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Supplementary Note 1 | Mathematical criteria
for optimality of antiskyrmions and coexistence
with skyrmions

In this Supplementary Note we rigorously identify sim-
ple criteria on the spiralization tensor that predict the
energetic optimality of antiskyrmions versus skyrmions
(Theorem 1) and the coexistence of skyrmions and an-
tiskyrmions (Theorem 3) under the influence of a suffi-
ciently large Zeeman field, respectively.

Theorem 1 Suppose the spiralization tensor has nega-
tive determinant. Then for sufficiently large Zeeman
field, the least energy over all non-trivial homotopy
classes is necessarily attained by an antiskyrmion.

The key is to use independent orthogonal transforma-
tions in spin space and real space in order to bring DMI
to a canonical form, which allows to utilize arguments
from ref. 1 showing that the skyrmion is favoured for
the cubic Hamiltonian Dm · ∇ × m. The necessary
extension to the case of anisotropic DMI will be provided
in Theorem 2 below.

Relative skyrmion number. The notion of
skyrmion/antiskyrmion refers to a local energy minimizer
within the topological class characterized by the relative
skyrmion number N = ±1, respectively. For sufficiently
regular fields m = (mx,my,mz) decaying to the back-
ground state mz(∞) = ±1, the index N is defined rela-
tive to this background state, i.e.

N(m) = −mz(∞)Q(m), (1)

where Q is the conventional topological charge

Q(m) =
1

4π

∫
R2

m · (∂xm× ∂ym) dr. (2)

In a typical situation where the horizontal magnetization
field vanishes at a single point (skyrmion center) the
relative skyrmion number N agrees with the index
of the horizontal magnetization field at the skyrmion
center. It is customary to fix the background state
mz(∞) = 1, which leads to the characterization Q = −1
for skyrmions and Q = +1 for antiskyrmions.

General form of DMI. We consider energy densities

eDM(D; m) =
∑
ν

Dν · (∂νm×m), (3)

where Dν with ν = x, y, z are the (micromagnetic) DM
vectors, the columns of the spiralization tensor D =
(Dµν) ∈ R3×3, i.e. Dµν is the µ-th component of the
ν-th DM vector. For 3D systems, the chirality tensor

L(m) = ∇m×m, (4)

whose components are the Lifshitz invariants of m, can
then be used to write DMI in form of a matrix inner
product

eDM(D; m) = D : L(m) =
∑
µ,ν

DµνLµν(m). (5)

For 2D systems with Dν ⊥ êz for ν = x, y, the spiraliza-
tion and chirality tensors may be reduced to R2×2 matri-
ces, respectively. We shall adopt the same notation for
the reduced tensors D ∈ R2×2 and L(m) ∈ R2×2 given
by

Lµν(m) =
∑
κ

εµκ (mz ∂νmκ −mκ ∂νmz) . (6)

Here and in what follows greek indices denote in-plane
Cartesian coordinates x, y, and εµν and δµν denote
Levi-Civita and Kronecker symbols, respectively. For
spiralization tensors D ∈ R2×2, formula (5) features
a general micromagnetic form of interface-induced
DMI. It also includes the 2D reduction of cubic DMI
Dµν = D δµν differing from the prototypical thin-film
DMI Dµν = D εµν only by a rigid rotation in spin space.

Canonical form of DMI. Given orthogonal trans-
formations R,S ∈ O(2) in real space and horizontal spin
space, respectively, we represent m(r) = Sm̃(r̃) with
r̃ = Rr. Then, the topological charge satisfies

Q(m) = det(RS) Q(m̃). (7)

The chirality tensor satisfies

L(m) = (detS)SL(m̃)R, (8)

to be evaluated at r and r̃, respectively. Defining the
auxiliary spiralization tensor D̃ by

D = (detS)SD̃R, (9)

it follows from (5) that∫
R2

eDM(D; m) dr =

∫
R2

eDM(D̃; m̃) dr̃. (10)

Since Heisenberg exchange, uniaxial anisotropy and Zee-
man interaction along the vertical direction in spin space
are invariant with respect to the transformation between
m and m̃, the corresponding transformation between D
and D̃ serves as a reduction to a canonical problem.
In fact, by virtue of a singular value decomposition we
can always achieve D̃ to be diagonal and positive semi-
definite, leading to the canonical form of DMI

eDM(D̃; m̃) = D1L1(m̃) +D2L2(m̃), (11)

where 0 ≤ D1 ≤ D2 are the singular values of D and
L1 = Lxx and L2 = Lyy the diagonal elements of L.
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Note that |D|2 = D2
1 +D2

2, where |D| =
√
D : D denotes

the Frobenius norm of D.

In order to prove Theorem 1, we shall argue that in
the nondegenerate case D1 > 0 the transformed prob-
lem with DMI (11) selects skyrmions (Q = −1). It then
follows from (7) that in the original problem with spi-
raliation tensor D antiskyrmions are selected provided
det(RS) = −1, i.e. if detD < 0. Theorem 1 is therefore
a consequence of the following:

Theorem 2 Suppose the spiralization tensor is diagonal
and positive definite. Then for sufficiently large Zee-
man field, the least energy over all non-trivial homotopy
classes is necessarily attained by a skyrmion.

Let us sketch the energy bounds leading to the proof
of Theorem 2. Dropping the tilde notation we let

eDM(m) = D1L1(m) +D2L2(m) (12)

and consider the micromagnetic energy functional

E(m) =

∫
R2

J

2
|∇m|2 + eDM(m)

+B(1−mz) +K⊥(m2
z − 1) dr. (13)

for B ≥ 0 and K⊥ ≤ 0.

Upper energy bounds.

EQ < 4πJ for Q = ±1. (14)

For this qualitative estimate, which is only sharp in the
large field limit, it is sufficient to take into account equiv-
ariant (axisymmetric) configurations. Constructing trial
profiles for skyrmion cores in the topological class Q =
−1 with minimal Heisenberg exchange of 4πJ amounts to
a modification of the stereographic map, well-establised
in the framework of Belavin-Polyakov solitons2. With
r⊥ = (−ry, rx), we specifically choose

mcore(r) =

(
2r⊥

r2 + 1
,
r2 − 1

r2 + 1

)
, (15)

featuring a counter-clockwise curling of the horizon-
tal components as preferred by (11). We have∫
R2 L1(mcore) dr =

∫
R2 L2(mcore) dr = −4π, thus∫

R2

eDM(mcore) dr = −(D1 +D2)4π. (16)

A trial profile of opposite charge is obtained by reflec-
tion in horizontal spin space. For m = (mx,−my,mz),
we have Q(m) = −Q(m) while L1(m) = −L1(m) and
L2(m) = L2(m). We obtain∫

R2

eDM(mcore) dr = (D1 −D2)4π. (17)

while the other energy contributions remain unchanged.
Zeeman and anisotropy energies diverge logarithmically
for (15). But using a cut-off and scaling argument to
balance all energy contributions (see ref. 1), one deduces
(14) provided D1 < D2. The bound holds independently
of B but narrows down for increasing B. In case of equal-
ity D1 = D2 treated in ref. 1, (14) holds only for Q = −1.

Ansatz-free lower bounds. For BJ/|D|2 ≥ 2 the
energy is non-negative and

EQ > E1 > E−1 for all |Q| > 1. (18)

A straight forward lower energy bound is obtained by
bounding the absolute value of DMI in terms of exchange
and Zeeman interaction. The argument is independent
of the specific form of DMI eDM(m;D) = D : L(m) and
only depends on its size |D|. Using the translation in-
variance of DMI in (vertical) spin space, i.e.

D : L(m) = D : L(m− êz) + boundary terms, (19)

and |D : L(m− êz)| ≤ |D||∇m||m− êz|, we obtain from
the elementary inequality |ab| ≤ 1

2 (a2 + b2)∣∣∣∣∫
R2

eDM(m;D) dr

∣∣∣∣ ≤ ∫
R2

|D|2
2B |∇m|2

+B
2 |m− êz|2 dr. (20)

Taking into account that |m−êz|2 = 2(1−mz), it follows
by virtue of the classical topological lower bound

1

2

∫
R2

|∇m|2 dr ≥ 4π|Q(m)|, (21)

cf. Belavin and Polyakov2, that

E(m) ≥ 4π
(
J − |D|

2

B

)
|Q(m)|. (22)

Accordingly, we infer EQ > E±1 for |Q| > 1 and
BJ/|D|2 ≥ 2. It remains to show that E−1 < E1. To this
end, we shall modify the Bogomolny type lower bound
E(m) ≥ 4πJQ(m) valid for all m with Q(m) ≥ 0 pro-
vided D1 = D2 6= 0 and BJ/D2

2 ≥ 1 (see ref. 1). The
bound extends to the case 0 ≤ D1 < D2 as

E(m) ≥ 4πJQ(m)− (D2 −D1)

∫
R2

L1(m) dr. (23)

We shall argue by contradiction: Suppose E1 < E−1

and m(k) is a minimizing sequence with Q(m(k)) = 1
and E(m(k)) → E1 as k → ∞. Then it follows from
(14) and (23) with Q = 1 that

∫
R2 L1(m(k)) dr ≥ λ

for some λ > 0 as k → ∞. But for the reflected
fields m(k) (cf. discussion preceding (16)) we have
E−1 ≤ E(m(k)) ≤ E(m(k)) − 2D1λ < E1 as k → ∞, a
contradiction.
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Attainment of E±1. Energy upper and lower
bounds can be used to rule out possible scenarios of
non-attainment of E±1 by virtue of the concentration-
compactness method (see e.g. ref. 3 in the context of
the classical Skyrme model). For 0 < D1 = D2 we have
EQ < 4πJ only for Q ∈ {0,−1}, which yields attain-
ment only for Q = −1, see ref. 1. Let us now assume
0 ≤ D1 < D2. The bounds (14) and (18) then imply

E±1 < E−Q + E(Q±1) for all |Q| > 1, (24)
E±1 < 4πJ |Q|+ E(Q±1) for all |Q| > 0. (25)

Inequality (24) rules out the splitting into two well-
separated field configurations of non-vanishing topolog-
ical charge (dichotomy). Inequality (25) rules out the
gain or loss of topological charge by concentration effects.
In fact, the formation of one or more point singularities
of total charge Q 6= 0 amounts to an energy of at least
4πJ |Q| (see the discussion following (14)). Ruling out the
vanishing case by means of (14) and a Sobolev inequality
as in ref. 1, we have exhausted all possible scenarios of
non-attainment and obtain:

Theorem 3 Suppose the spiralization tensor admits dif-
ferent singular values. Then skymions and antiskyrmions
coexist for large enough Zeeman field.

Supplementary Note 2 | Multipole expansion of
an Antiskyrmion

In the main text we stated that an antiskyrmion can
be understood as an addition of a quadrupolar field to
the monopole of the skyrmion. This statement will be
substantiated in this Supplementary Note. We will show
in the following the multipole expansion of the magne-
tization field of the antiskyrmion on a sphere (see Sup-
plementary Fig. 1(a)) in terms of the vector spherical
harmonics which are defined as4

Ylm = Ylm êr

Ψlm = r∇Ylm
Φlm = êr ×∇Ylm . (26)

It is obvious, that a hedgehog-type chiral skyrmion as
shown in Fig. 1(a) of the main text has the monopole
(Y00) as the only non-vanishing component with an ex-
pansion coefficient cY00 = M

√
4π, with M = |m(R)|,

being the absolute value of the magnetization. For the
antiskyrmion, however, this monopole contribution is re-
duced (cY00 = 1

3 M
√

4π) and additionally quadrupolar
contributions arise. The resulting expansion coefficients
are cY20 =

√
20

15 M
√

4π, cY2−2 = cY22 = −
√

30
15 M

√
4π,

cΨ20 =
√

5
15 M

√
4π, and cΨ2−2 = cΨ22 = −

√
30

30 M
√

4π.
The non-vanishing multipole components are visualized
in Supplementary Fig. 1, where the length of the arrows
scales with the expansion coefficient.

Supplementary Figure 1 | Visualization of the
multipole expansion of an antiskyrmion. Non-
zero contributions of the multipole expansion of the
antiskyrmion shown in (a): (b) Y00, (c) Y20, (d)
Y2−2 + Y22, (e) Ψ20, and (f) Ψ2−2 + Ψ22. The length
of the arrows indicates the size of the expansion coeffi-
cients (see text).

Supplementary Note 3 | Magnetostatic energy of
axisymmetric skyrmions vs. antiskyrmions.

In non-dimensionalized form, the averaged magneto-
static energy Emag(m) induced by a magnetization dis-
tribution m on an infinite film of thickness t is given by

1

8πt

∫
R3

∫
R3

(∇ ·m)(r)(∇ ·m)(r′)

|r− r′|
drdr′, (27)

where ∇ · m is the distributional divergence of m ex-
tended by zero outside the film. If m is assumed to
be z-independent inside the film, the contributions to
Emag(m) from mz and m‖ separate. To leading or-
ders in t, this gives rise to a decomposition Emag(m) ≈
E⊥mag(mz) + E‖

mag(σ) into a shape anisotropy part

E⊥mag(mz) =
1

2

∫
R2

m2
zdr (28)
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and a film charge part

E‖
mag(σ) =

t

8π

∫
R2

∫
R2

σ(r)σ(r′)

|r− r′|
drdr′ (29)

in terms of the in-plane divergence σ(r) = (∇ · m‖)(r).
This thin film reduction5 can conveniently be derived
from a Fourier space representation, in which the film
charge part admits the form

E‖
mag(σ) =

t

4

∫
R2

|σ̂(k)|2

|k|
dk. (30)

We shall estimate the contribution of skyrmions and anti-
skrymions to Emag(m) considering the standard axisym-
metric ansatz with magnetization densities of the form6,7

m(r) =

cos Φ(ϕ) sin θ(ρ)
sin Φ(ϕ) sin θ(ρ)

cos θ(ρ)

 (31)

with cylindrical coordinates (ρ, ϕ) in real and polar co-
ordinates (θ,Φ) in spin space, depending on ρ and ϕ,
respectively. The phase function has the form

Φ(ϕ) = vϕ+ γ (32)

with winding number v = ±1 to distinguish skyrmions
from antiskyrmions, and a phase shift γ to tune chirality
according to the chirality vector cχ. With the left-handed
Néel-type skyrmion mNéel (with v = 1 and γ = 0) as
reference configuration, an arbitrary m of the form (31)
is obtained by an orthogonal transformation in horizontal
spin space, i.e.

m = SmNéel for some S ∈ O(2), (33)

keeping shape anisotropy invariant. With in-plane diver-
gences of m and mNéel denoted by σ and σNéel, respec-
tively, it follows from a symmetry argument in (30) that

E‖
mag(σ)

E‖
mag(σNéel)

=
1

2π

∫
{|k|=1}

|k · (Sk)|2dk. (34)

Expressed in terms of v and γ (34) reads

E‖
mag(σ)

E‖
mag(σNéel)

=

{
cos2γ for skyrmions v = 1,
1
2 for antiskyrmions v = −1.

(35)

Accordingly, the effect of film charge differs significantly
for different kinds of chiral skyrmions. It is minimal
(zero) for Bloch-type (γ = ±π2 ), and maximal for Néel-
type skyrmions (γ = 0, π). Axisymmetric antiskyrmions
are precisely in the middle with a value independent of γ.
The argument may be extended to the case of anisotropic
DMI and almost axisymmetric (anti-)skyrmions near the
conformal high energy limit8 JB/|D|2 � 1.

Supplementary Figure 2 | Visualization of the
investigated geometry. Visualization of the angles
and distances introduced in the text for the description
of a system with C2v symmetry.

Supplementary Note 4 | Multichirality in
systems with the C2v symmetry from a
micromagnetic analysis

In the main paper we have shown that for surfaces or
interfaces with C2v symmetry, the symmetry is so low
that the in-plane component of the DMI vector, ê‖DM, is
not symmetry-determined, but can take on any in-plane
direction depending on details of the electronic structure
of the system. We had selected two particular directions
of ê‖DM, one resulting in a skyrmion and one in an an-
tiskyrmion. In this supplementary note, we generalize
the equations to arbitrary in-plane directions and to any
system with a C2v symmetry.

In a system with C2v symmetry, the general form of
the spiralization tensor reads9

D =

(
0 D12

D21 0

)
, (36)

where D12 and D21 contain all information about the ge-
ometry of the lattice and result from the summation over
all neighbours. Note, that detD = −D12D21 and Dµν ,
µ 6= ν, can be related to the singular values of the Sup-
plementary Note 1 by D1(2) = min(max)(|D12|, |D21|).
It is insightful to map the spiralization tensor (36) onto
a nearest-neighbour model (see Supplementary Fig. 2)
with an effective n.n. DM vector, Dnn. The two linearly
independent components of Dnn = (Dx, Dy), translate
into two independent parameters of the spiralization ten-
sor, which becomes

D =
1

AΩ

(
0 4DxRy

4DyRx 0

)
. (37)



5

This spiralization tensor is obviously equivalent to (36)
with D12 = 4DxRy/AΩ and D21 = 4DyRx/AΩ and is
therefore capable to describe the identical mathematical
problem. We express the direction of the microscopic
DM vector,

Dnn =

(
Dx

Dy

)
=

Ð
R

(
cosα Rx + sinα Ry
− sinα Rx + cosα Ry

)
, (38)

relative to the vector of the chemical bond connecting the
atom at site R0 and the n.n. sites Rnn, Rnn = (Rx, Ry),
in terms of angle α, where Ð =

√
D2
x +D2

y and R =√
R2
x +R2

y and 1/AΩ is the area of the surface unit cell.
Hence, the angles α = π/2 and π reproduce the spiraliza-
tion tensors discussed in the main text. The introduced
angles and the lattice parameters are visualized in Sup-
plementary Fig. 2.

According to the main text, the Néel-type chiral-
ity, CN, for a magnetic winding along direction êρ =
(cosϕ, sinϕ)T is then given by

CN = AΩ(Dêρ)ϕ

=
4Ð
R
RxRy cosα cos(2ϕ)

−4Ð
R
RxRy sinα

(
cos2ϕ

Rx
Ry

+ sin2ϕ
Ry
Rx

)
(39)

For a fixed angle α, only the first term ∝ cos 2ϕ can
change the sign of the chirality CN(ϕ, α) as function of
ϕ, while the second term supports monochirality. Hence,
α weights the relative competition between multi- and
monochirality, or antiskyrmion and skyrmion formation,
respectively.

We now restrict ourselves to the geometry of a bcc(110)
surface, for which Rx = a/

√
2 and Ry = a/2, with

a being the lattice parameter. Analysing CN(ϕ, α) as
a function of the direction of the in-plane DM vector
in terms of α and the direction of êρ parametrized by
ϕ, we see in Supplementary Fig. 3 that the DM-field
changes sign as function of ϕ for a broad range of α, i.e.
− arctan(

√
2) < α < arctan(1/

√
2), thus favouring mag-

netization fields of multichiral character. Outside this
parameter range of α we have monochiral DM-fields ei-
ther of positive (α > arctan(1/

√
2, CN > 0) or negative

(α > arctan(1/
√

2, CN > 0) chirality.
This analysis is consistent with the criteria given in

Supplementary Note 1. The determinant of the spiral-
ization tensor (37) results in

detD = − 16D2

R2A2
Ω

R2
xR

2
y cos(2α)

− 8D2

R2A2
Ω

RxRy(R2
y −R2

x) sin(2α) . (40)

The determinant is equal to zero, detD = 0, for angles

αo = arctan

(
Ry
Rx

)
+ n · π

2
with n ∈ Z . (41)

−1 0 1
det(D)

−0.5

0.0

0.5

α
/π

0 0.5 1 1.5 2
ϕ/π

−1

0

1

C N

Supplementary Figure 3 | Néel-type chirality
based on the micromagnetic model. Néel-type chi-
rality (as colour code) for a bcc(110) surface as func-
tion of the relative angle α between the DM vector and
the bond between atoms, and of ϕ parametrizing the
propagation directions êρ. Regions of positive and neg-
ative chirality are separated by a solid line. For a broad
range of −0.3π . α . 0.2π (indicated by horizontal
dashed lines) multichiral skyrmion states are possible.
In this range, the determinant of the spiralization ten-
sor, detD, is negative. Values for CN have been scaled
by a factor

√
3/(aD) and detD by A2

Ω4
√

3/(a3D).

This reproduces the previous results αo = − arctan(
√

2)
and αo = arctan(1/

√
2) for values of Rx and Ry given by

the bcc(110) lattice. In between those two values, detD
becomes negative (see Supplementary Fig. 3) preferring
consistent with the conditions derived in the Supplemen-
tary Note 1 the antiskyrmion over the skyrmion. Taking
into account our definition of the angle α, αo denotes DM
vectors pointing parallel to one of the mirror planes of the
system, i.e. parallel to the x- or y-axis of the coordinate
system shown in Supplementary Fig. 2. This can easily
be seen for the special case of Rx = Ry (i.e. a square
lattice) where one obtains αo = π

4 + n · π2 . However,
one should keep in mind, if Rx = Ry then usually this
change is related to a structural transition from C2v to
C4v symmetry where additional mirror symmetries (see
arguments in main text) only allow αC4v

= π
2 +nπ. Thus,

the case detD = 0 is forbidden and furthermore it follows
detD = −4D2R2 cos(2αo)/A

2
Ω = 4D2R2/A2

Ω > 0 leading
only to skyrmions.

Supplementary Note 5 | Computational details
of DFT calculations for 2Fe/W(110)

We performed DFT calculations employing the non-
collinear version10 of the full-potential linearized aug-
mented plane-wave method11,12 (FLAPW) in film
geometry as implemented in the FLEUR code (see
www.flapw.de). The structural properties such as the
lattice constant and the interlayer relaxation were taken
from Heide et al.13. An asymmetric slab consisting of
seven W layers and two Fe layers was used as structural
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Supplementary Figure 4 | Exchange parameters
Jij in 2Fe/W(110). Calculated exchange constants
Jij for the intralayer coupling in the surface Fe layer
(blue), the intralayer coupling in the interface Fe layer
(red) and the interlayer interaction between both layers
(black).

model. A self-consistent calculation without spin-orbit
coupling was carried out for the ferromagnetic state with
1600 k-points in the full two-dimensional (2D) Brillouin
zone (BZ) and a plane-wave cutoff of 4.2 bohr−1 serving
as starting point for the non-collinear calculations to fol-
low. An exchange correlation potential in local density
approximation14 was used.

Subsequently, calculations of the electronic structure
and total energy were performed for spin-spiral states
for a set of wave vectors q. Thus, for a spin-spiral the
magnetic moment vector, M, at site R is determined by

M(q) = M R(n̂) S(q)

= M R(n̂)

 sin θ cos(R · q + φ)
sin θ sin(R · q + φ)

cos θ

 , (42)

where R(n̂) is a rotation matrix that rotates the rotation
axis z of the above equation into the actual rotation axis
n̂ around which the spin-spiral rotates. φ enables phase
differences in the spirals between the first and second
layer. The cone angle θ measures the difference between
the spin-spiral and the ferromagnetic state.

In order to speed up the calculations the force theo-
rem15,16 is used, meaning, the self-consistently obtained
charge density of the ferromagnetic state can be used to
calculate the properties of any spin-spiral state with a
wave vector q and then the effect of spin-orbit coupling
(SOC) is added in first-order perturbation17 for any state
q. For this step, the number of k-points was increased to
4096 to improve the accuracy as a small cone angle re-
sults in small energy differences. To calculate the inter-
and intralayer DM vectors and exchange constants, the

total energy with and without SOC was calculated on
an 8× 8 q-point mesh in the 2D BZ. The real-space pa-
rameters were obtained via Fourier-transformation. To
obtain accurate model parameters of this system around
its ground state (i.e. the FM) a small cone angle θ of 5°
was used.

By fixing the magnetic moments of one of the Fe lay-
ers (and the non-magnetic substrate) to ferromagnetic
alignment and thus letting the spin-spiral propagate only
in the remaining layer we are able to determine the in-
tralayer DM interaction, whereas if the spin-spiral is al-
lowed into both layers simultaneously the interlayer DM
interaction can be calculated. The calculated exchange
parameters can be found in Supplementary Fig. 4. We
observe the expected decay of Jij with distance |Ri−Rj |,
although one should keep in mind that the number of pa-
rameters increase linear with distance. On top we find
oscillations of size and sign of Jij as function of direction
resulting from the very anisotropic 2D Fermi surface.

Supplementary Note 6 | Analysis of DM energy
contributions to stability of antiskyrmion in
2Fe/W(110)

To analyse in more detail the role of different DM
energy contributions to the stabilization of the anti-
skyrmion, we plotted in Supplementary Fig. 5 at each
site i the local DM energy density by summing over all
sites j of the intra- and interlayer DM interactions, i.e.
within and between the two layers, respectively, evoking
the spin-lattice description of the DM energy in Eq. (1) of
the main text with parameters summarized in Fig. 3(d)
of the main text and Supplementary Fig. 4. By inspec-
tion of Supplementary Fig. 5, it becomes obvious, that
the main stabilization of the antiskyrmion stems from
the contributions within the layers and not between the
layers and the dominating contribution comes from the
core of the antiskyrmion due to the intralayer DM inter-
action in the Fe interface layer (see red area in the upper
right panel of Supplementary Fig. 5). However, the rota-
tional sense of the magnetization texture along the [001]
(i.e. y-) direction of the lattice (the spins positioned in
Supplementary Fig. 5 “north” and “south” of the cen-
ter of the antiskyrmion) is energietically disfavoured by
the underlying magnetic interaction. This energy loss is
nevertheless compensated by the energy gain of the sur-
face layer along those directions and thus in total, the
antiskyrmion gains energy along all crystallographic di-
rections.

As already noticed in Fig. 3 of the main text, the ro-
tational sense enforcing component of the DMI, (Dij)ϕ,
of the Fe layer showed changing signs for different neigh-
bours and was mainly satisfied with the formation of the
antiskyrmion. Therefore, we carried out spin dynamics
simulations where we only included the intralayer DM
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Supplementary Figure 5 | Local energy distri-
butions of the DMI in 2Fe/W(110). Shown are
the intra- and interlayer contributions of DMI of the Fe
surface and interface layer in 2Fe/W(110) for the an-
tiskyrmion shown in Fig. 4 of the main article. A neg-
ative (red) (positive (green)) energy density indicates
a local rotational sense that is energetically favoured
(disfavoured). An area of 20 nm × 20 nm around the
center of the antiskyrmion is shown. Notice the differ-
ent colour scales of the different panels.

interactions of the interface layer to check whether then
an antiskyrmion could indeed be stable with those pa-
rameters. However, we found this is not the case. The
antiskyrmion spreads along the y-axis (in agreement with
the previously shown analysis) and thus results into a
stripe domain wall. On the other hand we realized that
the interlayer contributions of the DMI are larger than
the interlayer contributions and indeed if we switch off
in the spin-dynamics calculation the interlayer contribu-
tion, the antiskyrmion is stable. This shows, that for
2Fe/W(110) in particular the interplay of all intralayer
DM interactions are crucial for the possible formation of
stable antiskyrmions in this system.

Supplementary Note 7 | Dzyaloshinskii-Moriya
vectors for 2Fe/W(110) from the
Korringa-Kohn-Rostoker Green-function method

Since the FLAPW approach to calculate microscopic
atom-pair dependent DM parameters Dij used in the
main text was newly developed and used here for the
first time, for comparison we list in Supplementary Ta-

ble 1 in addition the Dij vectors calculated by means of
the Korringa-Kohn-Rostoker Green-function (KKR-GF)
method18. Using tke KKR-GF method we first con-
verge the DFT potential including spin-orbit coupling
self-consistently, with a chosen magnetization along the
z-direction, and then perform three one-shot calculations
with magnetizations along the x, y and z axes, employing
the relativistically generalized version19,20 of the method
of infinitesimal rotations16, in order to access all three
components of the DM vector.

The KKR-GF and FLAPW calculations are performed
with the same structural parameters and the same
exchange-correlation functional14. The numerical pa-
rameters chosen include an angular-momentum cutoff
`max = 3, a grid of 50 points for integrations along a
complex-energy contour with a Fermi smearing of 473 K
and 1600 (6400) k points in the full 2D BZ for the inte-
gration of the Matsubara pole closest to the real energy
axis for self-consistency (in the one-shot calculations em-
ploying infinitesimal rotations).

Supplementary Table 1 | Comparison of Results
between KKR-GF and FLAPW method Micro-
scopic Dzyaloshinskii-Moriya vectors Dij calculated
with two different methods for a representative pair of
atoms for the first three shells within the surface layer
(S), the interface layer (I), or between both (IS). The
real-space vectors connecting the atoms, Rij , are given
in units of the W-bulk lattice constant a3D = 0.316 nm,
and d = 0.54152 a3D is the interlayer distance.

Rij Dij [meV]
KKR FLAPW

S ( 1√
2
, 1
2
, 0) (−0.389, 1.064, 0) (−0.420, 1.062, 0)

(0, 1, 0) (0.159, 0, 0) (0.082, 0, 0)

(
√
2, 0, 0) (0,−0.177, 0) (0, 0.005, 0)

I ( 1√
2
, 1
2
, 0) (0.837,−0.639, 0) (0.769,−0.732, 0)

(0, 1, 0) (−0.632, 0, 0) (−0.604, 0, 0)
(
√
2, 0, 0) (0,−0.270, 0) (0,−0.220, 0)

IS (0, 1
2
, d) (−0.044, 0, 0) (0.013, 0, 0)

( 1√
2
, 0, d) (0, 0.059, 0) (0, 0.116, 0)

( 1√
2
, 1, d) (−0.283, 0.018,−0.134) (−0.336, 0.044,−0.154)

The Supplementary Table 1 reveals an overall good
agreement at the sub-meV level between the DM vec-
tors calcuated by KKR and FLAPW. Test simulations
comparing the different sets of DM vectors and ex-
change parameters disclose the same picture of stable
antiskyrmions although the exact diameter of the anti-
skyrmion and/or the required magnetic field may vary
slightly. This is consistent with our finite sub-meV reso-
lution and the number of shells we take into account in
our calculations.

A detailed discussion of the two methods employed to
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extract the Dij vectors within the different formalisms,
i.e. KKR-GF and FLAPW, and a comparison of the re-
sults will be published elsewhere.
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