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Statistical mechanics for metabolic networks
during steady-state growth

Supplementary Methods

The sampling algorithm

We sampled the space of steady states of the model using a hit-and-run Markov
Chain Monte Carlo algorithm, subject to an ellipsoidal preprocessing step in or-
der to tackle ill-conditioning. The uniform sampling of convex bodies by means
of Monte Carlo methods has been considered a breakthrough in computational
convex analysis, e.g., it makes feasible the calculation of the volume which is
otherwise a computationally difficult problem [1]. A fast and popular algo-
rithm to sample points inside convex bodies is the hit-and-run (HR) Markov
Chain Monte Carlo [2, 3], which works along the following lines. Given a D-
dimensional convex polytope P, from which one wants to sample, and a point
inside the polytope, x, € P:

e Choose a uniformly distributed direction 6, that is, a point generated
from the uniform distribution on the D-dimensional unit sphere. This can
be done with the Marsaglia method, i.e., by generating D independent
gaussian random variables with zero mean and unit variance, and then
normalizing the vector to unit length.

e Generate t uniformly on the interval [tmin, tmax], Where tmin (tmax) iS the
minimum (maximum) value of ¢ such that xy, + 0y € P;

e Update xy41 = x) + tO, start again.

The starting point can be found, for instance, by interpolating between two
vertices obtained by linear programming. The second step requires finding the



intersections among a line and P. In order to perform the HR dynamics we
should always use a full-dimensional representation of the convex set. The
mixing time of the HR, i.e., the time to converge to the desired distribution,
scales as a polynomial of the dimensions of the body but the method can suffer
from ill-conditioning; more precisely, the mixing time 7 scales like [4]

7 ~O <D2f§) : (1)

where R,r are the radii of respectively the minimum inscribing and the maxi-
mum inscribed balls. The prefactor R/r can be reduced to a polynomial of D by
extracting 0y from the surface of a matching ellipsoid instead of the unit sphere.
The ellipsoid of maximum volume inscribed inside P, i.e., the Loewner-John
ellipsoid [5], would reduce the prefactor to O(D), but the problem of finding
it is NP-hard. Below we describe a method due to L. Lovasz [6] that finds in
polynomial time an approximate matching ellipsoid that reduces the prefactor
to O(D3/?).

Preprocessing

We want to construct a couple of concentric ellipsoids E, E' matching the poly-
tope P, i.e., such that E/ C P C E, where E’ is obtained from E shrinking by
a factor O(D?/?). This is called weak Loewner—John pair. We define a series
of enclosing ellipsoids E}, starting with F as the sphere with center in the ori-
gin and radius R large enough in order to inscribe the body, according to the
following lines:

e INPUT: An ellipsoid E} with its center xy.
e Check if z € P, if yes go to 2, if no go to 1.

e 1) Consider a hyperplane separating z; and P, and the halfspace H en-
closing P, calculate the ellipsoid of minimal volume enclosing H [ Ex; go
to OUTPUT 1.

e 2) Determine the endpoints of the axis of Ej, shrink the ellipsoid and
check if the shrunk ellipsoid Ej, is inside the body. If yes, go to OUTPUT
2, if no go to 3.

e 3) Consider the endpoint of an axis of the shrunk ellipsoid outside P,
e.g. x); consider a hyperplane separating xj and P, and the halfspace
enclosing P; calculate the ellipsoid of minimal volume enclosing H () E;
go to OUTPUT 1.

e OUTPUT 1: A new ellipsoid Ejy1 of lower volume with center zjy1,
update k, repeat from INPUT.

e OUTPUT 2: A weak Loewner-John ellipsoid.



Upon calculating the reduction in volume of the enclosing ellipsoid after one
step, it can be demonstrated that this series converges in polynomial time to a
weak Loewner—John pair. We refer to [7] for demonstrations and formulae.

Source Code

We have provided in doi:10.15479/AT:ISTA:62 a C++ code implementing the
Lovasz preprocessing as well as the Hit-and-Run algorithm and the polytope
representation of the metabolic network used in this study. Please refer to the
README. txt file for further information.

Metabolic network and flux data

We considered the model of the E. coli catabolic core from the metabolic genome
scale reconstruction iAF1260 [8]. Apart from mass-balance (purely stoichio-
metric) constraints, we have considered the bounds on reaction fluxes from
the reversibility assignments provided within the model and default bounds
on uptakes reflecting glucose limited aerobic conditions. We considered the
dataset from [9] that includes extensive flux, enzyme, mRNA and metabo-
lite level measurements of E. coli populations growing in steady-state in a
glucose limited minimal medium in several conditions (dilution rates and/or
gene knock outs). We considered further experimental estimates of the core
carbon metabolism from the database [10], where we collected experiments
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] on wild type E. coli performed
in glucose limited medium and dilution rates not exceeding 0.5h~!, i.e. below
the acetate switch [23], red from which we single out experiments performed at
growth rates of A = 0.1 and 0.2h~!, respectively.

Thermodynamics constraints implementation

Internal closed thermodynamically unfeasible flux cycles can arise in models
upon incorrect handling of thermodynamic constraints [24] and, even if they
have a neutral effect on the biomass, they can lead to an incorrect scaling anal-
ysis [25]. We have recurred with the default reversibility bounds provided with
the model. In the model analyzed we have checked that no non-trivial thermody-
namic inconsistencies are present using the methods defined in |26, 27]. Only one
trivial internal cycle of length two has been detected between fumarate reduc-
tase (FRDT) and succinate dehydrogenase (SUCDi) whose prescribed bounds
are thus thermodynamically inconsistent. This has been corrected by consider-
ing a lumped reversible reaction with the same stoichiometry.

The logistic growth model: further details

We report here for sake of completness i) the demonstration that the law of
large numbers holds in the thermodynamic limit for the total number of cells
in the logistic growth model, in turn validating asymptotically the mean field



approximation; ii) an approximate solution of the self consistent equation for
B, giving further insights on its dependence upon the carrying capacity N, and
inoculum size Ny. The total number of cells N follows infact the equation

No
N=> e (2)

where the \; are independent random variables identically distributed with the
density g(A\). Its average over disorder is thus (upto a factor) the moment
generating function (Laplace transform) of g(\)

N =N, / drg(N)eP? (3)
we have for the average of the square (Z(8) = [ dAg(\)eP?)

N2 = No(No — 1)Z%(8) + NoZ(28) (4)

Upon considering the approximation ¢(A) = (a4 1)(1 — X)® and 8 > a we can

compute the relative fluctuations
(N —N)2 1 ( patt

2 No'@+ 1)

1) (5)

that vanishes in the aforementioned limit Ny, K — oo, K/Ny — const., since
B is finite and given asymptotically (¢ — oo) by the equation Z(8) = K/Njy.
However such convergence can be very slow given the large prefactor and finite
size corrections shall be worked out in future studies, possibly employing re-
cent techniques developed in the the field of statistical mechanics of disordered
systems [28]. Further Z(8) can be approximately computed analytically giving

(a+1)efy(a+1,8) N

2(8) = s -5 (6)

where v(a + 1, 8) is the lower incomplete Gamma function. For § > a > 1, we
have approximately

It can be seen that, for 8 > a very large, if we consider an “equivalent” popula-
tion growing at the maximum growth rate A,q., 3 is the time (in units of A1)
where the carrying capacity and the steady state are reached N ~ NyePAmaz
(upon restoring units). We report that the values of 8 calculated from this
formula for a typical value in batch culture (N¢/Ng =~ 10°) and extrapolated
for the value in a mother machine (N¢ /Ny ~ 4) as, respectively, § ~ 50 and
B =~ 20 whereas we infer from experiments 8 ~ 100 and 8 ~ 66. Thus the simple
logistic model underestimates 3, but it correctly predicts that in batch cultures
it is larger with respect to the mother machine, given the larger N¢ /Np.



Supplementary Notes

Supplementary Note 1

o Figure 2A
Flux intensities have been normalized with respect to the glucose uptake
(i.e. expressed in relative values). The flux values reported for the max
entropy model refer to the value 5* that fixes the average growth rate to
the experimental one along the following lines:

— Amae is inferred for each replicate from the reported experimental
glucose uptake by means of flux balance analysis.

— For each replicate the average growth rate is renormalized with re-

Y

max

spect to the maximum, z = =~. This is averaged over replicates

to obtain Z.

— The adimensional value 5*\,,.. that fixes the experimental value x
is computed (this can be obtained analytically, see below Fig 3A,G).

We considered two datasets at growth rate of, respectively, A = 0.1,0.2h 7!,
(with sample size 12 and 7 sets of flux measurements) that we provide in
xls files. We obtain in both cases 8*\jqe =~ 120.

o Figure 2B
We considered 10? values of 3 spanning the interval [10_27 104] uniformly
in logarithmic scale. For each value of 8 we sampled 10° flux config-
urations according to the max entropy distribution with the previously
described hit-and-run Monte Carlo algorithm from which we calculate
the estimates of the averages and variances. These are then compared
to experimental values by computing the mean square error, MSE =

N7USY (o) = Vi)

Supplementary Note 2
In the plots of figure 3, fl ux in tensities ha ve be en no rmalized wi th re spect to

the glucose uptake, while the growth rate has been rescaled by its maximum.

e Figure 3A,G
The curves were calculated analytically along the following lines. We fit
the marginal probability density of the growth rate, otained numerically
by Monte Carlo sampling, with a Beta distribution, i.e. in relative units
T = A/ Amax:

q(z) = (a+1)(1 —=z)%, (8)
finding simply a = D — 1 = 22, where D is the dimension of the poly-
tope, i.e. the growth rate is maximized in a subspace of dimension 0 (a
vertex) [29]. The average growth rate as a function of 8 can be calculated



from the normalizing factor of the max entropy distribution,

1
e, _ (at1n(a+1 8)ef
2) = [ ala)e?do = e, (9)
0
where v is the lower incomplete gamma function and finally (Figure 3A)
_ dlogZ
= . 1
o- 28 (10)

The minimal entropy reduction of the metabolic space upon fixing the av-
erage growth rate (Figure 3G) has been obtained by inverting the previous
equation, 8 = B(T), and performing a Legendre transform [30]

I(@)log2 = AS(T) = 7B(T) — log Z(B(T)). (11)

Both curves can be calculated numerically, the first directly, upon sam-
pling the average growth rate at fixed 3, while the second can be obtained
in parametric form upon integration; in both cases we have found an ex-
cellent agreement with the analytical approximation.

Figure 3B-F

Averages, variances and correlations among fluxes have been calculated
numerically by sampling max entropy distribution of the metabolic space
with the previously described Monte Carlo method. We considered 102
values of 3 spanning the interval [10_27 104] uniformly in logarithmic scale.
For each value of 3 we sampled 10° flux configurations. Figure 3F has been
obtained by numerical asymptotic analysis of flux correlations in the limit
B — oo.

Figure SH

We considered a simple model where K regulatory channels together pro-
vide the information, I()\), required to support a given average growth
rate, A\. Each channel is modeled as an additive Gaussian information
channel whose capacity is given by I; = § log,(1 + SNR), where SNR is
the ratio of the signal to noise variance. To provide sufficient regulatory
information we must have I(\) ~ KI;. We assume that the variance of the
signal is proportional to its mean, S, so that SNR = o, S, for some con-
stant «q; this is approximately true in the simplest models of biochemical
reaction pathways where the dominant source of noise is the shot (Poisson)
noise due to finite number of signaling molecules. We further assume that
the metabolic cost of regulation per channel is also proportional to the
number of signaling molecules used, i.e., to the mean signal in the chan-
nel, and thus the total cost (written as the decrease in the growth rate)
is AN = —ap K'S. We can eliminate S by writing it out in terms of SN R,

which can in turn be expressed in terms of I(\), to yield an expression for
the effective growth rate that takes into account the cost of regulation:

Aet(8) = A(B) — aK (22f<5>/K - 1) , (12)



Step | sample size | A [min™!| | Aemax [Min ™! | Apax [min=!] | BApax [adim.|
1 5204 0.022 0.029 0.034 66
2 3300 0.017 0.024 0.029 54
3 2252 0.012 0.018 0.023 45
4 1464 0.0085 0.013 0.017 45
5 1536 0.007 0.011 0.015 42

Supp.Table 1: Average growth rate, empirical maximum, inferred maximum
and level of optimization, SAnax, from growth rate data.

where @ = as/a; is a constant proportional to the metabolic cost of
signaling molecules.

Supplementary Note 3

In figure 4 the growth rate data have been obtained by analyzing images from a
microfluidics device (mother machine) setting with 30 channels each containing 3
E. coli cells growing in steady-state in glucose-limited conditions. Their growth
is monitored under increasing exposure to antibiotics (five concentration steps
of tetracycline) specific for ribosome translation inhibition for 5h. Experiments
have been performed on 3 strains; 3 technical repeats were carried out. Strains
differed only by the fluorescent tags whose effects are not expected to have major
contributions to the growth rates.

e Figure JA
The curve has been calculated analytically as described for Figure 3.

o Figure 4C

The distributions have been obtained as follows. We disregard measure-
ments during the first 15 time frames from each antibiotic step in order
to obtain approximately stationary distributions; we also rejected outliers
exceeding 40. For each antibiotic step, we lump together growth rate mea-
surements pertaining to different channels, time, cell order in the channel
(mother-daugthers), strains and repeats; this results in a sample size of
~ 1—5-103 per antibiotic step. We performed a best fit (x? minimization)
of max entropy marginal growth rate distributions in the analytical ap-
proximation outlined in discussion for Figure 3 (above), and we retrieved
the values for the two parameters 5 and An.x that we report in Table 1,
alongside of the average and empirical maximum of the growth rate.

e Figure 4D:
Each data point stands for a distribution obtained upon lumping growth
rate data measured in different channels (30) and time points (~ 3), i.e.
it constitutes a unique sample whose size is O(10%). Each data point
refers thus to a different antibiotic step (5), to a different cell ordering in



the channel (3), strain (3) and repeat (3) for a total of 135 points. We
considered the usual estimators for the average and variance, while we
have reported in all cases the empirical maximum for the growth rate.

Supplementary Note 4

Determining 8 using x? fitting to flux measurements directly
In the maximum entropy approach the parameter 3 in Eq (3) of the main paper
plays the role of the Lagrange multiplier that has to be set so that predicted
average growth rate equals the measured growth rate (as in Eq (4) of the main
paper). In this approach, described in the main paper, all average metabolic
fluxes computable from the maximum entropy model after fixing 8 are predic-
tions, to be compared to data.

We can, however, also treat the maximum entropy distribution of Eq (3) as
a phenomenological fitting relationship suggested by theory, with a single free
fitting parameter 3 to be set such that the model reproduces the fluxes directly
as well as possible. In this case, we can also try to pool over flux measurements
taken at different average growth rates and ask whether we obtain a better
prediction than that of the FBA. This is shown in Supp.Fig 1A, where we fitted
our model to 35 flux measurement experiments taken over the whole range of
growth rates below the acetate switch, A < 0.5h~!.

Specifically, we defined as a quality-of-fit measure

Ny
X2 =N () = Vi)? /(o + E2), (13)
=1

where V; is the measured flux (relative to glucose uptake) and E? the associated
measurement error variance, while (v;) and ¢? are the mean (and variance, re-
spectively) of the corresponding flux computed in the maximum entropy model.
We then looked for the value 8* that directly minimized x2. The value of this at
the optimal parameter 8 was significantly lower than in either the FBA or uni-
form limits, and this remained robustly true even with alternative goodness-of-fit
measures (e.g., mean-squared-error, MSE:Nf_1 Zf\/:fl ((v;) — V;)? that does not
normalize by a variance, o2, which grows as (3 is decreased). This is shown in
Supp.Fig 1B. Predictions of similar quality were also obtained on three technical
replicates of flux measurements shown in Supp.Fig 1C.

We simulated an enzyme knock out by removing the corresponding reaction
from the model (one equality constraint). This leads to a new metabolic space
that has been analyzed along the same lines as the unperturbed one. Flux
estimates for knockouts from [9] consist of one single experiment with no repeats.
The MSE improvement is the fractional difference between the minimum value
for MSA and the value retrieved by FBA.
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Supp. Figure. 1: Direct fit of maximum entropy functional form, by y? min-
imization outperforms FBA predictions in E. coli. (A, C) Comparison of
measured fluxes (black, mean + SD over biological replicates; normalized to
glucose uptake) with predictions of FBA (red stars) and of the maximum en-
tropy model (pink, mean 4+ SD from the predicted joint distribution over fluxes).
Data for (A) are a collection of 35 experiments from Ref [10]; data for (C) are
three replicates from Ref [9]. Wild type E. coli was grown in glucose-limited
medium with low dilution/growth rates (below 0.5h~!, no acetate excretion).(B)
Goodness-of-fit between flux measurements in (A) and the maximum en-tropy
predictions, as a function of dimensionless SAyax parameter. x? (left axis, black)
weights the (squared) error in each flux prediction by the sum of measured
experimental variance and the maximum entropy predicted variance (see text);
MSE (right axis, gray) is an unweighted mean squared error between
measurements and predictions. In both measures, the maximum entropy model
(pink line at an intermediate value of 8*Ayax & 170) provides a better fit than the
uniform (8 = 0) or FBA (5§ — o0) limits. (D) Improvement in goodness-of-fit
when using maximum entropy model over FBA for flux predictions in 7 E. coli
mutant strains deleted for metabolic enzymes indicated on the horizontal axis;
data from Ref [9].
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