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SUPPLEMENTARY NOTE 1

Fermionic composite exciton hopping: Con-
sider the situation where there is a single site with
configuration 4 f354", surrounded by sites with con-
figuration 4 f%. As Ug — oo, and within slave-boson
theory, the single site is identified by n/ = n® = 1.
At large Uyr(< Uyy), the lowest energy configura-
tion will be the state where the binding has taken
place with the formation of the CE. In order for the
fCE to hop, both the holon as well as the d—electron
have to hop to the neighboring sites via virtual pro-
cesses. Let us now estimate this hopping amplitude
within a controlled approximation. For this pur-
pose, consider the following related Hamiltonian,

H = Hy + Hyy + Hy .y, + Hyyp, ()

where H; and Hgr represent the Hamiltonian for
the d—electrons and the repulsive density-density
interactions with strength U,y between the d and
f—electrons respectively. We have introduced H;, .,

as an effective model for the f—hole with,
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where f; represents the nearest neighbor f—hole
hopping amplitude and P denotes the Gutzwiller
projection operator that forbids double occupancy
at any given site. Finally, Hyy, is the term (~ V)
responsible for hybridization between the d and
f—electrons. We begin by setting V = 0, which re-
sults in an enhanced U,;(1)XU ¢(1) symmetry associ-
ated with the two conserved fermion numbers. Fur-
thermore, as mentioned earlier, let us restrict our-
selves to the regime where Ug > Ug > t; > V.
In this limit and within the slave-boson treatment
introduced earlier, the fermionic composite exciton
hopping is given by,
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The holon hopping, t;, can now be estimated using

a self-consistent mean-field treatment of the Hamil-
tonian defined in Eq.2 above,
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where we have ignored pairing terms for the spinon
fields. The effective holon hopping will then sim-
ply be given by #, ~ t; with an O(1) coefficient, as
long as the spinons are in a state (e.g. with a Fermi-
surface) where ()(i)(k) = nXk is not flat as a function
of k. This leads to the estimate of the fCE hopping
in Eq. 17. In the presence of a small but finite V, the
resulting fCE and spinon bands hybridize and yield
a semi “metal”, as discussed in the main text. From
the above equation, it is also possible to read off the
self-consistently generated hopping for the spinons,
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SUPPLEMENTARY NOTE 2

Low-energy field theory: In the CEFL phase,
the low-energy degrees of freedom are the fCE, the
spinons and the gapped holons that are all mini-
mally coupled to a dynamical gauge-field. The fCE
and the spinons hybridize to yield a compensated
semi-metal with ‘particle-like’ and ‘hole-like’ pock-
ets. Let us then write down the resulting low-energy
effective field theory. We continue to denote the re-
sulting neutral fermions (which are superpositions
of the fCE and the spinon) as Yy, ;, where we have
introduced an additional label i = 1,2; i = 1 for
the particle-like pocket and i = 2 for the hole-like
pocket. As described earlier, the i fermions cou-
ple minimally to a, and the non-relativistic b holons
couple minimally to Aa,, = a,—A,. The Lagrangian



this constraint. As a result of this constraint, the net
electrical response of the system will correspond to
L=Ly+Ly+ Ly + Lo, ) the sequential (i.e. ‘series’) circuit of the two indi-
- s idual ‘resistances’. S integrate out

Ly =0 (B: = iag — uiWai — —u" (=iV —a)2y,,, Vidual ‘Tesistances’. Suppose we now integrate c
v = Vo (0 Hilo 2m; Vo Yo the matter fields altogether and obtain an effective
(6) action purely in terms of the external and internal

gauge fields,

is given by
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L, = iz(gw 10,a,)°. (9) where we have restricted ourselves to the simplest
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The form of the above Lagrangian is similar to the-
ories considered earlier in a different context [1].
Note that we have allowed density-density inter-
action terms between the holon density and com-
posite exciton density in Ly, above; these terms
are formally irrelevant close to the transition u; =
0. L, contains a Maxwell term for the emergent
gauge-field, but as discussed in the methods sec-
tion, integrating out the fermions leads to a landau-
damped form of the propagator for the transverse-
component of the gauge-field, D;;, as in Eq.18. The
time component of the gauge-field couples to the
density and does not lead to any singular non-Fermi
liquid behavior.

In addition to the properties of the holon self-
energy, Xp, at T = 0 that we already described in
the methods section, it is important to recall that at
a finite temperature 7 > 0, £,(0,0) ~ uT>/* and
therefore the properties associated with the holon
are determined by an interplay of y;, and the above
“thermal” mass. In three-dimensions, there is no
phase-transition associated with condensation of (b)
at7T > 0.

SUPPLEMENTARY NOTE 3

Ioffe-Larkin composition rules: We derive the
Toffe-Larkin sum rules [2] in this supplementary
note. From the field theory description introduced
in the previous supplementary note, integrating out
the vector potential a leads to the constraint jy +ji =
0, where the j represent the respective currents, i.e.
the holons and fermions can only move subject to

quadratic action and ... denote additional contribu-
tions which may arise e.g. from the singular re-
arrangement of the Fermi surfaces in the presence
of a finite b = V X a. The coeflicients I, and II,
denote the full response functions due to the neutral
fermions and gapped holons respectively. We have
also included Iy, that arises from the trivial back-
ground for the sake of completeness. The response
functions to leading order in small w, q are given by,

My(w, q) = iw oy(w,q) — xuq’ (1)
y(w, q) = iw op(w, q) — xpq°, (12)

where o, and y,, denote the conductivities and
diamagnetic susceptibilities respectively (Note that
Xub = yc‘e" ,» as defined in the main text). Since ais a
dynamical field and the path-integral sums over all
allowed configurations of a, we can integrate it out
and determine the effective action purely in terms of
the external vector potential, A. The resulting action
is given by,
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Let us now first focus on the limit of ¢ — 0 and
finite w (i.e. there is a uniform electric field). In this
limit, the net conductivity of the system can be read
off from the second term above as,

oy(w) op(w)
oy(w) + op(w)’

o(w) = (14)
which is the promised sequential response of the
two resistors. Note that one can arrive at the same
formula in terms of the shift of the gauge field a and
its resulting ‘backflow’ effect. In the limit of w — 0



(i.e. dc-limit) and at T = 0, Re[o,] = 0 and hence
one obtains insulating response. The above expres-
sion is also the starting point for the discussion of
optical conductivity [3], as explained in the main
text.

Let us now consider the other case where w —
0 and q is finite (i.e. there is a uniform magnetic-
field). Here, one can read off the net diamagnetic
response as,
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in an electrical insulator. This is precisely the form
of the diamagnetic response that one would obtain
starting from the free-energy in Eq. 11 for b = oB
(Eq.12); the resulting locking mechanism is then
responsible for Landau quantization of the neutral
Fermi-surface and quantum oscillations [4].

SUPPLEMENTARY NOTE 4

Comparison to other theoretical proposals for
SmBg: In this supplementary note, we compare our
theoretical proposal for the CEFL with other pro-
posals that have made an attempt to account for
at least some of the anomalous features observed
in experiments on SmBg. The other proposals can
be broadly classified as follows: (i) “Magnetic-
breakdown” in a small-gap insulator [5, 6] - If the
typical cyclotron energy, at large enough magnetic
fields, is larger than the insulating gap, this can lead
to Landau quantization and an analogue of break-
down effects (but as a function of energy). How-
ever within this picture, in the low temperature and
zero magnetic field limit, the system is still an in-
sulator and does not have any of the thermody-
namic or optical signatures associated with the ex-
perimental observations described earlier. (ii) “Ma-
jorana” Fermi-surfaces [7, 8] - Within this picture,
there is a Fermi-surface in the bulk, where the ex-
citations are Majorana-like, instead of being com-
plex fermions of the type we propose (i.e. fCE). In
particular in the Majorana-based interpretation, the
zero magnetic field state in the limit of zero tem-

peratures is a superconductor, and not an electrical
insulator. It is important to note that in an incom-
pressible phase, all excitations carry a well defined
charge; the Majorana fermions are objects where
the anti-particle is identical to the particle itself and
therefore carries no charge. Since there are no neu-
tral fermionic excitations in a system described by
an electronic Hilbert space in the UV, these objects
can only emerge in the IR and be necessarily non-
local. The only known route of doing this theoreti-
cally is to couple them to an emergent gauge-field;
the non-local Majorana fermions can be coupled to
a discrete (e.g. in the simplest case a Z;) gauge
field. In three dimensions, there is then necessar-
ily a finite temperature phase transition associated
with transition into the phase with deconfined, non-
local Majorana excitations. This should be seen e.g.
as a divergence in the specific heat at the transition.
Within our framework, there is no finite tempera-
ture phase transition into the CEFL phase with a
deconfined U(1) gauge-field, even in three dimen-
sions. (iii) Gapped (conventional) excitonic insu-
lators [9] - As a result of a large joint density of
states, it is possible that the system is close to a con-
ventional (bosonic) excitonic instability with a finite
momentum, Q (governed by details of the band-
structure), but with a small gap, A. If the energy
gap is small along a ring of momentum around Q
(e.g. like a roton), in the limit of temperatures larger
than the gap it can give rise to power-law features
in some thermodynamic properties (as opposed to
exponential in A/T). However, one concern is that
this requires some fine-tuning as A needs to be small
enough such that the experimentally accessible tem-
peratures are already larger than the gap. At the
same time the system needs to avoid undergoing the
excitonic instability into a density-wave state (with
wavevector Q), since there is no experimental evi-
dence of the system being close to any density-wave
instability.
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