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Supplementary Figure 1 | Close-ups of the sheet resistance as a function of temperature for
ion-gated ZrNCIl and MoS:z. a, b, Sheet resistance as a function of temperature at zero magnetic
field for ZrNCI (a) and MoS: (b). The black dashed line is a linear fitting before the
superconducting transition. The arrows show Tonset at zero magnetic field. ¢, d, Sheet resistance as
a function of temperature in out-of-plane magnetic fields for ZrNCIl (¢) and MoS: (d). The applied
magnetic fields are 0.1, 0.2, 0.3, 0,5 and 0.7 T, and vary in 0.3 T steps from 0.9 T to 1.8 T and in
0.5 T steps from 2 T to 5 T, and 7 and 8.5 T for ion-gated ZrNCI. They are 0.05, 0.1, 0.2 and 0.4 T,
and vary in 0.3 T steps from 0.6 T to 3 T, in 0.5 T steps from 3.5 Tto 6 Tand in 1 T steps from 7 T
to 9 T for ion-gated MoS,.
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Supplementary Figure 2 | FSS analysis at different temperatures for ion-gated ZrNCl. a—e,
Sheet resistance as a function of magnetic field at different temperature intervals. f—j, Normalized
Rsheet @S a function of the scaling variable |B-B¢|(T/To)Y?. Here, the B determined the crossing
points of Rsheet(B) curves, and To is the lowest temperature in each set of the R-B curves.
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Supplementary Figure 3 | FSS analysis at different temperatures for ion-gated MoS:. a—e,
Sheet resistance as a function of magnetic field close to the transition boundary at different
temperatures. f—j, Normalized Rsneet as a function of the scaling variable |B-Bc|(T/To)™Y?". Here, the
Bc determined the crossing points of Rsheet(B) curves, and To is the lowest temperature in each set
of the R-B curves.
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Supplementary Figure 4 | Arrhenius plot of the sheet resistance of ion-gated ZrNCl and MoS:.
a, For ion-gated ZrNCl, the applied magnetic fields vary in 0.1 T steps from 0 to 0.3 T, in 0.2 T
steps from 0.5 t0 0.9 T, in 0.3 T steps from 1.2 to 1.8 T and in 0.5 T steps from 2.0 to 3.0 T. b, For
ion-gated MoS», they vary in 0.1 T steps from 0 to 0.2 T, in 0.2 T steps from 0.4 t0 0.6 T, in 0.3 T
steps from 0.9 to 3.0 T in 0.5 T steps from 4 to 7 T and in 1 T steps from 8 to 9 T. The red dashed
lines show the activated behavior based on the 2D collective creep model described by Rgpeet =
R'exp(—U(H)/kgT). The crossover temperature Teross is defined as the temperature at the
deviation point from the red dashed lines, shown by arrows.
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Supplementary Figure 5 | B-T phase diagram of 2D superconducting ZrNCI and MoS:. The
magnetic field —temperature phase diagram of the ZrNCl- (a) and MoS2-EDLT (b). Orange squares
show the crossing points Bc of R-B curves in Figs. 2b and d at neighboring temperatures. Pink
circles show the mean field upper critical field B derived from the UD scaling!. Green diamonds
show the onset of superconducting fluctuation Tonset. Error bars of green diamonds represent the
ambiguity of Tonset defined by dRsheet/d7T = 0 due to the experimental resolution. Blue triangles show
the crossover temperature 7cross from the thermal creep regime to the quantum creep regime defined
as the deviation points from the linear dependence of Rsheet in the Arrhenius plot. Dashed curve
shows the fitting of B™F (T) by the WHH theory.



Supplementary Note 1. Determination of mean-field upper critical field

A reliable determination of the mean field upper critical field B,M™(T) or transition temperature
TMF(B) is indispensable to a proper understanding of the vortex state and various fluctuation effects,
leading to the comprehensive description of the field — temperature (B-T) phase diagram. In two
dimensional (2D) or highly anisotropic superconductors, however, the significant thermal
fluctuation, which smears out the critical behavior at BM™(T) or T-MF(B) in the mean field theory,
makes it difficult to obtain the appropriate value of it directly from the transport properties. For
instance, the T dependence of electrical conductivity in B observed in this case is in rather
continuous function of T from the normal to the vortex state without the divergence at T-MF(B). It
is well known that the Aslamazov and Larkin type fluctuation theory assuming only Gaussian
fluctuations?, implying no interaction between the fluctuations, fails to fit the conductivity just
around T.MF(B) due to this divergence.

In this work, in order to estimate T,MF(B) from the temperature dependence of sheet
resistance Rsheet(T) in B, we adopted the Ullah and Dorsey theory based on the time-dependent
Ginzburg-Landau equation with the Hartree approximation, which takes into account the
interaction between fluctuations®. This interpolates smoothly between the high-temperature
Gaussian fluctuation regime and the low-temperature vortex-flow regime, resulting in successful
fitting the transport properties of cuprates and low-T. films*°. According to their scaling formula,
the 2D conductance GZ° due to thermal fluctuations are given using the reduced temperature t =
T/TMF(0) and field b = B/ B."F(0) as follows®#,

2D t\!/? B
where C, = Iy im*E(0)2/4mh? Ay, Ay = [degdr, /(262 — 1DEX(0)]* and ez =t—1+b
with Ty 1 the scattering factor, m” the effective mass of electron, £0) the coherence length at zero

temperature, Ar, = ¢§/4mpuokpTeo the thermal length at Teo (= TcM(0)) and desr the effective

thickness. The universal function F(x), which is implicitly given by
1

T F@

leads to F(x)~x~1 forx >>0and F(x)~— x for x << 0. By using the GL expression of B =

BMF(0)(1 — T/TM¥(B)) near TMF(0), Supplementary Eq. (1) is transformed to
B\"* _(T-TMF(B
G2P (_) - F <;U> 3)

X + F(x), (2

T (BT)1/?



where F(x) = C,A,F(A;x) with A; = Ao(BMF(0)/TMF(0))/2. By using this scaling law for
the fluctuation conductance, which is equal to 1/Rsheet(T)-1/Rn With Ry the normal sheet resistance,
we can derive TMF(B) as a fitting parameter. As noted in Supplementary Ref. 2 and 3, the scaling
law in Supplementary Eq. (3) does not give the correct expression in the flux flow regime due to
the effect of pinning and the interaction between the vortices, which are not considered in the theory.

Therefore, we used the scaling at high temperature above TMF(B).



Supplementary Note 2. Definition of onset of superconducting fluctuations

The resistance drop starts to occur at much higher temperature than T.MF, reflecting significant
contribution of 2D superconducting fluctuation. To complete the B-T phase diagram, we determine
the onset temperature of superconducting fluctuation 7Tonset from the R-T curve at zero and finite
magnetic fields as following. In zero magnetic field, the onset was defined as the temperature at
which the resistance deviates the linear fit (black dashed line) in the normal state. In finite magnetic
fields, since the R-T data show the localized behavior, Tonset Was defined as the temperature at which
the sheet resistance becomes flat as a function of temperature, namely dR/dT = 0, which is indicated
as black solid line in Supplementary Figure 1. Tonset are plotted by green diamonds in Figs. 1d and
e for ZrNCl and MoS,, respectively. Importantly, Tonset and Bc (plotted as orange squares) agree
well with each other. This is consistent with the idea that the boundary between the superconducting
and insulating behavior corresponds to the crossing point of magnetoresistance in the localized

system. Thus, the plots of B. also describe the onset of superconducting fluctuations well.



Supplementary Note 3. Application of Griffiths theory to superconductors
The diverging behavior of dynamical critical exponent is nowadays discussed within the context
of the theoretical model based on the Griffiths singularity, where the rare ordered regions play a
significant role for describing the quantum phase transition. The concept of the rare region was first
pointed out by Griftiths in showing the nonanalytic behavior of magnetization in randomly diluted
Ising ferrimagnets. In such a system, due to the random quenched disorder such as impurity and
defects, the rare spatial regions that are locally in the magnetic persists in non-magnetic bulk.
Although there are many theoretical works describing the Griffiths state and Griffiths singularity
using lattice (Ising) systems®'°, the related experimental works have been limited within 3d-
ferromagnets, SrixCaxRuOs'!, NiiVy.!? and 4f electron systems

The possibility of the Griffiths singularity in superconducting systems has been discussed
in ultrathin disordered nanowires'?, but there are no example in 2D systems. Very recently, the
quantum Griffiths singularity is experimentally observed in two-kinds of 2D superconductors: Ga
thin films'# and LaAlO3/SrTiOs (110) polarized-interface!®. In these two systems, multiple critical
points were observed as is reported in our study. To analyze the experimental data, they used the
finite size scaling analysis for different temperature regimes (which is explained in Supplementary
Note 4), and they found the dynamical critical exponent shows a power-law form. This anomalous
scaling behavior, as is observed in the present study, is suggested in the quantum random transverse
field Ising model®®, which shows the activated scaling with continuously varying dynamical critical
exponent z, when approaching the infinite-randomness QCP. Such critical behavior originates from
the special condition of disorder in the statistical treatment, where the average strength of disorder
(magnitude of inhomogeneity) increases without limit under coarse graining, that is theoretically
equivalent to dv < 2 (violation of the Harris criterion’) with d the system dimension and v the
correlation length exponent. Therefore, the Griffith state with the diverging z should satisfies this
condition. Indeed, v is theoretically predicted as 0.5 for the superconductor-metal transition in a
clean 2D superconducting system'S, the Harris criterion is violated with dv = 1. In this case, the
introduction of finite quenched disorder can lead to the infinite-randomness QCP, observed as the
quantum Griffith singularity. Following this scenario, the product of the critical exponents zv is

expressed by the activated scaling law!>171%:

zv~C(B-B*)"" (4)

with the constant C and the 2D infinite-randomness critical exponents of v~ 1.2 and ¥ = 0.5%0:2!,
Here, Bc* is infinite randomness critical point. This formula is in good agreement with the

experimental data of Ga, LAO/STO and our systems.
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Supplementary Note 4. Finite-size scaling analysis around QPT at different temperature
regimes

To investigate the multiple-crossing behavior of magnetoresistance shown in Fig. 2 in the main text,
and to test the possible application of quantum Griffiths singularity, we performed the finite size
scaling (FSS) law of magnetoresistance for QPT expressed as,

B — B. )

T /Ty /™ ®)

R(B,T) =Rcf(

in various temperature regimes around the crossing points based on the data shown in Figs. 2a and
d (main text). Here, R and B., are the asymptotic critical sheet resistance and, the critical magnetic
field defined as the values at the crossing points, 7o the lowest temperature used in the scaling of
R-B curves, f(x) the scaling function with f(0) = 1, z and v the dynamic and static critical exponent,
respectively. To investigate the evolution of the effective critical exponents zv with the decrease
(or increase) in 7 (or B), five representative crossing points were selected both for ZrNCI and MoS.,
and then the FSS analysis in the narrow temperature regimes around these crossing points were
performed. During the scaling, we derived zv by assuming that the functional forms of f (x) both
for x > 0 and x < 0 unchanged. In Supplementary Figures 2 and 3, the left graphs show the sheet
resistance as a function of magnetic field close to the selected crossing points. The right graphs
shows normalized Rsheet as a function of the scaling variable |B-B|(T/To) /",

The obtained values of zv are plotted as a function of B as shown in Figs. 3a and b in the
main text, respectively. zv is not constant and varies as a function of magnetic field (temperature)
in both systems, and seems to diverge toward a certain critical field following the relation of zv ~
(B - Bc*) %6, which is consistent with Supplementary Eq. (4). These results can be the evidence for

occurrence of quantum Griffiths singularity at B = B.*.
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Supplementary Note 5. Quantum metallic states and their crossover to thermal vortex creep
In our previous paper’?, we found that the zero-resistance state in gate-induced 2D
superconductivity in ZrNCl is easily destroyed, once the out-of-plane magnetic field is switched
on. In the low temperature region, the resistance becomes finite and independent of temperature.
Such a state is regarded as a quantum metallic state?’, possibly ascribed to the extremely weak
pinning and large quantum fluctuations due to the 2D structure. The characteristic feature of 2D
superconductors with weak pinning is that the zero-resistance Meissner state is not discernible and
a wide region of B-T phase diagram is covered by this quantum metallic state, where the energy
dissipation occurs though the quantum creep of vortices, and thus this state may be regarded as
vortex liquid®.

The quantum metallic state (quantum creep of vortices) is clearly distinguished from the
thermal creep state, through the following analysis. Supplementary Figure 4 displays the Arrhenius
plot of temperature dependence of sheet resistance. The high temperature regions are well fitted by

the thermal activation-type behavior both for ion-gated ZrNCI and MoS: (red dashed lines):
pravn —U(H) j
R(T) =R'ex .
) p( kT (6)

Here U(H) is the activation energy and R’is the fitting parameter. This indicates that the vortex
motion is governed by the thermally-activated 2D collective creep?.

On the other hand, in the low temperature region, the resistance deviates from the
activation behavior and tends to saturate, displaying a crossover from thermal to quantum creep
regions. The crossover temperature 7Teross 1s defined as the temperature, where the experimental data
deviates from the red dashed line (shown by arrows in Supplementary Figure 4).

Based on the transport data including the analysis with the 2D collective creep model®, the
UD scaling model', and of the multiple-crossing points, we provide the B-T phase diagram of 2D
superconducting ZrNCIl and MoS; in Supplementary Figure 5. Dashed curve shows the fitting by
Wertharmer-Helfand-Hohenberg (WHH) theory?*. Orange squares show the crossing points B, of
R-B curves in Figs. 2b and d at neighboring temperatures. Pink circles show the mean field upper
critical field BoMF derived from the UD scaling'. Green diamonds show the superconducting onset
Tonset Blue triangles show the crossover temperature 7cross from the thermal creep regime to the
quantum creep regime as the deviation points from the linear dependence of R in the Arrhenius

plot.
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Supplementary Note 6. Crossover from quantum metallic state to quantum Griffiths state

Figure 4¢ in the main text is suggesting that the quantum fluctuation governs the phase evolution
particularly at low temperature. The crossover from the quantum metallic state to the Griffiths state
is rationalized as follows. Although the ground state predicted in disorder-free 2D superconductors
is the vortex lattice phase®’, which is similar to the 3D disorder-free type-II superconductors?®2’,
the long-range order of a vortex lattice easily becomes unstable because of the fluctuations caused
by disorder in the absence of the longitudinal elasticity of vortices. This leads to the imperfect
vortex lattice state containing many dislocations even in relatively clean system. At low magnetic
fields, the plastic motion of dislocations based on the weak pinning and weak elasticity occurs by

the thermal®?

and quantum fluctuation in high and sufficiently low temperatures, respectively, as
shown in Figure 4c in the main text. In this situation, the sample consists of the superconducting
puddles with short-range ordered vortices and the dissipation regime surrounding them at low
temperatures. With increasing magnetic field above BMF, the dissipation region evolves into the
normal state, but it is possible that puddle-like superconducting islands remain at very low
temperature because of the effect of the quantum fluctuation stabilized by quenched disorder,
resulting in the quantum Griffiths state with rare superconducting regions (Fig. 4c). Thus, the
quantum creep region (quantum metallic state) is naturally connected to the quantum Griffiths state
at low temperature. This situation can be a consequence of strong quantum fluctuation in the 2D
superconductor with the very weak but finite pinning effect, leading to a standout effect of
randomness.

The difference of quantum Griffiths state and quantum metallic state is considered to
originate from two kinds of fluctuation: the amplitude and phase fluctuation, using the analogy to
the case of the thermal fluctuations. In other words, the quantum Griffiths state and quantum
metallic state correspond to quantum fluctuations of amplitude and phase of order parameter,
respectively. In the quantum metallic state, the individual motion of vortices is suppressed by the
elasticity of the vortices (in other words, the vortices locally form lattices), and vortex creep occurs
at the connecting region of local lattices, where the elastic energy of vortices is small. Therefore,
the phase fluctuation locally occurs in the quantum metallic state. With increasing magnetic field,
the vortex-lattice mismatch regions, where the quantum creep frequently occurs, widen and
eventually become normal states. However, there remain the locally ordered regions due to the
pinning by quenched disorder, which form the puddle-like regions with nonzero order parameter.
This situation may evolve into to a quantum Griffiths state with spatial amplitude fluctuation of

order parameter.
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