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Supplementary Figure 1: Numeric simulations validating results shown in Fig. 5D. Numerical
simulations (points and error bars) were preformed to validate the analytical results presented
in Fig. 5D (curves). Complete turnover cycles were simulated, with the catalysis time T,q;
randomly drawn from Log-normal (dashed green), Weibull (solid blue) and Gamma (dash-dot
orange) distributions — all with a mean of 7.544 [ms] and variance of 897.85 [ms?]. All other
transition times Ty, Tosf, TEST and Tf}fc] were randomly drawn from exponential distributions
with rate constants ko, = 0.1[uM tms™, kopr = 0.1[ms™1], kEST = 2[uM~tms~!] and
kD5 = 1[ms™'], respectively; and the substrate concentration was taken to be 1[uM]. Each
point in the plot represents an average taken over N = 5,000 independent realization. Errors
bars were estimated from the sample and represent a spread of +2 standard deviations around

the sample average.



Supplementary Methods

1 Derivation of Eq. (5) in the main text — Turnover rate
for mixed inhibition with generally distributed transi-
tion times
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Supplementary Figure 2: A generic scheme for mixed inhibition at the single enzyme level.
Transition rates were replaced by generally distributed transition times.

A generic scheme describing enzymatic catalysis under mixed inhibition is illustrated in Fig. S2.
We will now analyze this scheme to derive an expression for the enzymatic turnover rate, and
will later on show that results in the main text follow as special cases.

Consider a single enzyme that is found initially in its free state (E), and further consider the
random time it takes the enzyme to reach state (E + P). We refer to this time as the turnover
time of the reaction, denote it by Tiyrn, and further note that it is given by

Fps if T,, < TE!
Fgr if T, >TET.

on

Here, Fg, Frs, and Fg; denote the random times taken to reach the (E + P) state, for the
first time, having started at states (E), (ES), and (EI) correspondingly. In addition, Ty, is
the random time taken to bind a substrate molecule7 TE! is the random time taken to bind
an inhibitor molecule, and Wg = min(T,,, TEl) is the random time spent at state (E) prior
to its departure. What determines the nature of the transition from state (E) to one of its
two neighboring states is whether binding of a substrate molecule preceded that of an inhibitor
molecule, T, < TO]”;LI , or vice versa T,, > TEI In the former case Ty,n = Wg + Fgg while in
the latter we have T},,., = Wg + Fgr. We thus see that T},,, cannot be determined in isolation
as it also requires knowledge of Fgs and Fg;.

To proceed, let us first note that Fg; is related to other times in the problem via the following
relation

FEI == WEI + Tturn Toff + Tturn ) (2)

where we noted that Wgr = TE ff since the random time spent in state ET prior to its departure
is simply the time it takes for the inhibitor to unbind the enzyme. In addition, we see that



0 lf Tcat < Toff 9 T()EnSI
FES = WES + Tturn if TOff < Tcat ) T£1SI (3)

FESI if T(ELSI < Toff ) Tcat

where T,,; is the random time taken to complete the catalytic step, and T5,¢¢ and TEST are
respectively the random times taken for the substrate to unbind and the inhibitor to bind the
(ES) state. Finally, we note that

Fpsi = Wgsi + Fgs = T3 + Fas, (4)
where we have again noted that Wggr = Tf}fc] since the random time spent in state EST is

simply the time taken for the inhibitor to unbind this state.
Equations (1-4) completely specify the set of relations between the random times Tyyn, Frr, Frs
and Fggy. Taking expectations we then have a set of four equations

(Ttuv‘n> = <WE> + Pr (Ton < ToEnI) <FES> + Pr (Ton > ToEnI) <FEI> )

<FEI> - <T£flf> + <Tturn> )

(5)
(Fps) = (Wes) + Pr (Tors < Teat s Toi™") (Teurn) + Pr(T0°" < Togg, Teat) (Fesi)
<FE51> = <T0Ef§1> + <FES> )
for the unknowns (Tyurn) , (Fr1), (FESs) and (Frsr), and solving for (Tyurn) gives
(17P7’(T£SI<Toff1Tcat))<WE> Wgs)
Pr(Teat<Tos 7 TES N Pr(Ton<TET) T Pr(Tew:<Tosr TEST)
<Ttu7‘n> = -|— (1_PT(T°"<T£LI))(1_PT(TO€1SI<T"ff’th)) <T‘5If> (6)

Pr(Teat<Tos5, TEST)Pr(Ton<TET)

Pr(TES <Toss,Tear)(TES")

PT'(Tcat <Toff 7T£SI)

The right hand side of Eq. (6) depends on certain probabilities and expectations values but
these can all be computed given information on the underlying transitions times which govern
the problem. Indeed, with fx(¢) denoting the probability density of a random variable X and
Fx(t)=Pr(X >t)=1- f(f fx(#')dt’ as the complimentary cumulative distribution function
of this random variable, we have

Pr(TEST < Topp, Teat) = [ fres: (t) Pr,,, (t) Fr.,, (£) dt,
Pr (Tear < Topp, TEST) = [ frowe (8) Pr,y, (t) Pres: (t)dt, (7)
Pr(Ton <TE) = 7 fr,,. () Frer (t)dt.

The mean times (Wg) and (Wgg) can also be written in a similar way exploiting the fact
that the time spent at a state is a minimum over the occurrence times of competing processes
governing the departure from this state. For example, Wg is nothing but a minimum over T,
and TLT. We thus have Fy, (t) = Pr(Wg > t) = Fr,, (t) Fre: () and hence

on

(Wg) = /000 Fy, (t)dt = /OOO Fr,, (t) Fre: (t)dt. (8)



Similarly, we find that

(Wgs) = /0 - Fyy,.(t)dt = /0 h Fr,,, (t) Fres: (t) Fr,,, (t)dt. (9)

1.1 Simplified expressions for the case of exponential binding times

The result in Eq. (6) can be simplified by taking advantage of the fact that many substrate
molecules independently compete for the binding of the same enzyme. And so, while the stochas-
tic time characterizing the binding of a single substrate molecule may be complex, the amalga-
mation of many independent binding attempts will follow Poisson statistics. This in turn means
that the binding time T,, comes from an exponential distribution with density

Fon (£) = Fon [S] e P51t (10)

Using the same rational for the binding time of the inhibitor to the enzyme, TZ! and to the
enzyme substrate complex, TE5! gives

fred(t) = KL [I] ko1t

Frosi (t) = KEST[I]e ko1

for the probability density functions of these random variables.

1.1.1 Turnover in the absence of inhibition

In the absence of inhibitor molecules the probability of binding one is zero, and we thus have
Pr(TEST < Topp, Tear) = 0, Pr (Ton < TEN) =1, and Pr (Tear < TE, Toss) = Pr (Tear < Togy).
It then follows that the mean time spent in state F is simply the time it takes a substrate to
bind the enzyme, (Wg) = (T,,), and Eq. (6) becomes

<Ton> + (min (Teat, TOff)> )

Thurn) = 12
(Thurn) Pr(Tear < Togy) (12)
Equation (10) then implies that (T,,) " = kop [S] and rearmament of (12) gives

1 min (Teat, Ty

= Pr Towt < Tog ) kon 8]+ Pr(Tous < Togy)

Comparing the result in Eq. (13) to the classical Michaelis-Menten equation (Tyyn) = v{?:; [—é] +
1

Umaz ’

we identify the constants

_ 1 _ 1
Ko = o Toar Tor V) — Toon o oy 0Pz, (0

_ (14)
_ Pr(Teat<Torf) fgoo met(t)FToff(t)dt
Umaz = Tmin(Tear,Torr))  J3° Frog, ) Fr,,, (t)dt >

and note that in order to get these expressions we did not make any assumptions on the distri-
butions of the catalysis time T,; and unbinding time 75 ¢.
1.1.2 Turnover with inhibition

To progress analysis in the case where inhibitors are present, we first note that Eq. (14) asserts
that

o 'R Umal‘
| ()P 0y = e (15)



and

> _ 1
| P Fry, = (16)

Using this fact, we define two normalized probability density functions fas (t) and fp (¢)

fu (t) = KikonFr,,, (t) Fr,,, (1),

B (17)
fp (t) = %fﬂ:at (t) FToff ’
and their corresponding Laplace transforms fy (s) and fp (s)
fM(S) = f() e 'K kon Teat ( )FToff (t) dt,
(18)

= fo e~ 5t Kmbon chat (t) FTGH (t)dt.

Using these definitions, and by use of Eq. (11), Eq. (7) can be simplified and written in the
following form

Pr (5" < Topg, Toar) = g [ €75 10 g (1) i = Ssdl] g (RES (1)

i Kmkon
Pr(Teay < Topp, TEST) = yoy o Jo e ek 1t fp (t) dt = v:a:nf (ko 111) (19)
— kO’L[S]
Pr(Ton < T3!) = poisiirerm -

Doing the same for Eqs. (8-9) we find

1
W) = T R (20)
_ 1 > —kESTII¢ ESI
Wes) = g | 50 (e = i Far (V557 (1) (1)
Substituting Eq. (19-21) back into Eq. (6) the latter can be simplified to give
Ko (14 kg (T3 ) 1] L+ kgt (o530 ) 1) B (1))
(Teurn) = ( vmai ff> ) A[(S[?) + ( <v7:;> ) , (22
where
1— kESI ke W F  (KEST(I)
A([T]) = — ke 7
WD = =, st ) =
and
B([I]) = w (24)

fp (RESTD)

Equations (23-24) coincide with Eqgs. (8-9) in the Methods section of the main text. Recalling
—1 -1

that (Thurn) = 1/ktwrn, Kpr = (kE,{ <Tf}g>) , and Kpsr = (kfff <TOE}§I>) , we see that

Eq. (22) coincides with Eq. (5) in the main text, and we will now show that all of the results
in the main text could be derived from it.



2 Proof that Eq. (5) in the main text reduces to Eq. (1)
when all transition times are exponentially distributed

When all the transition times in Fig. S2 are exponentially distributed Egs. (10-11) remain valid,
and in addition we have

met (t) = kcateikmtt )

fToff (t) = koffeiko'fftﬂ

(25)
_LEI
Fres (t) = kG e orst,
_LESI
Fres: (t) = kyff e rerrt
for the probability density functions of Tias, T, s, TEL, and TES!. We then find that
ffo2off of f
0 _ > k k kcat
Pr(Tou < Toyy) = / Fr (&) Fr,,, (£)dt = / heareFeatteRorrt gy — _ Feat (o5
0 0 ko + keat
and
o _ _ (o) 1
(min (Tuat, Tog)) = [ Froed (6 Fr,, (0t = [ e boteborrtay — (o)
0 ’ 0 koff + keat
from which it follows that
_ Pr(Teat<Togf)
Umas = Tain(Toor Do) = Feat
(28)
_ 1 _ kopptkear
Km - kon('mi”(Tcathoff» - fi'on '
In addition, from Eqs. (17-18) we now have
z kog s tkeat 00 _RESTIN _howst o—kog it gy orsthear
fM(koEnSI [I]) = f‘]f%n k(m fo e Fon [I]te Fea te » fftdt - koff+/jit+k§’n51[1] ’
(29)
£ (1.ESI wkon oo _kESI —keatt p—kogst kopftkeas
Frlhon (1) = —tq—=Jo e "or Wikeare™ eorte™ o tdt = iy
Substituting the above back into Eq. (23-24) we conclude that
ko kear + KEST[I kESTIT ko kea
A([I]): it t + Fon []|: _ on [] . fft ;S[ :|:1, (30)
koff + kcat koff + kcat koff + kcat + kon [I}
and
B([I]))=1. (31)

Equation (25) moreover asserts that kfff =1/ <T£§> and kffSI =1/ <T£‘?I>, which in turn
means that

KET LESI
Ko (145 1) 1 (14 3y 1)
Tyurn) = = Tal - ) 32
< ! > Umazx [S] * Umaz ( )

and we see that the result in Eq. (32) coincides with Eq. (1) in the main text.




3 Derivation of Eq. (2) in the main text from Eq. (5) —
Turnover rate for competitive inhibition with generally
distributed transition times

Competitive inhibition can be seen as a special case of mixed inhibition in which the binding
rate of the inhibitor to the enzyme-substrate complex is zero (k£ = 0). Keeping in mind Egs.
(15-17), and the definition in Eq. (18), we see that

Pkt (1) = 0) = [ KmkonFr,,, (1) Fr,,, () dt = [§° far(t)dt =1,

_ (33)
fP(kOEnSI [I] = 0) = fooo %chat (t) FToff (t)dt = fooo fP(t)dt =1,
and thus have
AKEST N =0) =B (KET[11=0)=1. (34)
Equation (22) then becomes
Kn (V+REH(TED ) 1 4
T, = —
< turn> VUmax [ ] + Umazx ’ (35)

which coincides with Eq. (2) in the main text.

4 Derivation of Eq. (3) in the main text from Eq. (5) —
Turnover rate for uncompetitive inhibition with gener-
ally distributed transition times

Uncompetitive inhibition can also be seen as a special case of mixed inhibition. Here, the
binding rate of the inhibitor to the free enzyme is zero (kZ! = 0), and since A[I] and B[] do
not dependent on k2!, Eq. (22) reduces to

K A(I) | (14 kEST(TES) (1) B (1)

Umazx [S] Umax

<Tturn> = ) (36)

which coincides with Eq. (3) in the main text.

5 The two-state model

The two-state model disscussed in the main text, and illustrated in Fig. S3, is a special case
of the general scheme for uncompetitive inhibition (Fig. 4, main text). Indeed, the two can
be shown to coincide by allowing the catalysis time in the general scheme to come from a
distribution whose density is

(1) (2)
o (8) = phbhe et 4 (1 — p)kZ)eHeart (37)

and otherwise taking all transition times to be exponentially distributed with proper rates. To
see this, note that in the two state model the ES complex can be found in one of two states:
ES, or ES;. However, these states have the same substrate unbinding rate, k¢, and inhibitor
binding rate, kZ31[I], and only differ in their catalytic rates which are correspondingly given by

kY and k%)

cat- Moreover, a transition from the free enzyme E occurs with rate k,,,[S] and leads
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Supplementary Figure 3: A two-state model that is a particular instance of the generic scheme
in Fig. 4 (Main Text). Binding of a substrate to the enzyme can occur in one of two ways with
probabilities p and (1 — p), each leading to a different enzyme substrate complex (ES; or ES5),
that is furthermore equipped with a distinct catalytic rate (ké,ll)t or k(gal) The inhibitor binds
each of the enzyme-substrate complexes with the same rate, £Z57[I], and when it unbinds these

states are once again reached with probabilities p and (1 — p).

to ES7 with probability p and to E.Ss with probability 1 — p, and these states are reached with
the exact same probabilities after an inhibitor unbinds, with rate szfé}l , from the EST complex.
We thus see that ES7 and ES; could be effectively merged 1nto a single E'S state whose catalysis
rate is randomly drawn to be kﬁa)t with probability p and k‘ca75 with probability 1 — p every time
this state is visited. This asserts that the probability density function of T,,; is given by Eq.
(37) above, and we further note that from the construction of the two state model it follows
that To,,Tof f,Tf;SI and TOE}L?I are all exponentially distributed with rates ko, [S], kofy, kESI)

and kEﬁ‘I , respectively.

5.1 Derivation of explicit expressions for the functions A([I]) and
B([I]) in the case of the two-state model

With the above at hand we can derive explicit expressions for A ([I]) and B ([I]). We first note
that in the case of the two state model Eq. (18) can be written as

ESI _f ESI
Fur REST (1) = Koon - [5° e CE IR0t By (0) it = Kb - =Luslbogptie D
Fr(kEST (1)) = Knkon [ o= (X Ulthoss)t g7 (1) dt = Koo - . (hor + KEST (1)),
(39)
with
: g eat eat
Frou(o) = [ et (0t = pie 4 (1= p) (39)
0 kogr + 8 kcat+s

standing for the Laplace transform of fr , (¢). Substituting Eq. (38) into Egs. (23-24) then
gives

N Umax koff ESI
A([I]) = (koff T kOEnSI [I])Kmkon <,]ETLM (koff + k.OEnSI [I]) + k'on [I]> ’ (40)



and

Uma:v 1
mm:%w+wym<ﬁAMT%%mbq>. "

To further proceed, we observe that in the case of the two state model Eq. (14) reduces to

oo —k r
JoZ Frear e 001 At kogs Frog; (Koss) _ kopp(pklt+(1—p)k)+EC, k)

Ymaw = s by (e oI =1 (horr) (L= )R Pk ko
(42)
K. = _ 1 — Koty (R Ahos )k Hkos )
T kon [ Frg (0L Kon (1= Freae (For) — kon (1-p)EL 49k, hors)
Substituting Eq. (42) into Eqgs. (40-41) and making use of Eq. (39) we find
2
kops(1—p)p <,€<1)t - k(2>ﬁ> ko 1]
A(I) =1— ;o (43)
(1 + kﬁil) (1 + kﬁ?),) ( (km + k(2)> (kogs + k&2T [I])>
and
Qm‘%ﬂk?WT
B(I) =1- (44

cat catVcat

<k<1> + k<2> + k(l)ofj?)) (1 + (ku) + k(z) > (kog s + k52T [I]))

It could now also be observed that at high inhibitor concentrations both A([I]) and B([I])

approach asymptotic values
2
k 1-— L
off( p)p (kg), k(z) >

cat

A(ll] 5 00) ~1— : (45)
@+gﬂ<“w§>Q@+&J
and
2
(1—p)p <,€<11>f - k(121)
B([I] — o0) =~ 1 — car_ Hea (46)

1-p D
1 2 1 2 1 2

6 Derivation of a general condition for the emergence of
inhibitor-activator duality

To derive a general condition for the emergence of inhibitor- activator duality we start from the
expression for the mean turnover time in Eq. (22), and ask when will E’ﬁ“ﬁ lin=0 < 07 In other
words, we would like to determine when will an increase in the concentratlon of the inhibitor,
from an initial value of zero, result in a decrease of the mean turnover time, and hence in an

increase of the turnover rate. To answer this question we first note that

d{Tyurn Kk 5 (T kSS (TS
<d[I] =0 = vmaf[s]ff> + Ui“ff )
47)
K, ) aB([1]) (
Um,aw[s] |[I =0 + Umaa d[[] |[I]:O :



Now, since fys (s) and fp (s) are the Laplace transforms of the random variables M and P
defined by the normalized densities in Eq. (17) we have

Far (kEST(T]) = 1= kS5 (M) + O(I)) (48)

and
fo (KEST[D) = 1= k55T (11 (P) + O([1%), (49)
from which we find that

ESI
1— kon [I]f (KEST (1)) KESI(])
A([1)) = —Lmhen =1+ k2SI (P) — 22 L O([1]), 50
() T AU
and
fu (kESI m) ESI ESI 2
B([I])_izl—’_kon [I] <P>_kon [I} <M>+O([I] ) (51)
fp (K55 [])
Plugging these equations back into Eq. (47) we find
ATyurn Kmkon (To3; ko (To73
<d[I] >|[I]:0 Umaa"<[s]ff> + Uiar >
ESI ESI 52
Ko <kons (P)— Kmkon> N kKEST(P)—kEST (M) (52)
vmw[S] VUmax '
Rearranging we see that 4Tturn) “”"> lin=o0 < 0 if and only if
Ko RET <TEI>
mton of f K 1
_ 1+ =2 ) (P TESTY — M) .
e (V) P - g < o) %9)

To make sense of this condition, and some more progress, we return to the definitions of (P)
and (M) and recall that these are given by

<M> = Knkon t- FTLaz ( )FToff (t) dt, (54)
0
and Kok o
(P) =222 [t (0 Py, (00, (55)
max 0

which in turn means that they could be related to the life time, W2¢ = min (Tvat, Tofy), of the
enzyme substrate complex in the absence of inhibition. Indeed, recalling the definitions of K,
and Ve, in Eq. (14) we observe that
K'mkon n cha (t)FTO (t)
fP(t) = Umaws chat (t) FTaff (t) = Pr(tTmt<TJ;jfpf)

(56)
= [{Teat|Tear<Toy 3 () = frwo ms—s 4Py (1),

where f{Wg JES—E+ py(t) is simply the probability density function of the life time W2 given
that the stay in the E'S state resulted in product formation (catalysis occurred prior to unbind-
ing). This in turn means that

(P) = [t g, ipsoper) (it = (WE|ES —» B+ P) (57)

10



Regarding (M), we first note that
Fyo_ (t) = Pr(Wgg >t) = Pr(min (Tea, Toss) > 1)

_ _ 58
= Pr(Teat > t) Pr (Tosp > t) = Fr,,, (t) Fr,,; (1) , (58)

i.e., that the life time of the ES state (in the absence of inhibition) is larger than ¢ if and only
if neither catalysis nor unbinding occurred by that time. Equation (54) could then be written
as

f()oo t- FTCat (t) F‘Taff (t) dt _ fooo t FWE;S (t) dt
(min (Teat, Togy)) <Wgs> ’
(59)
where we have once again used the definition of K, in Eq. (14). The nominator can be worked
out using integration by parts and we find

oo
(M) = Ky kon / t-Fr,, (t)Fr,,, (t)dt =
0

t? _

| R, @t = SRy, 0

o1 1, 1 2
5 . +§/0 t2'fwgs(t)dt_tlg@0{2t2ngs (t)}+2 <(Wgs) > :

(60)
We now assume that fW?; < (t) decays to zero “fast enough” in the sense that there exists some
€ > 0 such that tlﬂ?o {fWE;s (t)/t_(3+5)} = 0. This condition asserts that tlizgo {%tzﬁwgs (t)} =
. ) [eS) 2 . .
tlg?o {%tQIt fwo, (z)dz} =0 and that 3 [~ ¢*- fwo (t)dt = i <(Wg5) > < o0o. Substituting
back into Eq. (59) we obtain

1(8s)°)

_ R 2
(M) = 5 ey = 5 (W) (Vg +1) (61
o2 (W0 WO\ (o \2
where CV‘/%/(J = (I;VESZ) = <( Bs) Z <2 Bs) is the normalized variance, a.k.a coefficient of
ES <WES> <WES>

variation, of Wg.

Substituting Eqgs. (57) and (61) back into Eq. (53) we rewrite the condition for the emergence
of inhibitor-activator duality in terms of the mean, conditional mean, and coefficient of variation
in the stochastic life time of the E.S complex in the absence of inhibition

L (W) (CV2y_ +1) >

KEUK, (T (62)

kg:nsir[s‘]m + (1+ %% ) (WsIES » E+ P) + (TES") - g

Rearranging and recalling that K,,k,, = <I/VJOE S>71 we get

(Toiz) TEST
<v2%i> 7 3 (Vi —1)+ (1 - <Wg3|€vig?>mp>> (1+55). @

EI
where (Tini) = :z;ﬂnsf([gl] <TOE}§C> Equation (63) provides a general condition for the emergence

of inhibitor activator duality.

11



6.1 Derivation of Eq. (11) in the Methods section

Equation (11) in the Methods section of the main text can be derived from Eq. (63) by noting
that in the case of uncompetitive inhibition k2! = 0 and (T},;.) = 0. Equation (63) then reduces
to

TEY WO ES —» E+P -
< ff> < S — + >><1 I[;]>7 (64)

1
AL (CV2, —1)+|[1-
gy < 2 (Vi ) ( WEs)

which coincides with Eq. (11) in the Methods section of the main text.

6.2 Derivation of Eq. (4) in the main text

To derive Eq. (4) in the main text from Eq. (11) in the Methods (Eq. (64) above), we first
recall that K, ko, = <W1%s>_1 and slightly rearrange Eq. (64) to give

T < g (Vi — 1)+ (g~ (Vstms B m) (10 5) - @

We will now show that when substrate unbinding times are taken from the exponential distribu-
tion <WgS|ES — FE+ P> could be expressed in terms of C’VVQVO to greatly simplify the above
ES

condition.
We start by noting that Eqgs. (59) and (61) could be used to give

1

2 _ > 7 n
CT (CVWgs +1) = Kukon /0 t-Fr,,, (t) Fr,,, (t) dt. (66)

However, when unbinding times are taken from the exponential distribution, Fr, ;)= e kosst,
and the integral on the right hand side of Eq. (66) reduces to

/ t-Fr,,, (t) Fr,,, (t)dt = / P, (8 e oty = — / Fr,,, (t)e~*eretde. (67)

0 0 kors Jo

Integrating by parts, we find

/°° b P (£) e Rorsrtat — — O | 1= Fruw (Kors) | _ 1= froue Ross) + Foss - F'Tear (Ross)
0 Okogs Kos f kops

i (68)
where f7. (kops) is the derivative, with respect to k,fy, of the Laplace transform of fr,,, (t).
Substituting Eq. (68) back into Eq. (66), we conclude that

1 2
2K o kon (CVW%S + 1) -

and solving Eq. (69) for f’Tm(koff) then gives

Km kon
2
korf

[1 — Tuue (Rog ) + koss + F1ae (kops)| (69)

Fons (hoyy) — 1

. koff 9
! _—JJ
J'Tear (Kogy) = (CVWJ%S + 1) + kogyp

2 (Kkon)”
We now go back to treat (Wgg|ES — E + P). Combining Egs. (56) & (57) we obtain

Kmk'on fooo t . chm, (t) FToff (t)dt

Umaw

(Wpg|ES — E+ P) =

12



The integral on the right hand side could once again be treated by taking advantage of the fact
that Fr,,,(t) = e /7!, Doing so, we find

/0 t fr., (O) Fr,, (0)dt = - / oo e Forrtdt =~ (kopp).  (72)

8k0ff
and substituting back into Eq. (71) gives

_ Knkonf i (kofy)

Umaz

(Wgs|ES — E+ P) =

Substituting Eq. (70) into Eq. (73) then gives

Knkon ko f t ko -1
(Wis|ES = E+ P) = — [ 1 2<va2vgs+1)+—fT°“( 1) 1 (74)

Umax 2 (Kmkon) koff

Finally, we use Eq. (15) to obtain

v _ -

o / a0 Fry (Ode= [ fr @bt = Fr Ggp) . (79)
Kmkon
and substituting for fr.., (kof) in Eq. (74) then gives
k v — K.k
0 of f 2 max mMon
E E+P)y=——"——"—— ( 1) -
<WES| 5= - > 2Kmkonvmaac CVW%S i koffvmaw (76)

To finish, we substitute Eq. (76) back into Eq. (65) to obtain
s 1
(15') < s (OVikg, )

1 kofs 2 v — K,k K
(K'rnkon + 2KmkonVmaa CVW,%S + 1 + mk?oszvvrzl'on 1 + [ST

and further rearrangement of Eq. (77) gives
ESI 1 Umax+ko ko 1 2
<Toff > < { Kok -+ knf[g} 2 (CV B 1)

L (oogethacs Kbt ) (14 ) (78)

VUmazx Kpmkon koff

We now note that in the case of exponential substrate unbinding times, Eq. (14) becomes

K. — 1 _ 1 _koyy
T kon [ Pregy (e of it Kon 1—fr,, (Kog )
) (79)
oo J5T Freg eI Kors gy (Kors)
maw fom FTcat (t)e_koffitdt 1= fTear (kogy) ’
and it is then easy to see that in this case
Kmkon = koff + Vmaz - (80)

Substituting Eq. (80) into Eq. (78) kills the second term in this equation and simplifies the first
to give

1 1 k
ESI - 2 of f
(To77') < 3 (CVWgS 1) — {1 . [S]] : (81)
Equation (81) coincides with Eq. (4) in the main text.
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