermore, p maps A € {AIY} to
p(A) € {AI*}. This can be seen by the fact that, for
every Wyckoff position of G, there exists a Wyckoff po-
sition of £ that is either identical, or differs only by the
value of z. The difference of z does not affect p(A) since
the projection p sets k., = 0. Given these properties of p,
it is easy to prove that kerf = {e}. If not, there must be
a b € {BS*} belonging to a nontrivial class of X§g which
is mapped to A € {AI9} by f. Then b = p(A) € {AI*}
is an Al, contradicting with the assumption that b is
nontrivial. Hence the proof.

Supplementary Table 1. Correspondence between
space groups and layer groups.

LG SG| LG SG| LG SG| LG SG
1 1 21 18 41 51 61 123
2 2 22 21 42 53 62 125
3 3 23 25 43 54 63 127
4 6 24 28 44 55 64 129
5 7 25 32 45 o7 65 143
6 10 26 35 46 59 66 147
7 13 27 25 47 65 67 149
8 3 28 26 48 67 68 150
9 4 29 26 49 75 69 156
10 5 30 27 50 81 70 157
11 6 31 28 51 83 71 162
12 7 32 31 52 85 72 164
13 8 33 29 53 89 73 168
14 10 34 30 54 90 74 174
15 11 35 38 55 99 7 175
16 13 36 39 56 100 | 76 177
17 14 37 47 57 111 | 77 183
18 12 38 49 58 113 | 78 187
19 16 39 50 59 115 | 79 189
20 17 40 51 60 117 | 80 191

LG: Layer Group; SG: Space Group.



Supplementary Note 4.

In this note we provides details on the feQBIs found in
this work, which we briefly mentioned in the main text.
A band insulator, invariant under a set of symmetries
(including an SG G), is called a feQBI if the number of
the occupied bands (i.e., the filling) is different from that
of any Als with the same symmetry. Thus feQBIs are
a special case of reQBIs. As all possible TR-symmetric
feQBIs have been discussed in Supplementary Ref. [14],
we will mainly consider systems without TR invariance.

TR-breaking spinless filling-enforced quantum band
insulators

Let us start with feQBIs in the system of spinless
fermions, which necessarily break the TR symmetry.
This is because of the following reason: If there existed
a TR-symmetric feQBI for spinless fermions, we could
immediately construct a TR-symmetric feQBI for spin-
ful fermions with the spin SU(2) symmetry. However, we
know that the latter does not exist according to Supple-
mentary Ref. [14].

As a strategy to find feQBIs, one can focus on the elec-
tron fillings among elements of {BS} and {AI}. When-
ever there is a mismatch between them, it indicates that
certain nontrivial element of Xgg can be diagnosed sim-
ply using the electron filling. This question can again be
tackled efficiently using the vector-space like structure of
{BS} and {AI}. We indeed found a mismatch for several
SGs for spinless fermions without TR symmetry.

The mismatch can possibly occur only in those 12 SGs
listed in Supplementary Table 2. To see this, we should
focus on (the maximal) fixed-point-free subgroups I" of G
(not to be confused with the I" point in BZ). For a fixed-
point-free SG T, it is easy to show that a certain number
of bands must cross with each other somewhere at high-
symmetry points or on high-symmetry lines, and that the
BI fillings are integer multiples of vr > 1. Hence, if G
contains I' as a subgroup, we know that any G-symmetric
BI should have a filling vpn. For all 218 SGs not listed
in Supplementary Table 2, there exists a G-symmetric Al
with the filling vr. Hence, there cannot be any mismatch
of the filling between {BS} and {AI} for them. On the
other hand, for 8 SGs out of the 12 SGs in Supplementary
Table 2, we found that the filling of the elements of {BS}
is 2Z, while that of {AI} is 4Z. Hence we can expect a
feQBI at filling v = 4n + 2.

The case of SG 220 is more nontrivial. In Supple-
mentary Table 2, we show the set of fillings SQAI (Sgl)
that correspond to at least one AI (BI). This set was
computed by the following way. Let vy, be the filling
of the AI arising from fully occupying a site-symmetry
group irrep uy of the position x. Then we take super-
positions with non-negative integer coeflicients: SgAI =
{2 M, Ve Mx,r € Z>o}, which is, in principle,

Filling-enforced Quantum Band Insulators

different from the fillings for {AI} N ZZ,. On the other
hand, SgBI is simply the fillings for {Bi} NZY,. In the
case of G = 220, although the filling for {AI} and {BS}
are both 2Z, S*QAI and SgBI do not agree with each other
and there is a feQBI at filling v = 4:

SG' = 2750\ {2,4,10} = {0,6,8,12,14, 16, .. .}, (46)
S5t =270 \ {2} = {0,4,6,8,10,12,14,16,...}. (47)

Supplementary Table 3 summarizes TR breaking spin-
less feQBIs in 8 + 1 = 9 SGs identified above. Note
that these new feQBI examples are, in a sense, more
intriguing than the ones we discussed in Supplemen-
tary Ref. [14]. In our previous examples assuming TR-
symmetric spinful electrons, the filling condition was en-
riched by Kramers degeneracy, and feQBIs were discov-
ered at odd-integer site fillings. In these new examples
we discovered, however, the site filling is fractional for
any choice of SG-symmetric lattices. Superficially, this
might appear to be at odds with the conventional wis-
dom that gapped phases at fractional fillings are associ-
ated with either discrete symmetry breaking or intrinsic
topological order—both only possible in the presence of
interactions. Rather, these examples highlight the fact
that spatial symmetries can lead to intrigue constraints
between filling and phases, as was discussed in Supple-
mentary Ref. [11], which, in fact, correctly predicted that
symmetry-protected topological phases might be possible
for these systems at such fractional fillings.

A tight-binding model

As we have cautioned before, a nontrivial BS can gen-
erally be either a reSM or a reQBI. To establish that
the filling mismatch indeed leads to feQBIs, one has to
further assert that a band gap is possible at all generic
momenta in the BZ. To achieve this goal we explicitly
constructed a tight-binding model for each of feQBIs in
Supplementary Table 3. As a concrete example, let us
discuss the case of SG 106, which hosts feQBI at filling
v =2

Consider a tight-binding model (4 band model) defined
on )/Vb106 with one orbital per site. Here, V\/bm6 means the
Wyckoff position with the Wyckoff letter b in Supplemen-
tary Ref. [2]:

(0,3:2), (5.0, +5),(5,0,2), (0, 5,2 +3)  (48)

The site symmetry of this Wyckoff position is the -
rotation about the z-axis. We use a p orbital that flips
sign under the rotation. These informations specify the
representation [Ux(9)]oj.0i = [Us(9)]o’jk ,0ik of G = 106
in the tight-binding model as discussed in Supplemen-
tary Note 2. One can construct Ux(g) using Supple-
mentary Eq. (31). (In this particular example, i,j la-
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Supplementary Table 2. Band insulator fillings for some special space groups

Space group G S]SI 85
106,110 470 W0 270
73,133,142, 206, 228 470 250\ {2} 2Zs0
135 47 >0 47> 2Z>0
199, 214 2750\ {2}  2Zs0\ {2} 2Zx0
220 2750\ {2,4,10} 2Zs0\ {2} 2Zs0
230 4750\ {4}  2Z>0\ {2,4} 2Z>¢

AT: Atomic Insulator; BI: Band Insulator; SgAI: the set of fillings for Al Sglz the set of fillings for BI; 85: is the set of BI

fillings for fixed-point free subgroup I' of G.

Note-By definition, we have S5' < S§' < S, and in fact S§' = S§' = S§ for all 218 SGs not listed here.

Supplementary Table 3. Summary of results for the
12 space groups listed in Supplementary Table 2.

Space group G Xgs Generator of Xgs
106,110 Zo feQBI at filling 2
73,133,142, 206, 228| Z2  feQBI at filling 6
135 1 —
199, 214 1 —
220 Zo feQBI at filling 4
230 Zo feQBI at filling 6, 10

Xgs: the quotient group between the group of band
structures and atomic insulators.

bel can be dropped since the orbital is a 1D representa-
tion). In this notation, Ux(g) satisfies multiplication rule
Upy,k(91)Uk(g2) = Ux(9192)-

We construct a G-symmetric Hamiltonian Hy in two
steps: First, we choose an arbitrary 4 by 4 Hermitian
matrix hy; next, we symmetrize hy by performing the
summation:

Hie=Y" Uilg) hylic(9): (49)
geG/T

After the summation, Hy automatically fulfills the sym-
metry requirement, i.e., i, 1Ux(g) = Ux(g)Hx.

To realize an example of feQBI for 106, the following
choice of hy works

(cosky, —cosk,) 1 0 —i

1 00 O
he =A , 50
8 0 00 —i (50)

i 04 0
where A sets the energy scale of the problem. The
symmetrized Hamiltonian Hy has a very large gap. At
each k, let 0y be the band gap between the second
and the third band and Wy be the band width (the en-
ergy difference between the lowest and the highest band).

Then we found 6E = 0.33W where §E = miny d Fy and
W = maxy Wyi. An example band structure is plotted in
Supplementary Fig. 1, which demonstrates that even at a
filling of half an electron per site, a band gap is nonethe-
less possible. We also found that the Chern numbers of
the tight-binding model is zero.

a T a1 (b)EL/A

@) T« (b) 1/

Cs
s Local energy 0 Bulk gap

levels and filling
1

| XM I''ZRA Z XR MA

Supplementary Figure 1. Filling-enforced quantum
band insulators in unconventional symmetry settings.
Here, we focus on one such example found among spinless sys-
tems in the tetragonal space group 106 without time-reversal
symmetry. (a) For this space group, a maximal-symmetry
site (red sphere) is invariant under a Cs rotation, and sym-
metries require that there are at least four such sites in the
unit cell. We consider a filling of v = 2, corresponding to a
site filling of 1/2. Note that, given the space group symme-
tries, any other choice of lattices correspond to site fillings
< 1/2. (b) Nonetheless, a band insulator is possible at such
filling, as shown in the plotted band structure. Each band
shown is doubly-degenerate, but such degeneracy originates
from nonessential additional symmetries in the simple tight-
binding model we constructed, and therefore can be lifted.

In Supplementary Table 4, we list some possible sym-
metry settings for feQBIs in other SGs.

TR-symmetric filling-enforced quantum band
insulators

Finally, we briefly comment on the implications of the
present work on the feQBIs we introduced in Supplemen-
tary Ref. [14], which arise in systems with TR symme-
try and significant spin-orbit coupling. There, the fo-
cus of study are SGs 199, 214, 220 and 230, which have
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Supplementary Table 4. Possible symmetry setting for the filling-enforced quantum band insulators in Sup-

plementary Table 3.

Space group Wyckoff position orbital myot

106
110 a
133 a+e
220
228(>142, 73) d
230(> 206)

feQBI: filling-enforced quantum band insulators; moet: the total number of bands in this setting; v: electron fillings per

primitive unit cell for which feQBIs are possible;

* The site symmetry group for the Wyckoff position b of 106 and the Wyckoff position a of 110 are an order 2 group, and the

p orbital refers to the representation with —1 for the non-identity element.

** The site symmetry group for the Wyckoff position a of 230 is 3 group, generated by the improper three-fold rotation ICs.

The p orbital refers to the one that has e eigenvalue of IC5.

an intriguing property in the ratios between the Wyck-
off position multiplicities: They were dubbed Wyckoff-
mismatched as some Wyckoff multiplicities are not in-
teger multiples of the smallest one. In these systems, it
was realized that QBIs are possible at non-atomic fillings,
and hence the name feQBIs.

However, in the analysis of Supplementary Ref. [14]
the mismatch between BSs and Als is discussed in terms
of their corresponding physical fillings, which as we have
explained is a stronger condition than that exposed using
only the abelian group structures of {BS} and {AI}. As
a result, these feQBIs could be trivial in Xgg. This is
indeed the case for some of them: both 199 and 214 have
no nontrivial BSs in Xgg = Z;. (By our convention,
they are omitted from Supplementary Table IIT of the
main text.)

It remains to study 220 and 230, which have Xpg = Zo
and Z, respectively. We found that for both cases, some
feQBIs are again in the trivial class, i.e. they can be un-
derstood as integer combinations of Als (but with neg-
ative coefficients, resulting in unrealizable AI upon en-
forcing the physical conditions). However, the nontriv-
ial class for 220 can be represented by a feQBI filling
v = 20. More interestingly, the entry 2 € Z4 for 230
can be represented by a feQBI at filling v = 8. Since
230 is centrosymmetric, as we have argued in the main
text the generator 1 € Z4 has to be identified with the
strong TI. This implies some v = 8 feQBIs in 230 re-
alize the doubled strong TI phase we discussed in the
main text, which has inversion-protected nontrivial en-
tanglement signature, albeit no physical surface state is
expected.

All in all, we found that generally the TR-symmetric
feQBIs do not have any simple relationship with Xgg,
although there are indeed examples which are nontrivial
from both perspectives.



Supplementary Note 5.

General relation

As we have discussed in the main text, our notion of a
BS is compatible with both band insulators and semimet-
als, as long as a continuous band gap is sustained at all
high-symmetry momenta. In particular, the nontrivial
entries in Xgg can sometimes correspond to reSM, which
are guaranteed to be semimetallic due to the specification
of the symmetry content. These systems are exemplified
by the 3D systems with inversion but not TR symmetries
[7, 8.

Since reSMs are, by definition, also diagnosable using
the representation content, one can systematically iso-
late them from {BS}. However, it is important to realize
that reSMs do not form a subgroup of {BS}, since stack-
ing two of them (say) may lead to a band insulator [7, 8].
In contrast, it is guaranteed that stacking two band insu-
lators will lead to yet another band insulator. This sug-
gests that we should identify the subgroup {BI} < {BS}.
Further observe {AI} < {BI}, it is natural to define the
following further diagnosis of the elements in {BS}:

{BI}
= —. 51
o= (51)
The nontrivial entries in Xgy and Xpp respectively cor-
respond to reSMs and reQBIs. As we have alluded to, the
nontrivial elements in Xgg are either reSMs or reQBIs,
and hence, unsurprisingly, the three objects Xps, Xsm
and Xp; are not independent. From definitions, one can
check that
XBs
Xsm = ——. 52
Xu (52)

Or in a more formal language, Xgg can be viewed as a
central extension of Xgy by Xp. Curiously, this exten-
sion is generally nontrivial. As a concrete example, con-
sider the Z, factor in Xpg = (Z2)3 x Z4 for SG 2 (inver-
sion only) assuming no TR symmetry. From Refs. [7, 8],
we see that the generator of this factor is a reSM (with
inversion related Weyl points), and the twice of that,
corresponding to 2 € Zy, is a reQBI with a quantized
magnetoelectric response of § = w. This shows that for
this particular example,

Xp1 = (Z2)";  Xsm = Zo, (53)
and the Z,4 factor in Xgg originates from the nontrivial
extension of Zs by Zs.

Representation-enforced quantum band insulators

As we will discuss in the following, given any symmetry
setting one can systematically study all reSMs using sym-
metry arguments together with knowledge on the generic
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stability of Femri surfaces. For instance, for centrosym-
metric systems with TR symmetry and significant spin-
orbit coupling, stable band degeneracy must happen at
a high-symmetry momentum, and therefore we can rule
out the possibility of reSMs in these problems, i.e. for
such settings we have Xgy = Z1 and hence Xp; = Xpg.
However, even after Xpy is obtained our approach is still
based on symmetry-labels in nature, and therefore does
not necessarily detect all nontrivial phases. An impor-
tant future direction is to incorporate the tenfold way
classification into our current framework [9], akin to the
arguments given in Supplementary Ref. [10].

Representation-enforced semimetals

For a tight-binding model with inversion but not TR
symmetry, some combinations of the parity eigenvalues
at TRIMs predict the existence of Weyl points somewhere
in the interior of the BZ [7, 8]. The semimetallic behav-
ior of such systems is enforced by the specification of the
representations, and we refer to such systems as reSMs.
In this section, we ask whether similar phenomena occur
for other SG, i.e., given an SG and a set of integers n for
irreps at high-symmetry momenta, we ask if there are
enforced gap closing somewhere at non-high-symmetry
points in the BZ. For simplicity, in the following we an-
swer this question for three-dimensional system without
TR symmetry, such that the topologically-protected gap
closing at non-high-symmetry momenta corresponds to
Weyl points.

Let us consider a unit sphere S? around the I' point
of the BZ. The radius of the sphere is set to be much
smaller than any reciprocal lattice vectors. If there are
Weyl points at generic momenta in the BZ (i.e. not high-
symmetry), we should be able to move them to the sur-
face of this sphere without breaking any symmetry or
changing the value of n. Note that, in the following
‘sphere’ always refer to S2, which does not include the
interior of the sphere.

An SG element g € G moves a point k on S? to pyk
on S2. For this transformation, the translation part ty
of g does not show up at all and hence what is really
important is the point group P ~ G/T of the SG, whose
elements are the orthogonal matrices p,; (¢ € G). There
are only 32 crystallographic point groups in 3D, and we
will systematically discuss them in the following. One
can introduce the notion of the little group, the symmetry
orbit, and Wyckoff positions to this S? in the same way
as before. Given k on S2, the little group Gy is defined
as

Gk ={py, €P : psk =k}. (54)
The symmetry orbit of k (aka the star of k) is defined as
{psk : pg € P}. Also, two points k; and ks belong to



the same (momentum-space) Wyckoff position iff there
exists g € G such that Gk, = py0k, pg_l. Finally, let us
define the irreducible part (or the fundamental domain)
F of the sphere. The fundamental domain F' tessellates
the S? under the action of P. Namely, any point on the
sphere can be uniquely represented as pgk, where k € F
and p, € P.

With this preparation, let us discuss the stability of the
Weyl points against symmetry preserving deformations.
Suppose that the fundamental domain F' contains a Weyl
point with the chirality +1. (By assumption, generically
this Weyl point does not sit at the boundary of F'.) Then
there must be at least |P| Weyl points on the sphere in
total. The domain pyF" will contain a Weyl point with
the chirality det[py]. Suppose first that det[p,] = +1 for
all p; € P. This is the case for 11 out of 32 point groups
in 3D. In this case, since the net chirality in the entire BZ
must vanish, there must be another Weyl point in F' with
the chirality —1 (that belongs to a separate symmetry or-
bit), and the two Weyl points with the opposite chirality
will freely annihilate with each other. This implies reSMs
cannot exist for SGs with these point groups.

Next we discuss the remaining 32 — 11 = 21 point
groups, which always have half of the elements having
det[p,] = —1. Again the number of symmetry-related
Weyl points is |P|, but now |P|/2 of them has +1 chi-
rality and the other half has the —1 chirality. A prioi,
this could be compatible with a reSM, since the net Weyl
charge in the entire BZ vanishes. However, this still re-
quires further symmetry analysis. We ask if one can move
Weyl points on S? and merge pairs of them with opposite
chirality without breaking the SG symmetry or changing
the number of irreps n. We found that 18 of the 21
remaining point groups contain at least one mirror re-
flection symmetry and there exists a Wyckoff position
on the sphere which is symmetric only under the mirror.
For these point groups, two Weyl points with the oppo-
site chirality should be able to annihilate at this Wyckoff
position. Provided this is true, this again rules out reSMs
in these settings. In the following, we will first assume
the validity of this claim and study the remaining point
groups; a more thorough analysis is left for future works.

The remaining three point groups are 1, 3, and 4 in
the Hermann-Mauguin notation. Among them, 1 is the
point group generated by the inversion symmetry, and
we know that Weyl points can be protected by n in this
case [7, 8]. 3 contains 1 as a subgroup, and therefore also
contains the rotation C3. Due to the relation between the
(5 eigenvalues and the Chern number (for any momen-
tum plane perpendicular to the rotation axis) [13], one
can show that the only reSMs for 3 are those that are
diagnosed by the 1 subgroup. As such, the only possi-
bly nontrivial candidate is thus the point group 4, which
is the point group of the SG symmetry 81 and 82. We
looked at 81 for the spinful but TR breaking setting, and
indeed found an reSM. Xpg for 81 is (Z2)? x Z4. The
reSM is the generator of one of the two Zy factor. In
fact, this reSM in SG 81 can also be understood from the

13

Chern number arguments in Supplementary Ref. [13].

In closing, we remark that the analysis of reSM has
to be modified in other symmetry setting, since depend-
ing on symmetries topologically stable gaplessness may
not be of the Weyl type. For instance, nodal lines are
stable in time-reversal and inversion symmetric systems
with negligible spin-orbit coupling, and therefore the ar-
gument above has to be modified from the motion of
points to nodal rings. In addition, similar to the point-
group symmetries we discussed, TR will also constrain
the possible distribution of the gap closing, and therefore
have to be taken into account in the analysis of reSMs in
TR-symmetric system.
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Supplementary Table 5. Characterization of band structures for systems with significant spin-orbit coupling
and no time-reversal symmetry.

d Space groups
1 1,4,7,9, 16, 19, 22, 23, 25, 26, 27, 29, 33, 36, 38, 39, 42, 44, 45, 76, 78, 93, 101, 105, 109, 110
144, 145, 169, 170, 180, 181

2 8, 21, 31, 35, 37, 41, 43, 46, 80, 92, 94, 96, 97, 98, 102, 106, 107, 108, 161, 208, 214

3|5, 6, 18, 20, 30, 32, 34, 40, 48, 50, 56, 59, 61, 62, 68, 70, 73, 89, 99, 103, 146, 151, 152, 153, 154, 160
171, 172, 178, 179, 185, 186, 195, 196, 197, 198, 209, 210, 211, 212, 213

4| 24, 28, 54, 57, 60, 72, 77, 90, 91, 95, 100, 104, 133, 137, 142, 155, 158, 159, 177, 183, 184, 199, 207

53,14, 17, 52, 63, 64, 67, 79, 111, 112, 115, 116, 119, 120, 121, 126, 130, 134, 138, 156, 157, 173, 182

6 11, 15, 49, 69, 71, 113, 114, 117, 118, 125, 129, 132, 135, 141, 149, 150, 215, 216, 217, 218, 219

7 13, 51, 55, 66, 74, 122, 131, 136, 143, 167, 220, 228, 230

8 58, 65, 75, 88, 140, 163, 165, 222, 223, 224

9 2, 47, 53, 86, 139, 168, 201, 203, 205, 206, 227

10 12, 187, 189, 193, 194, 202, 204, 226

11 82, 85, 124, 148, 166, 200, 225, 229

12 81, 127, 128, 162, 164, 188, 190

13 84, 123, 147, 192

14 191, 221

15 10

16 87, 176

21 174

24 83

27 175

d: the rank of the abelian group formed by the set of band structures.
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Supplementary Table 6. Characterization of band structures for systems of spinless fermions without time-
reversal symmetry.

d Space groups

1 1,4, 7,9, 19, 29, 33, 76, 78, 144, 145, 169, 170

2 8, 31, 36, 41, 43, 80, 92, 96, 110, 161

3 [5, 6, 18, 20, 26, 30, 32, 34, 40, 45, 46, 61, 106, 109, 146, 151, 152, 153, 154, 160, 171, 172, 178, 179, 198, 212
213

4 24, 28, 37, 39, 60, 62, 77, 91, 95, 102, 155, 158, 159, 185, 186, 199, 210

5 3,14, 17, 27, 42, 44, 52, 56, 57, 79, 94, 98, 101, 104, 108, 156, 157, 173, 182, 196, 197, 214

6 11, 15, 35, 38, 54, 70, 73, 100, 103, 105, 107, 149, 150, 184

7 13, 22, 23, 59, 64, 68, 90, 114, 122, 142, 143, 167, 180, 181, 195, 208, 209, 211, 220

8 21, 58, 63, 75, 88, 97, 113, 130, 137, 163, 165, 183, 219

9 2, 25, 48, 50, 53, 55, 72, 86, 99, 117, 118, 120, 133, 135, 141, 168, 205, 207, 216, 217, 218, 228, 230

10 12, 74, 93, 116, 119, 121, 126, 138, 177, 203, 206, 215

11 66, 82, 85, 148, 166, 201, 222, 227

12 51, 81, 89, 112, 115, 129, 134, 136, 162, 164, 188, 190

13 16, 67, 84, 111, 125, 147, 193, 194, 202, 204, 223, 224

14 49, 128, 226

15 10, 69, 71, 132, 140, 187, 189

16 87, 176

17 124, 192, 200, 225, 229

18 65, 127, 131, 139

21 174

22 221

24 83, 191

27 47, 123, 175

d: the rank of the abelian group formed by the set of band structures.
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Supplementary Table 7. Symmetry-based indicators of band topology for systems with significant spin-orbit

coupling and no time-reversal symmetry.

XBs Space groups
Zo 3, 11, 14, 48, 49, 50, 52, 53, 54, 56, 57, 58, 59, 60, 61, 62, 63, 64, 66, 67, 68, 70,
72, 73, 74, 77, 79, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 125, 126, 129, 130, 133,
134, 137, 138, 141, 142, 162, 163, 164, 165, 166, 167, 171, 172, 201, 203, 205, 206, 215, 216, 217, 218, 219,
220, 222, 224, 227, 228, 230
Zs3 143, 173, 188, 190
Zs 69, 71, 75, 124, 128, 132, 135, 136, 140, 202, 204, 223, 226
Zg 168, 192, 193, 194
Zs 139, 225, 229
Lo X Lo 12, 13, 15, 51, 55, 86, 88
Lo X 7y 65, 84, 85, 131, 148, 200
Lp X L2 147
Zs X 73 187, 189
Zs X ZL¢ 176
Ty X g 87, 127
Ty X s 221
Ze X L2 191
Lo X Lo X L 10, 82
Lo X La X Ly 81
Lo X L4 X Zs 123
Lz X 13 X Zs 174
Zg X Ly X 2y 83
Ze X L6 X Lg 175
Ty X Ly X Lo X Ly 2,47

Xps: the quotient group between the group of band structures and atomic insulators.

Supplementary Table 8. Symmetry-based indicators of band topology for systems of spinless fermions without

time-reversal symmetry.

XBs Space groups
Zo 3, 11, 14, 27, 37, 45, 48, 49, 50, 52, 53, 54, 56, 58, 60, 61, 66, 68, 70, 73, 77, 79,
103, 104, 106, 110, 112, 114, 116, 117, 118, 120, 122, 126, 130, 133, 142, 162, 163, 164, 165, 166, 167, 171,
172, 184, 201, 203, 205, 206, 218, 219, 220, 222, 228, 230
Zs 143, 173, 188, 190
Zy 75, 124, 128
Zg 168, 192
Lo X Lo 12, 13, 15, 86, 88
Zia X L 84, 85, 148
Lo X L2 147
Zs X Ze 176
Ly X Ly 87
Zo X Lo X Lo 10, 82
Lo X La X L 81
Zs X T3 X Zs 174
Zia X Zg X L 83
Ze X Lo X Ze 175
Lo X Zg X La X Za 2

Xps: the quotient group between the group of band structures and atomic insulators.
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Supplementary Table 9. Characterization of band structures for quasi-two-dimensional systems with signifi-
cant spin-orbit coupling and time-reversal symmetry.

d Layer groups
1|1, 3, 4,5, 8,09, 10, 11, 12, 13, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34

35, 36

39, 43, 45, 46, 54, 56, 58, 60
7, 15, 16, 17, 38, 40, 41, 42, 44, 48, 49, 50, 53, 55, 57, 59, 68, 70
18, 47, 52, 62, 64, 65, 67, 69, 73, 76, 77
2, 6, 14, 37, 63, 79
66, 71, 72

74, 78

51, 61
9 75, 80
d: the rank of the abelian group formed by the set of band structures.

0N |0 |O k=W |

Supplementary Table 10. Characterization of band structures for quasi-two-dimensional systems with negli-
gible spin-orbit coupling and time-reversal symmetry.

d Layer groups

1,5,9, 12, 33

2 4, 10, 13, 29, 32, 34

3 8, 11, 17, 21, 25, 28, 30, 31, 36

4 15, 16, 20, 24, 35, 43, 45, 65, 68, 70
5 2,3, 7, 54, 56, 58, 60, 67, 69
6

8

9

18, 22, 26, 27, 39, 42, 44, 46, 49, 50, 52, 66, 73
40, 71, 72, 74, 76, 77, 79
14, 19, 23, 38, 41, 48, 53, 55, 57, 59, 62, 64

10 6, 63, 78
12 47, 51, 75
16 80

18 37, 61

d: the rank of the abelian group formed by the set of band structures.

Supplementary Table 11. Characterization of band structures for quasi-two-dimensional systems with signifi-
cant spin-orbit coupling and no time-reversal symmetry.

d Layer groups

1 1, 5,9, 12, 19, 23, 27, 28, 29, 30, 33, 35, 36
2 4,10, 13, 22, 26, 32, 34, 39, 46

3 8, 11, 17, 21, 25, 31, 43, 45, 48, 53, 55, 57, 59
4 (15, 16, 20, 24, 38, 41, 54, 56, 58, 60, 62, 64, 76, 77
5 2, 3,7, 37,40, 44, 47, 67, 68, 69, 70

6 18, 42

7 65, 78, 79

8 49, 50, 52, 61, 63, 71, 72

9 14, 66, 73, 80

10 6

14 74

16 51

18 75

d: the rank of the abelian group formed by the set of band structures.
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Supplementary Table 12. Characterization of band structures for quasi-two-dimensional systems of spinless

femrions without time-reversal symmetry.

d Layer groups

1 1,5,9, 12, 33

2 4,10, 13, 29, 32, 34

3 8, 11, 17, 21, 25, 28, 30, 31, 36

4 15, 16, 20, 24, 35, 43, 45

5 2,3,7, 67,68, 69, 70

6 18, 22, 26, 27, 39, 42, 44, 46, 54, 56, 58, 60
7 65

8 40, 49, 50, 52, 71, 72, 76, 77

9 |14, 19, 23, 38, 41, 48, 53, 55, 57, 59, 62, 64, 66, 73
10 6, 78, 79

12 47, 63

14 74

16 51, 80

18 37,61, 75

d: the rank of the abelian group formed by the set of band structures.

Supplementary Table 13. Characterization of band structures for quasi-one-dimensional systems with signifi-
cant spin-orbit coupling and time-reversal symmetry.

d Rod groups

111, 3, 4, 5, 8,0, 10, 13, 14, 15, 16, 17, 18, 19, 24, 25, 26, 31, 32, 33, 35, 43, 44, 47, 48, 54
55, 57, 58, 63, 64, 66, 67

2 7,12, 21, 22, 23, 30, 34, 36, 38, 42, 46, 49, 50, 56, 65, 70

3 2, 6, 11, 20, 27, 29, 37, 41, 53, 62, 68, 69, 72

4 40, 52, 59, 71

5 61, 75

6 28, 39, 45, 51, 74

9 60, 73

d: the rank of the abelian group formed by the set of band structures.

Supplementary Table 14. Characterization of band structures for quasi-one-dimensional systems with negli-
gible spin-orbit coupling and time-reversal symmetry.

d Rod groups

1 1, 5,9, 24, 26, 43, 44, 54, 58

2 4, 8, 16, 17, 25, 42, 50, 55, 56, 57
312,3,7,10, 12, 14, 19, 23, 31, 33, 35, 36, 47, 48, 49, 63, 67, 70
4 15, 27, 46, 53, 65, 69

5 29, 34, 38, 52, 72

6 6, 11, 13, 18, 21, 22, 32, 45, 59, 61, 64, 66, 68
7 30, 37

8 40, 62

9 28, 41, 51, 71, 75

10 74

12 20, 60

15 39

18 73

d: the rank of the abelian group formed by the

set of band structures.
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Supplementary Table 15. Characterization of band structures for quasi-one-dimensional systems with signifi-
cant spin-orbit coupling and no time-reversal symmetry.

d Rod groups
1 1, 5,9, 13, 15, 16, 17, 18, 24, 26, 32, 35, 43, 44, 54, 58, 64, 66

2 4, 8, 25, 30, 34, 36, 50, 55, 57, 70

312, 3, 7,10, 12, 14, 19, 20, 21, 22, 31, 33, 37, 38, 41, 42, 47, 48, 49, 56, 62, 63, 67, 68, 69
4 23, 46, 65, 71
6
9

6, 11, 27, 29, 39, 40, 52, 53, 72, 75
45, 51, 59, 61, 73, 74
12 28
18 60
d: the rank of the abelian group formed by the set of band structures.

Supplementary Table 16. Characterization of band structures for quasi-one-dimensional systems of spinless
fermions without time-reversal symmetry.

d Rod groups

1 1, 5,9, 24, 26, 43, 44, 54, 58

2 4, 8, 16, 17, 25, 50, 55, 57

312,3,7, 10, 12, 14, 19, 31, 33, 35, 36, 42, 47, 48, 49, 56, 63, 67, 70
4 15, 23, 46, 65, 69

5 34

6 6, 11, 13, 18, 21, 22, 27, 29, 32, 38, 52, 53, 64, 66, 68, 72
7 30, 37

8 62

9 40, 41, 45, 51, 59, 61, 71, 75

12 20, 28, 74

15 39

18 60, 73

d: the rank of the abelian group formed by the set of band structures.

Supplementary Table 17. Symmetry-based indicators of band topology for quasi-two-dimensional systems
with significant spin-orbit coupling and time-reversal symmetry.

XBs Layer groups

Zo |2, 6,7, 14, 15, 16, 17, 18, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 52, 62,
64, 66, 71, 72

Zs 74, 78, 79

m 51, 61, 63

Ze 75, 80

Xgs: the quotient group between the group of band structures and atomic insulators.

Supplementary Table 18. Symmetry-based indicators of band topology for quasi-two-dimensional systems
with negligible spin-orbit coupling and time-reversal symmetry.

XBs Layer groups
Zo |2,3,7,49, 50, 52, 66, 73
Lo X Lo 6, 51, 75

Xgs: the quotient group between the group of band structures and atomic insulators.
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Supplementary Table 19. Symmetry-based indicators of band topology for quasi-two-dimensional systems
with significant spin-orbit coupling and no time-reversal symmetry.

Xgs Layer groups
Zo |2,3,7, 37,40, 44, 47
Zs 65, 78, 79
m 49, 50, 52, 61, 63
ZLg 66, 73, 80

Za X ZLo 6

L3 X Ls 74

Ly X La 51

Ze X Zg 75

Xps: the quotient group between the group of band structures and atomic insulators.

Supplementary Table 20. Symmetry-based indicators of band topology for quasi-two-dimensional systems of

spinless fermions without time-reversal symmetry.

XBs |Layer groups
Lo 2,3,7
Zs 65
Za 49, 50, 52
Ze 66, 73

Lo X Lo 6
Zs3 X L3 74
Z4 X Z4 51
Ze X Ze 75

Xgs: the quotient group between the group of band structures and atomic insulators.
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