SUPPLEMENTARY NOTE 1 - SECURITY PROOF IN THE SINGLE-PHOTON CASE

Alice randomly prepares the single photon state |¢)) = Zle(—l)k"ﬁ), where k; € {0,1} is Alice’s raw
key bit, and |i)(i € {1, .., L}) represents that a single photon is in the i-th time-bin. Eve’s general collective
attack can be given by:

UEve| |eOO ZC”U |ez] (1)

where, |elj> is the quantum state of Eve’s ancilla Without loss of generality, we assume c¢;; > 0 and

Zf 1 U < 1, where the reason of setting ZJ 1 ”

trial, Eve only retains her ancilla |e”> to obtain maximum information on key bits.

< 1 is that Eve may introduce vacuum state. For each

In RRDPS protocol, Bob measures the phase shift between |¢) and |j) of the incoming single photon
states. If Bob projects the incoming single photon states into (|a) & |b))/v/2 successfully, he will announce
{a,b}(a < b) to Alice, who will calculate k, @ k; as her sifted key. The evolution of quantum state is given
by

[)leoo) —(~1)k: (aaa\ )+ k) + + (= 1) (@ 8) + Ghala))
+ > ()" (Eiala) + Ginlb)), @

i#a,b

~ A
where, Cij = Cij|€ij>~

The density matrix (non-normallized) of Eve’s ancilla will be

b= P{%w + (b)Uiswel &) lenn) } + P{%w (B Usseld)eoo)}
L L
= P{ZH)’“&M} + P{ZH)%},

where P{|z)} = |z)(z|. Eve aims to guess k, ® k; after Bob reveals the values of a and b.

Next, we try to simplify Eve’s density matrix. Since k;(i # a,b) equals to 0, 1 randomly, the relative phase
between |eqq)(less)) and |eiq)(|ews)), i # a,b, will be randomized. In other words, we have the following
consideration

PE—>Z ZPE

j#a,bk;=0,1
= P{( ) Caa + (_1)kb5ba} + P{(—l)kbébb —+ (_1)kaéab} (4)
+ Z i P{leia)} + i P{lew)}-
i#a,b

Based on the above equation, if k, + k; = 0, the density matrix (non-normalized) of Eve’s ancilla |e) will
be

pb"" = Pléaa+ v} + Pl + 2} + Y chuP{lewa)} + chP{lea))}- (5)
i#a,b



If k, 4+ kp = 1, the density matrix of Eve’s ancilla |e) will be

P = Pllaa = a} + PLaw — Gan} + D e P{leia)} + cP{lea)}) (©)
i#a,b

Without compromising the security, we can assume that <eim|ejn> = 0;j0mn. Then, Eve’s information on
ko @ kp is given by the Holevo bound [1], which is

2 2
Caqa 0 Cbb 0
QUILG" < (chat ch)S(| W o D+ (eh+ S| o )
0 e 0 by (7)
aa ba bb ab
= ‘p(cl%avcia) + @(Czb’ Cl%b)?
where, Q(®Y = Y (c2, + c%) is the yield for any a,b, ¢(2%,y?) = —a?logy2? — y?log,y? + (22 +

y?)log, (22 + y?). Thus Eve’s information on raw key bit is

a a,b
Lo = 2 QUOLE) Sy 9l o) + 9l i) -
D0y @Y (L=13, ;¢

Note that p(x2,%2) is a concave function, then using the Jensen’s inequality, we have

Z(p<cl§a7cza) + @(cib’ Cgb) < @(Z cia + Cl%b’ cha + C<21b)) = @((L - 1) Zc?i’ ZCZQJ)

a<b a<b a<b i i£] (9)
= p((L — 1)z, 22),

where, we define z1 =, % and 25 = >, £ c;;. Consequently, we have

p((L — Dz1,22)
(L — 1)(1‘1 + 1‘2).

Iar < (10)

By searching the maximum of above function with free non-negative variables z1 and x5 (21 + z2 > 0), we
can obtain the maximal information leaked to Eve. Next, we try to bound Iag further tightly by finding the
relationship between z; and x5.

Intuitively, the parameters x; and x2 may depend on the error rate of the sifted key bit. In the following,
we try to introduce the error rate into the security proof of RRDPS protocol. According to Eq.(2), when
kq + ky = 0, the probability of Bob obtaining an error bit is

1
{0 = §[|éaa + Cpa — Cab — 5bb|2 + Z |Gia — éib’2]~ (11)
i#a,b

In the case that k, + k;, = 1, the probability of Bob obtaining (|a) + |b))/v/2 is

1
Pl = 5“5@@ — Goa G — Ebb’2 + ';b |Cia + éib‘Q]- (12)
1£a,

We are ready to give the relation between error rate E(%? and ¢;j, which is given by



(a;b) p/e(a’b)

(a) _ D
E Q(a:b)
S AT (13)
_ ‘caa B Cbb‘ + ‘Cba B Cab‘ + Ei;ﬁa b€ m + Czb
- 2( iczza + szb) .
Furthermore, the error for all sifted key bits is
. L2 . L2
E = Yy QP EY _ Dash ‘Caa ~ Cbb‘ + ‘Cba - Cab‘ + Ditad cia + €5,
Za,b Q(a,b) 2 Za<b E( 2211 + C’Lzb) (14)
. Da<h Ditab Ciy 5 _ (L—2) Zwsj 1j/2 (L —=2)xg/2

g 2> ach >ilcl, + i) S (L- D+ Ez;éj zj) (L —1)(z1 +a2)

Thus, we have zo/(x1 + x2) < 2(L — 1)E/(L — 2). In conclusion, with this relation, we can calculate a more
tighter bound of Ixg with (10).

SUPPLEMENTARY NOTE 2 - SECURITY PROOF IN THE TWO-PHOTON CASE

Alice randomly prepares the two-photon state |1)) = ZiL=1 |i7) +\@Z1<i<]‘<L( 1)*itkilij), where k;, k; €
{0,1} is Alice’s raw key bit, and |ij)(i € {1, .., L}) represents that there is one photon in the i-th and j-th
time-bins respectively. Similar to the single photon case, Eve’s general collective attack in two-photon case
can be given by:

UEve Z] |eOOO chﬂll ’ez]l (15)

When Bob projects the incoming single photon states into (|a) + |b))/v/2 successfully, the evolution of
quantum state will be

[)|eoo) — Z Ciiala) + Eiip|b) + (1) T V/2(Eapala) + Cars b))

Y DMV (nala) + Eial)) + (1P Caala) + e g
i#a,b

+ Z V2(=1)F 4k (&30 ]a) + Eju|b)).

1<J,i,37#a,b

For the ease of presentation, we denote cl-jl|eijl> as C;j1, and if ¢ > j for some c;;;, we should recognize it as
cji. For Y, &1, we further simplify it as ¢;. Clearly, as a result of the random phase (—1)%,i # a,b, Eve’s
state collapses into a mixture state given by
Pl =P, + (=1)Fa R \/28,0, ) + P{G + (—1)FTF0 /28,5, }
+2 ) Pléiaa+ (D) 00} + Plém + (1P e}
i#ab (17)
+2 Y Pléja} + Plap)

1<g,t,j7#a,b



Now based on very similar considerations in single photon case, we write Eve’s information as

b 2.2
Q(a’b)lz(&: ) <@(|Cal™ 4[], 2600 + 2¢03) + (2 Z Chia + i 2 Z Ciha + Chap)- (18)
i#a,b i#a,b

Furthermore, we have

a,b) 7(a;b)
Ing :Za<b QWML
Za<b Q(a,b)
L2 . 2
o P g [Cal” 18|75 Yacs 262 +2¢25) + (X qes 2 D it Craa T+ Coops Doac 2 D itan Civa + Ciap)
= =12 =2 2 2
> a<h |Ca‘ + ’Cb| +23 e T Cipp
_ (L =Dz, 29) + ¢((L = 2)22, 273)
(L* 1)(5&1 +(£2+£L’3) ’
(19)
where,
A _ 2
r = Z |C’L} )
i) é Z 20257(1 + 20361)’ (20)
a<b
B2 Y Y 2
a<bi#a,b
Here, to obtain (19) we used the Jensen’s inequality and the following mathematical observations:
S 2 .2
Z |Ca| + |Cb| = (L — 1)z,
a<b
Z Z 20221111 + 2szbb = (L - 2).2?27 (21)
a<bi#a,b
Z Z 2cfab + 20?,,(1 = 2x3,
a<bi#a,b

hold for any non-negative array. Next we try to analyze the restrictions on z1, x2 and x3 with the help of
error rate I.

We return to Eq.(16), it’s straightforward to see that the probability for error key events from the first
row of Eq.(16) is

% Z ’éa - 6b + \/i(éaba - éabb)|2 + |5a + Eb - ﬁ(&aba + 6abb)|2

a<b
2 Z(\/ |5a’2 + ‘éblz — /22, +2¢2,)°
a<b (22)
2 ( Z|éa|2+|éb}2_ Z2CZba+2C§bb)27
a<b a<b

= (V(L = Da1 = y/x2)?

where, we used the Cauchy-Schwartz inequality twice. And the probability for error-key events from the



third row of Eq.(16) is

SN A e = Y 23)

a<bi,j#a,b

Summing over the Eq.(22) and (23), dividing by >_,_, Q*Y | we have

(V(L =11 — (L —3)as/2 (24)

(L 1)(1’1 +I’2+l’3)

This ends the analyses on two-photon case.

SUPPLEMENTARY NOTE 3 - SECURITY PROOF IN THE THREE-PHOTON CASE

Alice randomly prepares the three-photon state

L

R 3L+ V6 Do ()RR, (25)

i=1 j#i 1<i<j<I<L

where k;, kj, k; € {0,1} are Alice’s raw key bit, and |251)(4, 7,1 € {1, .., L}) represents that there is one photon
in the i-th, j-th and [-th time-bins respectively. Similar to the single photon case, Eve’s general collective
attack in three-photon case can be given by:

Ugvelijl)|eoooo) = Zczgltﬁ |eijue)- (26)

When Bob projects the incoming single photon states into (|a) £ |b))/v/2 successfully, the evolution of
quantum state will be

¥} €000) —>(—1)k“(5aa|a> + Eap|b)) + (—1)** (Gop ) + Gpala))

+ 3 (< 1)" (Eiala) + Eaplb) + VB(=1)* (Eiapala) + Eiar|D))
i#a,b

+ 3 (CDF R B((— 1) (Egaala) + Eanl)) + (=1 Egpala) + éguolt))) (27
i,j#a,b

+ Y ()RR (Eala) + Gijulb)),
i,5,l#a,b

where, ¢;; £ Ciiij + \/gzt# Cittj, and Ciji S cijlt’eijlt>. We have observed that its first row and third row
have very similar same form with the evolution of single photon given by Eq.(2), while the second row has
the similar form with the first row of Eq.(16). Thus, analogous to the calculations in single photon and
two-photon cases, we have

fop - Dt QUL (L = Dan,) + (L = 22, 20) +@((L = B)as,Baa) (o)
" Za<b Q(a,b) (L 1)($1 + 2o + 23 + SE4)




where,

A ~ 2
56122}6111| )
i

N -2
szZ}Czj} )

i#]
(29)
2 2 2
r3 = Z 6¢ij; + 6¢35; + 6¢i51,
i<j<l
T2 Y, D, 6k
i< <lt#i,g,l
Here, to obtain (28) we used the Jensen’s inequality and the following mathematical observations:
-2 . g2
Z |Caa|” 4 |Cen|” = (L — 1)an,
a<b
Z Z |Cza + |C’Lb‘ L 2 :L‘Q,
a<bi#a,b
2 2
Z Z 6¢5jqa + 6¢500 = (L — 3)s, (30)
a<bi,j#a,b
Z Z Gszaba + Gszabb =2z3
a<bi#a,b
2 2 _

Z Z 6¢ijap + 6Cijpq = 324,
a<bi,j#a,b

hold for any non-negative array. Next we try to analyze the restrictions on x1, x2 and x3 with the help of
error rate F. Based on similar method in last subsection, we have

. (VL = 2)zs — V223)> + (L — 4)564/2’ (31)

(L —1)(zy +$2+$3+9€4)

where, we used Cauchy-Schwartz inequality and the following mathematical identity

Yo D 6cku+6chy, = (L -4, (32)

a<bi<j<l,i,j,l#a,b
always holds.

This ends the analyses on three-photon case.

SUPPLEMENTARY NOTE 4 - SECURITY PROOF IN THE FOUR-PHOTON CASE

Alice randomly prepares the four-photon state

zmwzm DR i) + it + 3l + 3D (<D i)

i<j n#i,j 1<j<l<m

(33)



where we treat the efficiencies as part of quantum state, e.g., alijlm) is simply denoted by |ijlm). Similar
to the single photon case, Eve’s general collective attack in four-photon case can be given by:

Ugvelijlm)|eooooo) = chlmt|t |eijime)- (34)

When Bob projects the incoming single photon states into (|a) £ |b))/v/2 successfully, the evolution of
quantum state will be

|1)]e00000) —(Cala) +5b|b>) (—1)*a ke (Eapala) + Eaps b))

+ Z Cwa‘ > + Czab|b> ( )k +kb(czba|a> + Czbb|b>))

i#a,b
+ > (VRN ((Egala) + Eolb) + (1) (Ejavala) + Ejannlb))

i,j#a,b (35)
+ (— 1)k iths HW( Cijlaal@) + Cijiab|b) + (— )k Jrkb(cmlba|a> + Cijivn|b)))

>

i,7,l#a,b
Y (DR R G a) + G |B)),

i,7,l,m#a,b

L AL
where, ¢; = Zz 1 Ciigit + Zl<3 Cuj]tacmt = C?,]j]t + szjt + Zn#z j Czy'rmtyand Cijlmt = Cz]lmt|€zﬂmt> CleaTIY7
each row has the same pattern with evolution of two-photon case. Based on similar techniques used in last
three subsections, we have

(L — D)z, 22) + (L — 2)x2, 223) + (L — 3)x3,324) + (L — 4)x4,4x5)

Izg < 36
AE S (L 1)(1’1 +QZ‘2+SC3+LE4+£C5) ( )
where,
A ~ 12
xr1 = Z |CZ| ’
i
~ 2 ~ 2
T2 £ Z |Caba‘ + ’Cabb )
a<b
A - 2
r3 = Z Z |Cabi| ’ (37)
a<bi#a,b
x4 2 Z szjlmi + szjlmj + C?jlml + szjlmmv
i<j<l<m
A
CED DD D e

1<j<l<mt#i,j,l,m
And these parameters are constrained by the error rate E,

L WE=Dwr = ) + (VT =3)ws —/302)* + (L= 5)as /2 (38)

(L )(1‘1 +l‘2+l‘3+l‘4+l‘5)

This ends the analyses on four-photon case.



SUPPLEMENTARY NOTE 5 - SECURITY PROOF IN THE ODD PHOTON-NUMBER CASE

Alice randomly prepares an encoding state like before, but the photon-number N is an odd number and
L > N + 1. Tt is clear that her encoding state has the form

|¢> :Z(_l)kil ,L1> + Z (_1)k11+k12+k7‘,3 i1i2i3> + Z (_1)ki1+k12+k13+k14+k15

i1 i1 <i2<i3 i1 <ig<iz<ig<is
+ .+ > (—1)kathizthigtethin i joia i),

i1 <ia<iz<...<N

(39)

e., it consists of n-phase (n = 1,3,5, ..., N) state, denoted by [i192..i,). For example, |i142...4,) represents

that the photon number in time-bins i1, is,..., and i,, must be odd, while the photon numbers in all other
time-bins must be even. Eve’s general collective attack in this case can be given by:

L
UEve|zlz2 Zn |ezn7,tzal Zczlzg znt|t ‘67,112 Jint é Zézlzgznt‘w (40)

When Bob projects the incoming single photon states into (|a) + |b))/v/2 successfully, the evolution of
quantum state will be

|w>|einitial> —>(_1)ka (éaa + éab) + (_1)kb (Eba + ébb)

+ 37 (1) (Enala) + Eplb)) + (—1) (G abala) + Ernannlh))
i1#a,b

+ > (DR ((Eipaala) + Giyisan D) + (=15 (G ibala) + Eiyinen D))
ilig;éa,b

+ ...

+ Z (_1)ki1+m+kiN_2 ((611---iN720|a’> + 6141---1'1\7721)|b>) (41)

il...iN_Q;éa,b

+( 1)k +kb(czl AN— 2aba| >+5i1...iN_2abb|b>))

+ Z (_1)ki1+k12+“+kiN71((éi1~-i1\r710a|a> +Ei1--~i1\r71ab|b>)
’Ll...iN71;ﬁa,b

+ (= 1)k +kb(021 iin_1bal@) + Ciy i _b0]D)))

+ Y (DEE RN G ala) + G ilb):
i1...iNFa,b

Evidently, for each summation we can calculate Eve’s information. Specifically, for the summations with the
global phase (—1)¥1+-**in and n is odd, we obtain

Q(a’b)fl(ﬂéb) < Z 30(|5¢1...ina|2 + |&i1...inb|27 |&i1...inaba|2 + |5121...+inabb|2)' (42)
il...in;éa,b

For the summations with the global phase (—1)*1%-*%in and n is even, we obtain

QUIISY < N (| inaa + |G
i1...inFa,b

27 C; ...inab‘Q + ‘6121...+i"ba|2)' (43)

n



Noting the following mathematical identities

D Jeaal” + fn| = (L= 1) D feal”,

a<b
~ 2 ~ 2 ~ 12
D Nea|” + fana|” =D e
a<b i#j
~ 2 ~ 2 ~ 2
> > el el =@ mn =) 30 T el
a<biy..in#a,b U1l tF01 .0y
in41 (44)
~ 2 ~ 2
Z Z |Ciy.inaa|” + |Giyoinn| = (L —n—1) Z Z Ciy.ovipy1ts
a<biy...inFa,b i1eing t=i1
Z Z ‘Czl l,Lba‘ + |Czl znab’ n + 1 Z Z Cil...i,,wrlty
a<b i1...in,+1;ﬁa b 11...in,+1 t?éil...in+1
Tn42
Z Z |011 znaba| + |C’Ll z,,abb| 7’L + ]- Z Z Cil...in,+2t~
a<biy..in#a,b i1 dng2 t=1i
And define
A ~ 2
DM
[
A ~ 12
T2 = Z |Cij’ )
i#]
in (45)

A
Tn = E E |011 z,,t|

1.l t=11

A ~ 2
Tn+1 = E E ’c’i1~~~int

i1 tEG1 . in

Combining Eqs.(42), (43), (44) and (45), we have

Z Q(“’b)lggb) <p((L — V)z1,22) + o((L — 2)x2,223) + (L — 3)x3,324) + ... + ©((L — N)an, Nxn1).
a<b

(46)
Besides, with Eqgs.(39), (40) and (45), it’s easy to verify >°,_, Q@® = (L — 1)(z1 + 22 + ... + zny41). In
conclusion, Eve’s information is

a a,b
Da<h Q! ’b)Iz(%E ) < Zn 1p((L—n)xn, n2ny)
Yy @Y T (L—-1)S N g,

n=1

(47)

Ing =

Through calculating the probabilities of error-key events corresponds to the n-th (n is even) row of Eq.(41),
we obtain that the error rate ' must satisfy

S AL = 20) 02, — v/ ZnTang1)? + (L~ N = Days1/2
(L-D SN '

This ends the security proof for odd photon-number case.

(48)



SUPPLEMENTARY NOTE 6 - SECURITY PROOF IN THE EVEN PHOTON-NUMBER CASE

Alice randomly prepares an encoding state like before, but the photon-number N is an even number and
L > N + 1. It is clear that her encoding state has the form

|w> :|710> + Z (_1)ki1+ki2 7;17;2> + Z (_l)ki1+ki2+ki3+ki4 i1i2i3i4>

i1 <i2 11 <ip<iz<ig
(49)

N 2 : (_1)kil+]f'i2+ki3+-<-+ki1\/ |i1i2i3...iN>,
11 <12<43<...<IiN

e., it consists of n-phase (n = 0,2,4, ..., N) state, denoted by |i1i2..i,). For example, |ijis...i,,) represents
that the photon number in time-bins i1, 4s,..., and i,, must be odd, while the photon numbers in all other
time-bins must be even. Eve’s general collective attack in this case can be given by:

(50)

L
A ~
UEVC|2112 Zn |ezn1t1al § Ciiisg. z,,t|t ‘67.112 dnt) — E Ciyig..int t>

When Bob projects the incoming single photon states into (|a) + |b))/v/2 successfully, the evolution of
quantum state will be

[9) |€initial) —>(Ei0a|a’>+éiob|b>) (= 1)k M (Zapala) + Cavn|b))

+ 3 (<1)" (Ciraala) + Eianlb)) + (=150 (@ pala) + G, [0))
i1#a,b
+ Z (71)kil+ki2((6i1i2a|a> + Ciyizn|0)) + (= l)k athe *(Civizabala) + Ciyiza|b)))
ilig#a,b
+ ...
+ Z (_1)ki1+m+kiN_2 ((5i1---i1\772a|a’> + 6i1---iN72b|b>) (51)

i1...in_2F#a,b
+ (=1)R TR in sabal@) Gy satd|D)))
+ D (YRR RN (@, iy aala) + G in D))
i1..in_17#a,b
+( 1)k +kb(czl AN 1ba|a>+ch AN 1bb|b>))

Y (DTN (G iala) + G B)).
i1...iNFa,b

Evidently, for each summation we can calculate Eve’s information. Specifically, for the summations with the
global phase (—1)*u1++*i and n is even, we obtain

Q(a b)I(a ?) <§0 |Czoa| + |ngb| |Caba| + |Cabb

2. 2
Z ® |Cil...¢na| + |Ci1..,inb ;|Ci1...inaba‘ + |c$1...+inabb| (52)
il...in#a,b
For the summations with the global phase (—1)*1%-*¥*in and n is odd, we obtain
b ~ 2 = 2 |- 2 |~ 2
QUIIGY < 3" 9| inaa| + |Grintb| s |Girinat|” |G pia] ) (53)

i1...inF#a,b

10



Noting the following mathematical identities

> [l + [ * = @ = 1) [, [,
J

a<b
~ 2 ~ 2 ~ 2 ~ 2

Z |Cabu| + |Cabb| = Z ’Cilizil‘ + |Ci1i2i2| )
a<b i1 <ig

~ 2 ~ 2 ~ 2
Z Z |Ci1...ina| + }Cil...inb’ =(L-n-1) Z Z |Ci1>..int| )
a<biy..in#a,b U1l tF01 .0y

in41 (54)

~ 2 ~ 2
Z Z |Ciy..inaa|” + |Giyoinp| = (L —n—1) Z Z Ciy.oingrts
a<biy...in#a,b i1 g1 t=11
Z Z ‘Czl 'Lnba‘ + |czl znab’ n+1 Z Z Cil...in+1t7
a<b i1.4.in+1;ﬁa b 11...in,+1 t?éil...in+1

int2
Z Z |011 zwaba| + |C’Ll z,,abb| Tl + ]- Z Z Cil...in_ﬂt-
a<biy..inF#a,b i1, An42 t=11
And define
A ~ 2
r1 = Z ‘Cioj )
J
~ 2 ~ 2
rg = Z ‘Ciji‘ + |Cijj )
1<J
(55)

)

A
Tn = E § |C7,1 znt

1.ty t=11

A ~ 2
Tpt+1 = E E |Ci1...int

i1ty in

Combining Eqs.(52), (53), (54) and (55), we have

> QUIIGY <p((L = )y, 22) + (L = 2)a,225) + @((L = 3)a3,321) + . + @((L = N)aw, N 41):
a<b

(56)
Besides, with Eqgs.(49), (50) and (55), it’s easy to verify >°,_, Q@® = (L — 1)(z1 + 22 + ... + zny41). In
conclusion, Eve’s information is

a,b
Za<b Q(a’b)lz(m : < Zﬁle o((L —n)xy, n$n+1).
Yy QYT (L)

Iag = (57)

Through calculating the probabilities of error-key events corresponds to the n-th (n is odd) row of Eq.(51),
we obtain that the error rate E must satisfy

SN (VL =20+ Dza—t — /@0 — D)aag)? + (L~ N — Daryy1 /2

This ends the security proof for even photon-number case.

E> (58)
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SUPPLEMENTARY NOTE 7 - CONCLUSION IN GENERAL N-PHOTON CASE

We summarize and simplify the results given by the even photon-number and odd photon-number cases
here. For a RRDPS protocol with IV photon-number source, packet size L and L > N + 1, Eve’s information
can by bounded by

o AL = e ntnsr) (59)

Iag <

where, p(z,y) = —zlogyx — ylog, y + (x + y) log, (x + y), and non-negative real parameters x; satisfying

Zi\ggl x; = 1. If Alice and Bob make sure that their error rate is E, then the parameters will also satisfy
that:

if N is odd,

S PV 2, — VEE1)” + (L= N~ Dawin/2
g L1 ’

if V is even,

SN =20+ Daza—1 — /20— Dz2a)? + (L= N — Dan41/2
L—-1 ’

E>

Base one above results, a corollary is straightforward which is: for any N < L — 1, Ixg < 1 holds. Lets
prove this corollary by reduction to absurdity. We consider Iag = 1 in case of N < L — 1. According to the
property of ¢(x,y) function,

EnN:1 (L —n)xp, nTpt1) o Zgzl(L —N)Tp + NTpy1 ZT]:/:I(L — Dz, + Neyi

AE 7 —1

L—-1 L—-1 (61)
N-—(L-1)
L—-1

=l-zy41+ TNy =1+ TN41-

L—-1
Evidently, this suggests that xy11 = 0, which leads to ¢((L — N)ay,zn4+1) = 0. Then Eq.(61) is rewritten
as
S (L = mannang) _ SNGNL — D, + Nay

N-1 N-1-(L-1)

=1
L_1"N L—1

1=1IxE <

=1—an+

TN,

which implies zy = 0. Through repeating above arguments for N times, we obtain that z,, = 0(n = 2, 3,4..)
and Iag = 0, which conflicts with Iy = 1. This ends the proof of this corollary.
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