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Supplementary Note 1:  

Consider two co-polarized and continuous optical fields 
1,2E  that co-propagate in the positive 

z  direction of an optical fibre:  

       1,2 1,2 T 1,2 1,2, , exp j j . .r z t A z E r k z t c c  E e  (1) 

Here r  and z  are the radial and axial coordinates, respectively, and t  stands for time. The 

optical frequencies of the two fields are 1
1,2 0 2

    , where 
0  is a central optical frequency 

and   denotes spectral detuning. The value of   is chosen in the vicinity of the resonance 

frequency 
m  of forward stimulated Brillouin scattering through a radial guided acoustic mode 

0,R m
 of the fibre, where m  is an integer. The wavenumbers of the two optical field components 

are 
1,2 1,2k n c , with n  the effective modal index in the fibre and c  the speed of light in 

vacuum. The normalized transverse profile of both fields is denoted by  TE r . It is defined so 

that  
2

T
0

2 d 1
a

E r r r  , where a  is the fibre cladding radius. e  denotes a unit vector in the 

direction of the joint state of polarization of the two waves. The magnitudes of the two waves, 

 1,2A z , are affected by linear losses and may also vary along the fibre through coupling that is 

induced by the guided acoustic wave.  

The overall optical power of the two fields comprises of DC terms, which do not contribute to 

guided acoustic waves stimulation, and the following beating term:  

       *

AC 0 1 2, 2 exp j j . .,P z t nc A z A z qz t c c     (2) 

where 1 2q k k n c    and 0  is the vacuum permittivity. The interference component of the 

optical power gives rise to a radial electro-strictive driving force per unit volume1,2:  
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 

     T *0
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
    F r  

(3) 



where r  is a unit vector in the radial direction and 
1,2a  are drawn from the photo-elastic tensor 

P  of silica:  4

1 11 12a n P P   , and 4

2 12a n P  . The driving force may stimulate the oscillations 

of guided radial acoustic modes of the fibre 
0,R m

. The axial phase velocity of these modes 

approaches infinity as 
m  . Hence there exists an acoustic frequency, very near cut-off, 

for which the axial phase velocity of the acoustic mode matches that of the optical mode1,2. The 

material displacement profile of modes 
0,R m

 is entirely radial1,2:  

             , , exp j j . ..
m m m

r z t B z u r qz t c c  U r  (4) 

In Supplementary Equation 4 the normalized transverse profile of the acoustic mode is given 

by:  
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Here 
dv  is the speed of longitudinal sound waves in silica, and 

1J  denotes the first-order Bessel 

function of the first kind. The modal cut-off frequency is given by  dm mv a  , where 
m  is 

the mth-order solution to the boundary condition equation for zero traction force1,2:  
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In Supplementary Equation 6 
sv  is the speed of acoustic shear waves, and 

0,2J  denote the zero-

order and second-order Bessel functions of the first kind, respectively. Lastly, the displacement 

magnitude    m
B z  in Supplementary Equation 4 is determined by the magnitude of the electro-

strictive driving force1-9:  
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In Supplementary Equation 7 0  is the density of silica,    mz z    , and  m z  is the 

spectral linewidth of the acoustic mode oscillations. Both resonance frequency and linewidth 

may vary with the mechanical impedance of the surrounding medium at position z . For an 

infinite medium of impedance that is much lower than that of silica, the effect may be 



approximated in terms of modifications to the local modal linewidth10. The electro-strictive 

overlap integral  
ES

m
Q  in Supplementary Equation 7 is defined as9:  
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The acoustic wave oscillations are associated with perturbations to the dielectric constant 

tensor, denoted as      , exp j j . .
m

r z qz t c c   . The elements of the dielectric perturbations 

tensor are determined by the transverse strain tensor that is associated with the material 

displacement    , ,
m

r z tU . They are provided in detail in earlier works1-9. For the purpose of this 

study, we require only the dielectric tensor perturbation that is averaged over the transverse 

profile of the optical mode: 
 

       
2

T
0

2π , d
am m

z r z E r r r   . For radial acoustic modes 

0,R m
, the spatially-averaged dielectric perturbation is proportional to the unit tensor I : 

 
 

 
 

m m

z z I   , with a scalar value:  
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(9) 

In Supplementary Equation 9 we have defined the photo-elastic overlap integral9:  
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The acoustic perturbation to the dielectric tensor induces a nonlinear polarization vector:  

             NL 0 1 2, , , exp j j . . , , , , ,
m m

r z t r z qz t c c r z t r z t          
P E E  (11) 

The nonlinear polarization includes terms at the optical frequencies 
1,2 : 

             NL,1 0 2 1 1 T, , exp j j , . .,
m m

r z t A z k z t E r r z c c    P e  (12) 
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
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 

P e  
(13) 



The nonlinear polarization vector also includes pairs of terms at higher-order sideband 

frequencies 3
0 2

  . Higher-order Stokes and anti-Stokes field components may be amplified 

through opto-mechanics and Kerr nonlinearity11. However we do not address these terms in this 

work. The modulation of the incident optical waves is adjusted so that the input fields 

magnitudes at the frequencies of higher-order sidebands are very low. Subject to this condition, 

and for the lengths of fibres used in this work, our experiments show that higher-order 

sidebands remain sufficiently weak.  

The expressions of Supplementary Equations 12 and 13 may be used to formulate the nonlinear 

wave equations for the propagation of the optical fields at frequencies 
1,2 . For 

1E  at frequency 

1  we obtain12:  
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(14) 

Here  fn r  is the transverse profile of the refractive index of the unperturbed fibre. Since 

   T 1exp jE r k z  is a solution of the linear wave equation in the fibre, all terms on the left-hand 

side which do not involve z  derivatives of  1A z  cancel out. In addition, we may invoke the 

slowly-varying envelope approximation and neglect the term that is proportional to 

 2 2

1d dA z z . The nonlinear wave equation then becomes12:  
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Multiplying both sides by  *

TE r , integrating over the transverse cross-section and substituting 

Supplementary Equation 9 on the right-hand side yield:  
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Since the position-averaged dielectric perturbation tensor is proportional to the unit tensor, the 

vector notation in Supplementary Equation 16 could be dropped. The effect of radial acoustic 

modes on the optical fields is independent of polarization. Substituting Supplementary Equation 

7, and with rearrangement of terms, the wave equation is brought to the following form:  
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For simplicity, the optical frequency may be approximated as 
1 0  , leading to:  
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(18) 

where 
0 0k c  is the vacuum wavenumber at the central optical frequency. Similarly we 

obtain for the evolution of the magnitude of the second optical field  2A z : 
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(19) 

The coupled nonlinear wave equations may be converted to describe the evolution of the optical 

powers of the two fields    
2

1,2 0 1,22P z nc A z , using the relation 

 *

1,2 0 1,2 1,2d d 2 2Re d dP z nc A A z   :  
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(21) 

Supplementary Equations 20 and 21 show that the stimulation of the acoustic wave leads to the 

amplification of the optical power of the wave component at frequency 1
0 2

  , and to the 

attenuation of the optical power of the tone at frequency 1
0 2

  . Here we have used previous 

definitions for the nonlinear coefficient associated with opto-mechanical coupling9,13, in units 

of W-1km-1:  
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(22) 

where the maximum coefficient is obtained on resonance:  
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The separations between the resonance frequencies of scattering due to adjacent radial modes 

are larger than the linewidths:      1m m mz z z      for all m  and z , so that opto-

mechanical coupling at a given   may take place through a single radial mode, at most. In 

standard single-mode fibre with standard dual-layer acrylate coating, the nonlinear coefficient 

is the largest for mode 
0,7R 14:  7

0  ~ 2.5 W-1km-1. This value is twice larger than the nonlinear 

coefficient of the Kerr effect in the same fibre. The resonance frequency for scattering by that 

mode is 
7  ~ 2×320 MHz1,14. In principle,  1,2P z  may also be affected by a specific class of 

torsional-radial guided acoustic modes of the fibre, noted as 
2,TR m

1,2. However, the nonlinear 

coefficients associated with these modes are considerably weaker.  

The nonlinear coefficients may vary with fibre position, since both the resonance frequency 

 m z  and the linewidth  m z  depend on the exact cladding radius, strain, temperature, 

mechanical impedance of media outside the cladding etc. Supplementary Equations 20 and 21 

are readily extended to include linear propagation losses with a coefficient  : 
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The coupled power equations are analogous to those of forward stimulated Raman scattering15. 

Due to this similarity, guided acoustic wave Brillouin scattering is often referred to as a Raman-

like process16. For uniform fibres in which the nonlinear coefficient is independent of z , the 

pair of equations may be solved analytically15:  
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Here  1,2 0P  are the incident optical powers of the two tones,    1 20 0M P P , 
effL  is the fibre 

effective length, and         1

12 0 1 .
m m

g P M     If the fibre is non-uniform, Supplementary 

Equations 24 and 25 may be integrated numerically instead. 

The local nonlinear coefficient of opto-mechanical coupling can be evaluated based on 

Supplementary Equations 24 and 25:  
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(28) 

The distributed sensing protocol proposed in this work reconstructs the local values of opto-

mechanical coupling coefficients based on estimates of  1,2P z , which are obtained through 

measurements of incoherent Rayleigh backscatter (see Main Text). We therefore refer to the 

sensing principle as opto-mechanical time-domain reflectometry, or OM-TDR. Spatially-

resolved information is recovered through modulating the amplitudes of the two input tones by 

a single pulse of duration  . The above steady-state analysis remains valid, provided that 

 1 m z   for all z . The linear losses coefficient   may be pre-calibrated using standard 

optical time-domain reflectometry. Measurements are repeated for multiple values of frequency 

detuning  , to obtain a distributed mapping of forward stimulated Brillouin scattering gain 

spectra.  
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