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Supplementary Note 1 Exact solution for linear GRN with protein bursts

Here we present the exact time-dependent solution to the CME of the linear GRN resulting from the
LMA mapping of the nonlinear feedback loop (see Eq. 20 in the main text).

By defining the generating functions G0(z, t) = ∑∞
np=0 znp P0(np, t) and G1(z, t) = ∑∞

np=0 znp P1(np, t),
we can convert the master equations (Eqs. (21-22) in the main text) into the following first-order partial
differential equations: {

∂tG0 =ρuψ̃G0 − ρuG0 − w∂wG0 − σ̄bG0 + σuG1,

∂tG1 =ρbψ̃G1 − ρbG1 − w∂wG1 + σ̄bG0 − σuG1,
(1)

where ψ̃(w) = (1 − bw)−1, w = z − 1 and b is the mean size of bursts. Let G0 = (1 − bw)−ρb G̃0 and
G1 = (1 − bw)−ρb G̃1, then Eq. (1) is equivalent to:{

∂tG̃0 =− ρ∆bψ̃wG̃0 − w∂wG̃0 − σ̄bG̃0 + σuG̃1,

∂tG̃1 =− w∂wG̃1 + σ̄bG̃0 − σuG̃1.
(2)

Summing up the equations in (2):

∂tG̃ + w∂wG̃ = −ρ∆bψ̃wG̃0, (3)

where G̃ = G̃0 + G̃1. Replacing G̃0 in the first equation of (2) with G̃ by means of Eq. (3), then we have

∂tG̃0 + w∂wG̃0 + ρ∆bψ̃wG̃0 + (σ̄b + σu)G̃0 − σuG̃

=∂tG̃0 + w∂wG̃0 + (σ̄b + σu)G̃0 − σuG̃ − ∂tG̃ − w∂wG̃

=− (ρ∆bψ̃w)−1(∂2
ttG̃ + w∂2

wtG̃)

− w∂w[(ρ∆bψ̃w)−1](∂tG̃ + w∂wG̃)− (ρ∆bψ̃)−1(∂2
wtG̃ + ∂wG̃ + w∂2

wwG̃)

− (σ̄b + σu)(ρ∆bψ̃w)−1(∂tG̃ + w∂wG̃)

− σuG̃ − ∂tG̃ − w∂wG̃

=0.

Simplifying the above equation, we obtain a single parabolic partial differential equation in G̃:

(1− bw)∂2
ttG̃ + 2(1− bw)w∂2

wtG̃ + (1− bw)w2∂2
wwG̃ − q∂tG̃ − (q − (1− bw))w∂wG̃ + ρ∆σubwG̃ = 0, (4)

where q is defined as q = 1− (σu + σ̄b)(1− bw)− ρ∆bw. Subsequently, we apply the transformation that
G̃(w, t) = G̃(u, v) with u = ln w − t and v = 1 − bw, and it immediately follows that

v(1 − v)∂2
vvG̃ + [1 − ρ∆ − (σ̄b + σu − ρ∆ + 1)v]∂vG̃ + ρ∆σuG̃ = 0,

whose general solution can be represented as

G̃ = f (u)y1 + g(u)y2,

where y1 and y2 have the form:{
y1 =2F1(α, β; σ̄b + σu; bw),

y2 =(bw)1−σu−σ̄b 2F1(1 − ρ∆ − α, 1 − ρ∆ − β; 2 − σu − σ̄b; bw).

Note that 2F1 is the hypergeometric function, and the parameters α and β should be solved from the

2



simultaneous set of equations: {
α + β =σu + σ̄b − ρ∆,

αβ =− ρ∆σu.

The functions f and g are to be determined according to the given initial conditions.
Plugging the solution for G̃ in Eq. (3), we find a solution for G0 of the form:

G0 = −(1 − bw)−ρb(ρ∆bψ̃)−1[ f (u)∂wy1 + g(u)∂wy2],

where we used the fact that

∂tG̃ + w∂wG̃

=− ḟ y1 − ġy2 + w[w−1 ḟ y1 + w−1 ġy2] + w f (u)∂wy1 + wg(u)∂wy2

=w f (u)∂wy1 + wg(u)∂wy2,

where ḟ , ġ are the derivatives of f and g with respect to u, respectively.
Suppose that the initial condition is G0(w, 0) = 1 and G(w, 0) = 1, which means initially we have zero

protein and the promoter is in state G. Note that at t = 0, u = ln w; hence, f (u) and g(u) are equivalent to
f (w) and g(w). Plugging these initial conditions in the equations for G and G0 obtained above, it follows
that f (w) and g(w) can be solved from the following linear equations:{

y1 f (w) + y2g(w) = (1 − bw)ρb ,

∂wy1 f (w) + ∂wy2g(w) = −(ρ∆bψ̃)(1 − bw)ρb .

The solution is: 
f (w) =

[(ρ∆bψ̃)y2 + ∂wy2](1 − bw)ρb

y1∂wy2 − y2∂wy1
,

g(w) = − [(ρ∆bψ̃)y1 + ∂wy1](1 − bw)ρb

y1∂wy2 − y2∂wy1

in which the denominator is a Wronskian identity (see Eq. (15.10.3) in [1]) that can be further simplified
to:

y1∂wy2 − y2∂wy1 = b(1 − σu − σ̄b)(1 − bw)ρ∆w−1(bw)−σu−σ̄b .

Hence we have a complete general solution to the generating function G(w, t). The solution is summa-
rized as follows:

w =z − 1

ρ∆ =ρb − ρu

α + β =σu + σ̄b − ρ∆

αβ =− ρ∆σu

f (w) =
(1 − bw)ρb

1 − σu − σ̄b
[ρ∆bw2F1(1 − ρ∆ − α, 1 − ρ∆ − β; 2 − σu − σ̄b; bw)

+ (1 − σu − σ̄b)(1 − bw)2F1(1 − ρ∆ − α, 1 − ρ∆ − β; 1 − σu − σ̄b; bw)]

g(w) =
ρ∆σb(bw)σu+σ̄b(1 − bw)ρu

(σ̄b + σu)(σ̄b + σu − 1) 2F1(α, β; σu + σ̄b + 1; bw)

G(w, t) = f (we−t)2F1(α, β; σu + σ̄b; bw)(1 − bw)−ρb

+ g(we−t)(bw)1−σu−σ̄b 2F1(1 − ρ∆ − α, 1 − ρ∆ − β; 2 − σu − σ̄b; bw)(1 − bw)−ρb .

(5)
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Note that when t → ∞, f (we−t) → 1 and g(we−t) → 0, and it yields the steady-state solution:

G(w) = (1 − bw)−ρb 2F1(α, β; σu + σ̄b; bw).

The distribution of protein numbers is hence given by:

P(np, t) =
1

np!
dnp

dwnp G(w, t)|w=−1. (6)

Supplementary Note 2 Exact solution for linear GRN with oscillating transcription

The corresponding generating functions for the linear GRN with oscillating transcription are of the form:{
∂tG0 + w∂wG0 = ρuℓtwG0 + σuG1 − σ̄bG0,

∂tG1 + w∂wG1 = ρbℓtwG1 − σuG1 + σ̄bG0,
(7)

where ℓt is an oscillating function of the form ℓt = 1 + Am cos(kπt).
We define two quantities:

E0 = exp
(

ρuwe−t ∫ t
0 ℓτeτdτ

)
and E1 = exp

(
ρbwe−t ∫ t

0 ℓτeτdτ
)

,

and let G0 = E1G̃0 and G1 = E1G̃1, which makes Eq. (7) equivalent to:{
∂tG̃0 + w∂wG̃0 = −ρ∆ℓtwG̃0 + σuG̃1 − σ̄bG̃0,

∂tG̃1 + w∂wG̃1 = −σuG̃1 + σ̄bG̃0.
(8)

Solving G̃0 from the second equation and plugging into the first equation, it is straightforward to obtain
a single second-order partial differential equation for G̃1:

∂2
ttG̃1 + 2w∂2

wtG̃1 + w2∂2
wwG̃1 + (ρ∆ℓtw + σu + σ̄b)∂tG̃1 + (ρ∆ℓtw + σu + σ̄b + 1)w∂wG̃1 + σuρ∆ℓtwG̃1 = 0.

By means of the transformation u = ln w − t and v = w, we obtain the compact form:

v∂2
vvG̃1 + (ρ∆ℓtv + Σ)∂vG̃1 + σuρ∆ℓtG̃1 = 0,

where we used Σ = 1 + σu + σ̄b. The general solution of the above equation takes the form:

G̃1 = F1(u)y1 + G1(u)y2,

where y1 and y2 are defined as: {
y1 =M(σu, Σ, x),

y2 =(−ρ∆ℓtw)1−Σ M(−σ̄b, 2 − Σ, x),

and x = −ρ∆ℓtw. Therefore, we can obtain G̃0 from Eq. (8):

G̃0 = σ̄−1
b [−ρ∆w(ℓt + ℓ̇t)(F1∂xy1 + G1∂xy2) + σu(F1y1 + G1y2)]. (9)

If we suppose that the initial condition is G0(w, 0) = 1 and G1(w, 0) = 0 (zero protein in promoter state
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G), then we can solve for F1 and G1 from the following equations:{
F1y1|0 + G1y2|0 = 0

[(−ρ∆wℓ0)∂xy1|0 + σuy1|0]F1 + [(−ρ∆wℓ0)∂xy2|0 + σuy2|0]G1 = σ̄b,

where y1|0 and y2|0 are short hand for y1|t=0 and y2|t=0. This leads to:
F1 =

σ̄by2|0
[(−ρ∆wℓ0)∂xy1|0 + σuy1|0]y2|0 − [(−ρ∆wℓ0)∂xy2|0 + σuy2|0]y1|0

,

G1 =−
σ̄by1|0

[(−ρ∆wℓ0)∂xy1|0 + σuy1|0]y2|0 − [(−ρ∆wℓ0)∂xy2|0 + σuy2|0]y1|0
.

Taking advantage of Wronskian identity, we have:
F1(w) =

σ̄b
σ̄b + σu

exp(ℓ0ρ∆w)M(−σ̄b, 2 − Σ,−ℓ0ρ∆w),

G1(w) =− σ̄b
σ̄b + σu

(−ℓ0ρ∆w)σ̄b+σu exp(ℓ0ρ∆w)M(σu, Σ,−ρ∆ℓ0w),

and this completes the solution for G1.
Next we obtain the solution for G0 in an analogous manner. Let G0 = E0G̃0 and G1 = E0G̃1, which

makes Eq. (7) equivalent to: {
∂tG̃0 + w∂wG̃0 = σuG̃1 − σ̄bG̃0,

∂tG̃1 + w∂wG̃1 = ρ∆ℓtwG̃1 − σuG̃1 + σ̄bG̃0.

This equations can be used to derive a single partial differential equation for G̃0:

v∂2
vvG̃0 + (σu + σ̄b + 1 − ρ∆ℓtv)∂vG0 − σ̄bρ∆ℓtG̃0 = 0,

whose general solution is of the type:

G̃0 = F0(u)y1 + G0(u)y2,

where y1 and y2 are defined as:{
y1 = M(σ̄b, Σ, ρ∆ℓtw)

y2 = (ρ∆ℓtw)−σ̄b−σu M(−σu, 2 − Σ, ρ∆ℓtw).

Analogously to before, making use of the initial conditions enables us to derive expressions for the func-
tions F0 and G0: 

F0(w) =
σu

σ̄b + σu
exp(−ℓ0ρ∆w)M(1 − σu, 2 − Σ, ℓ0ρ∆w),

G0(w) =
σ̄b

σ̄b + σu
(ℓ0ρ∆w)σ̄b+σu exp(−ℓ0ρ∆w)M(σ̄b + 1, Σ, ℓ0ρ∆w).
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Hence the solution for G0 is now complete. Summarizing the full solution is as follows:

w =z − 1

ρ∆ =ρb − ρu

Σ =σ̄b + σu + 1

ℓt =1 + Am cos(kπt)

ℓ0 =1 + Am

E0 = exp
{
−

(
1 +

Am
1 + k2π2

)
ρuwe−t + ρuw

[
1 +

cos(kπt) + kπ sin(kπt)
1 + k2π2 Am

]}
E1 = exp

{
−

(
1 +

Am
1 + k2π2

)
ρbwe−t + ρbw

[
1 +

cos(kπt) + kπ sin(kπt)
1 + k2π2 Am

]}
F0(w) =

σu
σ̄b + σu

exp(−ℓ0ρ∆w)M(1 − σu, 2 − Σ, ℓ0ρ∆w)

G0(w) =
σ̄b

σ̄b + σu
(ℓ0ρ∆w)σ̄b+σu exp(−ℓ0ρ∆w)M(σ̄b + 1, Σ, ℓ0ρ∆w)

F1(w) =
σ̄b

σ̄b + σu
exp(ℓ0ρ∆w)M(−σ̄b, 2 − Σ,−ℓ0ρ∆w)

G1(w) =− σ̄b
σ̄b + σu

(−ℓ0ρ∆w)σ̄b+σu exp(ℓ0ρ∆w)M(σu, Σ,−ρ∆ℓ0w)

G0(w, t) =E0
[
F0(we−t)M(σ̄b, Σ, ρ∆ℓtw) + G0(we−t)(ρ∆ℓtw)−σu−σ̄b M(−σu, 2 − Σ, ρ∆ℓtw)

]
G1(w, t) =E1

[
F1(we−t)M(σu, Σ,−ρ∆ℓtw) + G1(we−t)(−ρ∆ℓtw)−σu−σ̄b M(−σ̄b, 2 − Σ,−ρ∆ℓtw)

]
G(w, t) =G0(w, t) + G1(w, t).

(10)

As t → ∞, the steady-state solution becomes:

G(w) =
σuM(σ̄b, Σ, ρ∆ℓtw)

σ̄b + σu
exp

[
ρuw

(
1 +

cos(kπt) + kπ sin(kπt)
1 + k2π2 Am

)]
+

σ̄bM(σu, Σ,−ρ∆ℓtw)

σ̄b + σu
exp

[
ρbw

(
1 +

cos(kπt) + kπ sin(kπt)
1 + k2π2 Am

)]
.

The distribution of protein numbers is hence given by:

P(np, t) =
1

np!
dnp

dwnp G(w, t)|w=−1. (11)

Furthermore, the mean of protein numbers at steady state is:

⟨np⟩ =
ρbσ̄b + ρuσu

σ̄b + σu

[
1 +

cos(kπt − ϕ)√
1 + k2π2

]
, (12)

where ϕ = arctan kπ.

Supplementary Note 3 Numerical evaluation of the LMA probability distributions

The numerical evaluation of the probability distribution solutions requires taking the nth derivative of
the closed-form expressions for the generating functions which contain Kummer or hypergeometric func-
tions. In principle, the derivatives can be computed directly using Mathematica’s ”D” function or similar
functions in other symbolic computation software. However in practice this is found to be computation-
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ally expensive and also leads to numeric instabilities particularly when the order of the derivatives is
high. A way to circumvent these troubles leading to a high speed, accurate evaluation of the distribution
is as follows.

Let the generating function be G(z) = ∑z znP(n). The Taylor series of this function about z = 0 is
G(z) = ∑∞

i=0 aizi. It then follows by the definition of the probability distribution that:

P(n) =
1
n!

dn

dzn G(z)|z=0 = an. (13)

Hence for computation of P(n) there is no need to take the derivatives. Rather one first expands the
generating function as a Taylor series using a symbolic computation software and then P(n) is simply
given by the nth coefficient of this series. In Mathematica this straightforwardly computed using the
commands “Series” and “Series Coefficient”, respectively. A Mathematica worksheet using this method
for the computation of the probability distribution of the feedback loop, for all times, is provided (See
Methods Code Availability in the main text).

In Supplementary Fig. 2 we quantify the speed of our method versus two common algorithms: the
Finite State Projection algorithm [2] and the Stochastic Simulation Algorithm (SSA) [3]. The CPU times
are measured on a laptop with an Intel i7 (2.6 GHz) quad-core processor. It is found that FSP’s CPU time
increases rapidly with the time t at which the probability distribution is evaluated and also significantly
with the size of the truncated protein space. In contrast LMA’s CPU time shows a very weak increase
with t and is barely affected by the size of the protein space (see Supplementary Fig. 2A and 2B for
details). For example, for the feedback loop with no cooperativity, the evaluation of probability distri-
bution at time t = 6 takes about 1.5 mins using FSP whereas it takes about 2 seconds with the LMA (see
Supplementary Fig. 2B). FSP’s considerable computational time here stems from it solving a system of
600 equations, since the minimal truncation of the protein space for an accurate distribution evaluation is
[0, 300] and there are two promoter states. The LMA’s computational time in contrast stems mostly from
the evaluation of the effective binding rate which involves numerical integration over the interval [0, t].
In Supplementary Fig 2C we show the CPU time associated with computing the distribution by means
of the SSA as a function of the number of realizations; to obtain an “acceptable” distribution, it clearly
takes of the order of minutes whereas the LMA and FSP for this example take about 0.5 seconds and 2
seconds, respectively. Hence it is amply clear that that computation of the LMA can be done efficiently
and involves a CPU time which is typically far less than that of FSP and SSA.

Supplementary Note 4 Exact solution for first-passage time of promoter switching
in feedback loop in steady-state conditions

The calculation will be in two parts. First we calculate the first-passage time distribution to switch from
G to G⋆ given the general initial condition of n proteins and promoter state G. Following we will use
this result together with the marginal protein distribution in steady-state conditions to obtain the first-
passage time of promoter switching (from G to G⋆).

For the purpose of calculating the first part of the calculation we only need to consider the following
set of reactions:

G
ρu−→ G + P, P 1−→ ∅, G + P

σb−→ G⋆. (14)

The associated CMEs are:

dP(np, t)
dt

= ρu[P(np − 1, t)− P(np, t)] + [(np + 1)P(np + 1, t)− npP(np, t)]− σbnpP(np, t), (15)

with P(np, t) being the probability of observing np proteins and the promoter is in state G at time t. The
general deterministic initial condition of n proteins and promoter state G is here assumed.

Multiplying znp on both sides of Eq. (15) and summing over all np, we obtain the PDE that governs
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the evolution of the generating function G(z, t):

∂tG(z, t) = ρu(z − 1)G(z, t) + [1 − (1 + σb)z]∂zG(z, t),

together with the initial condition G(z, 0) = zn.
Making use of the method of characteristics, the PDE problem is transformed into a set of coupled

ODEs: 

dt
ds

=1, t(0) = 0,

dz
ds

=(1 + σb)z − 1, z(0) = r,

dG
ds

=ρu(z − 1)G, G(0) = rn,

with r being a variable representing initial conditions. Solving these ODEs simultaneously, one obtains:

t = s, z =
[r(1 + σb)− 1]e(1+σb)s + 1

1 + σb
, G = C(r) exp

[
ρu[r(1 + σb)− 1]e(1+σb)s

(1 + σb)2 − ρuσbs
1 + σb

]
, (16)

where
C(r) = rn exp

[
ρu[1 − r(1 + σb)]

(1 + σb)2

]
.

Solving for r and s in terms of z and t from Eq. (16), the full solution of G is found to be:

G(z, t) =
[(

z − 1
1 + σb

)
e−(1+σb)t +

1
1 + σb

]n
exp

[
ρu

1 + σb

(
−σbt +

(
z − 1

1 + σb

)(
1 − e−(1+σb)t

))]
.

Hence the probability that at time t the system is still in state G is given by G(1, t) = ∑np P(np, t). The
FPT distribution to switch from G → G⋆ is then given by [4]:

P(tFP = t|np = n, t = 0) = −∂tG(1, t). (17)

Now we come to the second and last part of the calculation. According to Bayes’ theorem, the prob-
ability of FPT of the switch from G to G⋆ at steady-state can be computed via:

P(tFP = t) = ∑
n

P(tFP = t|np = n, t = 0)︸ ︷︷ ︸
A

P(np = n|ng = 0)︸ ︷︷ ︸
B

, (18)

where part A corresponds to Eq. (17) and part B is the steady-state protein distribution conditional on
the promoter being in the state G∗ of the feedback loop (as given in [5]). Note that to calculate part B there
are in principle three possible choices for the protein distribution: P(np = n), P(np = n|ng = 0) and
P(np = n|ng = 1). We use P(np = n|ng = 0) because this is the distribution of proteins just before the
switch from G⋆ to G, i.e., the distribution of proteins seen by the system when the reaction G + P −→ G⋆

becomes first possible. A numerical validation of this intuition is presented in Supplementary Fig. 3.
Note that while part A is computed using the subnetwork of the feedback loop (shown in schematic (14)),
part B is computed using the full feedback loop; this is since part B requires knowledge of the steady-
state conditional distribution of protein numbers which is determined by the back and forth switching
between the two promoter states.

The distribution can also be computed approximately using the LMA. The approximation to Part A
is calculated using the LMA as detailed in Methods 4.6 in the main text. The approximation to Part B is
calculated from the LMA according to the recipe in Methods 4.2 in the main text.
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Supplementary Note 5 LMA for feedback loop with Michaelis-Menten degrada-
tion in steady-state conditions

The feedback loop of with Michaelis-Menten (MM) protein degradation is given by:

G
ρu−→ G + P, G + P

σb−→ G⋆, G⋆ σu−→ G, P
J(n)−−→ ∅,

in which J(np) =
kdnp

K+np
is the MM degradation rate which is compatible with enzymatic degradation of

the protein under quasi-equilibrium conditions. The LMA maps the nonlinear GRN to the corresponding
“linear” GRN of the type:

G
ρu−→ G + P, G

σ̄b−→ G⋆, G⋆ σu−→ G, P
J(n)−−→ ∅, (19)

We now first solve the steady-state marginal protein distribution of the linear GRN and then use the LMA
recipe to obtain the effective binding rate σ̄b in terms of the parameters of the original nonlinear GRN.

Steady-state solution of the linear mapped GRN

The CMEs describing (19) at steady-state are given by:

ρu[P0(np − 1)− P0(np)] + J(np + 1)P0(np + 1)− J(np)P0(np)− σ̄bP0(np) + σuP1(np) = 0, (20)

and
J(np + 1)P1(np + 1)− J(np)P1(np) + σ̄bP0(np)− σuP1(np) = 0, (21)

where P0(np) and P1(np) are the probability that there are np proteins when the promoter is in state G
and G∗, respectively. Adding together Eq. (20) and Eq. (21) gives:

J(np + 1)P(np + 1)− J(np)P(np) + ρu[P0(np − 1)− P0(np)] = 0. (22)

with P(np) = P0(np) + P1(np). Furthermore taking the summing of Eq. (22) from np = 0 to N, and then
setting N = np, one obtains:

J(np + 1)P(np + 1) = ρuP0(np),

which is tantamount to:

kd(np + 1)P(np + 1) = (K + 1)ρuP0(np) + ρunpP0(np). (23)

The corresponding generating function of Eq. (23) is:

kd∂zG = ρu(K + 1)G0 + ρuz∂zG0, (24)

with G(z) = ∑i ziP(i) and Gj(z) = ∑i ziPj(i) for j = 0, 1. It is noted that no assumption has been made
hitherto.

Next we assume that:
J(np + 1) ≈

kd(np + 1)
K + np

,

an approximation that is expected to be good when the protein number is sufficiently large. The CME
Eq. (21) is thus approximated by:

kd(np + 1)P1(np + 1)− kdnpP1(np) + (K + np)[σ̄bP0(np)− σuP1(np)] = 0,
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which has the associated generating function equation:

kd(1 − z)∂zG1 + σ̄bKG0 + σ̄bz∂zG0 − σuKG1 − σuz∂zG1 = 0. (25)

Solving ∂zG1 from Eq. (24) together with G = G1 + G0, differentiating Eq. (25) with respect to z and
combining the two, it follows that:

−LG0 + (M−N z)∂zG0 + (−k2
d + Pz −Qz2)∂2

zzG0 = 0, (26)

where
L =(1 + K)ρu(kd + σu + Kσu),

M =kd[kd + (2 + K)ρu + (1 + K)(σ̄b + σu)],

N =ρu[(3 + K)kd + (3 + 2K)σu],

P =kd(kd + ρu + σ̄b + σu),

Q =ρu(kd + σu).

To transform Eq. (26) into the following standard form of hypergeometric function 2F1(α, β, γ, w):

w(1 − w)∂2
wwG0 + (γ − (α + β + 1)w)∂wG0 − αβG0 = 0,

we apply the variable transformation z = Aw + B with A and B as undetermined real numbers. Hence,
Eq. (26) becomes:

A−2[−k2
d +PB−QB2 + (PA− 2QAB)w−QA2w2]∂2

wwG0 +A−1(M−NB−NAw)∂wG0 −LG0 = 0,

which further implies that A and B can be solved from the simultaneous equations:{
−k2

d + PB −QB2 = 0,

PA− 2QAB = QA2.

Thus, the generating function G0 can be represented as:

G0 = Λ × 2F1

(
α, β, γ,

z −B
A

)
,

in which α and β are solved from 
α + β + 1 − N

Q = 0,

αβ − L
Q = 0,

γ =
M−NB

QA ,

and Λ is the normalization constant.
The probability P(np) is of more interest in practice and can be calculated from Eq. (24):

P(np) =
1

np!
∂

np
z G =

1
kdnp!

∂
np−1
z [ρu(K + 1)G0 + ρuz∂zG0] . (27)

for n ≥ 1. Using Eq. (20) one can also obtain the probability P(0) from the equation:

P(0) = σ−1
u [−(ρu + σ̄b)P0(0) + J(1)P0(1)] + P0(0).

10



The normalisation constant is difficult to obtain in closed form and is easiest computed numerically us-

ing Λ =
[
∑np P(np)

]−1
.

Computation of effective binding rate σ̄b using the LMA recipe

The steady-state moment equations of the reaction system (19) are:

Mne :



ρu⟨ng⟩ −
⟨

kdnp
K + np

⟩
= 0,

− σ̄b⟨ng⟩+ σu(1 − ⟨ng⟩) = 0,

ρu⟨ng⟩ −
⟨

kdnpng
K + np

⟩
− σ̄b⟨npng⟩+ σu⟨np⟩ − σu⟨npng⟩ = 0.

Note that the set of equations Mne has statistical averages taken over rational functions of np which leads
to a set of non-closed moment equations. To make it closed, the following set of equations are used to
get an approximate solution:

Mle :



ρu⟨ng⟩ −
kd⟨np⟩

K + ⟨np⟩
= 0,

− σ̄b⟨ng⟩+ σu(1 − ⟨ng⟩) = 0,

ρu⟨ng⟩ −
kd⟨npng⟩
K + ⟨np⟩

− σ̄b⟨npng⟩+ σu⟨np⟩ − σu⟨npng⟩ = 0

Substituting σ̄b = σb⟨npng⟩/⟨ng⟩ in the above equations, we can solve for the moments ⟨npng⟩, ⟨np⟩
and ⟨ng⟩. Finally using these moments to compute σ̄b = σb⟨npng⟩/⟨ng⟩ and substituting in the explicit
solution Eq. (27) gives us the LMA steady-state distribution of protein numbers for the feedback loop
with Michaelis-Menten degradation.

Supplementary Note 6 LMA describing the time-evolution of the toggle switch

The toggle switch system [6] consists of the following set of reactions:

G0
ρ1−→ G0 + P, G⋆

0
ρ2−→ G⋆

0 + P, G0 + M
σ1−⇀↽−
σ2

G⋆
0 , P 1−→ ∅,

G1
ρ3−→ G1 + M, G⋆

1
ρ4−→ G⋆

1 + M, G1 + P
σ3−⇀↽−
σ4

G⋆
1 , M k−→ ∅.

Two proteins P and M are expressed by two different genes and they act as transcriptional activators or
repressors of the gene other than the one which expressed them. This is a typical example of a system
of four coupled promoter states, namely (G0, G1), (G⋆

0 , G1), (G0, G⋆
1 ) and (G⋆

0 , G⋆
1 ). Note that the we non-

dimensionalise time and all rate parameters by the the degradation rate of protein P.
Suppose that we are interested in the marginal distributions of proteins of P and M at time t.
The nonlinear GRN above is mapped according to the LMA recipe to the linear GRN:

G0
ρ1−→ G0 + P, G⋆

0
ρ2−→ G⋆

0 + P, G0
σ̄1−⇀↽−
σ2

G⋆
0 , P 1−→ ∅,

G1
ρ3−→ G1 + M, G⋆

1
ρ4−→ G⋆

1 + M, G1
σ̄3−⇀↽−
σ4

G⋆
1 , M k−→ ∅,

(28)

where σ̄1 and σ̄3 are effective reaction rates to be determined. Note that these effective reaction rates σ̄1

11



and σ̄3 absorb the coupling between the two genes.
First we compute the effective binding rates σ̄1 and σ̄3 in terms of the rate constants of the original

nonlinear GRN. The moment equations of (28) are given by:

MTG(σ̄1, σ̄3) :



∂t⟨np⟩ =ρ1⟨ng0
⟩+ ρ2(1 − ⟨ng0

⟩)− ⟨np⟩,
∂t⟨nm⟩ =ρ3⟨ng1

⟩+ ρ4(1 − ⟨ng1
⟩)− k⟨nm⟩,

∂t⟨ng0
⟩ =− σ̄1⟨ng0

⟩+ σ2(1 − ⟨ng0
⟩),

∂t⟨ng1
⟩ =− σ̄3⟨ng1

⟩+ σ4(1 − ⟨ng1
⟩),

∂t⟨npng1
⟩ =− (1 + σ̄3 + σ4)⟨npng1

⟩+ (ρ1 − ρ2)⟨ng0
ng1

⟩+ ρ2⟨ng1
⟩+ σ4⟨np⟩,

∂t⟨nmng0
⟩ =− (k + σ̄1 + σ2)⟨nmng0

⟩+ (ρ3 − ρ4)⟨ng0
ng1

⟩+ ρ4⟨ng0
⟩+ σ2⟨nm⟩,

∂t⟨ng0
ng1

⟩ =− (σ̄1 + σ2 + σ̄3 + σ4)⟨ng0
ng1

⟩+ σ2⟨ng1
⟩+ σ4⟨ng0

⟩,

(29)

where np, nm are numbers of protein P and M respectively, ng0
= 1 and ng1

= 1 denote the gene state G0
and G1 respectively. We substitute σ̄1 = σ1⟨nmng0

⟩/⟨ng0
⟩ and σ̄3 = σ3⟨npng1

⟩/⟨ng1
⟩ in the above moment

equations and solve them on the time interval t′ ∈ [0, t]. Denoting the solved moments of interest at time
t′ as ⟨nmng0

⟩t′ , ⟨npng1
⟩t′ , ⟨ng0

⟩t′ and ⟨ng1
⟩t′ , we have, by the LMA recipe, that the effective (time-averaged)

reaction rates at time t are given by:

σ∗
1 =

σ1

t

∫ t

0

⟨nmng0
⟩t′

⟨ng0
⟩t′

dt′, σ∗
3 =

σ3

t

∫ t

0

⟨npng1
⟩t′

⟨ng1
⟩t′

dt′.

Finally we determined the marginal distributions at time t as follows. The LMA decouples the toggle
switch into two separate linear GRNs. This decoupling is a great advantage of the LMA since the solution
of these two linear GRNs has already been given in the main text in the context of the linear GRN arising
from the feedback loop. Thus we can immediately state that the marginal protein number distribution for
P at time t is given by replacing (ρu, ρb, σu, σ̄b) in Eq. (11-13) in the main text by (ρ1, ρ2, σ2, σ̄∗

1 ). Similarly
the marginal protein number distribution for M is given by replacing (ρu, ρb, σu, σ̄b) in Eq. (11-13) in the
main text by (ρ3/k, ρ4/k, σ4/k, σ̄∗

3 /k).

Supplementary Note 7 LMA for the feedback loop with explicit mRNA transcrip-
tion and protein translation in steady-state conditions

This nonlinear GRN is an extension of the feedback loop where we now include explicitly the mRNA
dynamics besides that of protein:

G
ρu−→ G + M, G⋆ ρb−→ G⋆ + M, M

ρ−→ M + P,

M
γ−→ ∅, P d−→ ∅, G + P

σb−⇀↽−
σu

G⋆.

Here M and P are mRNA and protein respectively. The linear GRN that the above nonlinear GRN maps
onto is the well-known three-stage model of gene expression [7]:

G
ρu−→ G + M, G⋆ ρb−→ G⋆ + M, M

ρ−→ M + P,

M
γ−→ ∅, P d−→ ∅, G

σ̄b−⇀↽−
σu

G⋆,
(30)
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where σ̄b is an effective rate to be determined as follows. The moment equations of (30) are given by:

∂t⟨nm⟩ =ρu⟨ng⟩+ ρb(1 − ⟨ng⟩)− γ⟨nm⟩,
∂t⟨np⟩ =ρ⟨nm⟩ − d⟨np⟩,
∂t⟨ng⟩ =− σ̄b⟨ng⟩+ σu(1 − ⟨ng⟩),

∂t⟨npng⟩ =ρ⟨nmng⟩ − (d + σ̄b + σu)⟨npng⟩+ σu⟨np⟩,
∂t⟨nmng⟩ =ρu⟨ng⟩ − (σu + σ̄b + γ)⟨nmng⟩+ σu⟨nm⟩,

where we have use the fact that since ng is a Boolean variable then n2
g = ng. Substituting σ̄b = σb⟨npng⟩/⟨ng⟩

in the above equations and solving the resulting moment equations at steady-state, one obtains ⟨npng⟩
and ⟨ng⟩, from which one can construct the effective binding rate σ∗

b = σb
⟨npng⟩
⟨ng⟩ .

The steady-state marginal distribution of mRNA numbers for (30) is well known [7–9] and is given
by Eqs. (14-15) in the main text with (ρu, ρb, σ̄b, σu) replaced by (ρu/γ, ρb/γ, σ∗

b /γ, σu/γ).
The protein distribution cannot be obtained explicitly from LMA, as currently there is no known exact

solution for protein distribution reported for the three-stage model of gene expression. However, all the
moments of protein are obtainable since the moment equations are closed for the linear GRN (30).

Supplementary Note 8 Some proofs related to the time-averaging assumption

First term of the Magnus series of the master equation gives a well-defined probability vector

Consider the master equation:

ṖN(t) = AL(t)PN(t), PN(0) = P0 (31)

in which AL(t) is a zero-column-sum matrix with negative diagonal elements and positive non-diagonal
elements for all times t (these properties are natural to any master equation [2]). These properties guar-
antee that PN(t) is a probability vector at all times (the elements of PN(t) are greater than or equal to
zero and they sum to 1 for all times). The proposed approximate solution at time t = T is the first term
of the Magnus expansion:

PL(T) = exp
(∫ T

0
AL(t)dt

)
P0.

We are interested in whether PL(T) is a well-defined probability vector or not. For convenience, we also
define:

AC,T =
1
T

∫ T

0
AL(t)dt.

Claim 1: The matrix AC,T is a zero-column-sum matrix, all its diagonal elements are negative and all its
non-diagonal elements are positive.

First, we divide T into N small intervals whose length is all ∆. On the i-th interval the matrix AL(t)
is approximated by a constant matrix Ai

L := AL((i − 1)∆), namely,

AC,T ≈ ∑N
i=1 Ai

L∆
N∆

=
∑N

i=1 Ai
L

N
.

Thus, the summation of the j-th column of AC,T is:

[AC,T]j ≈
1
N

N

∑
i=1

[Ai
L]j = 0,
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where [·]j stands for the summation of all elements of the j-th column.The second equality holds because
of zero-column-sum of Ai

L. Taking the limit N → ∞ of the equation above leads to the zero-column-sum
property of AC,T. The diagonal element properties follow by similar reasoning.

Claim 2: The vector PL(T) is a probability vector with positive elements and the summation of which is
equal to 1 for any time T.

It is noted that PL(T) is also a solution to the differential equation:

ṖL(t) = AC,TPL(t), PL(0) = P0

at time T. Note that this is possible because AC,T is a time-independent matrix. By the properties of AC,T
in Claim 1, it follows that PL(T) is a probability vector. Hence it follows that the first term of the Magnus
expansion has a meaningful interpretation in a probabilistic sense.

Exponential convergence of moments

The moment equations can always be written in the form ẋ = Ψ(t)x+b where x is the moment vector,
Ψ(t) is Hurwitz uniformly in time and b is a constant vector. The proof below shows that since Ψ(t) is
Hurwitz uniformly in time, there exists a Lyapunov functional with the property that the time derivative
of the Lyapunov functional is less than a negative constant times the functional itself; this then implies
exponential convergence of the moment vector to a steady-state constant.

To discuss the stability of the ẋ = Ψ(t)x + b it is enough to investigate the system ż = Ψ(t)z since
the time dependence is not affected by the constant vector b. For nonlinear gene regulatory networks
with constant rates, the LMA leads to an approximately equivalent linear gene regulatory networks with
a time-dependent protein-promoter binding rate σ̄b(t). Hence the time dependence of Ψ(t) is because of
σ̄b(t). Now since σ̄b(t) is positive for all time, it is easy to check (for a given particular gene regulatory
network) that Ψ(t) is Hurwitz for any time t, i.e., the real part of the eigenvalues of Ψ(t) is negative for
all times. According to Lemma 9.9 in [10], there exists a positive definite solution P(σ̄b(t)) satisfying a
Lyapunov equation:

P(σ̄b(t))Ψ(t) + Ψ⊤(t)P(σ̄b(t)) = −I.

Told by the same lemma, ∥∂σ̄b(t)P(σ̄b(t))∥ is upper bounded by c5 and c1z⊤z ≤ z⊤P(σ̄b(t))z. Therefore,
the derivative of Lyapunov functional V(t, z) = z⊤P(σ̄b(t))z becomes:

V̇(t, z) =z⊤[P(σ̄b(t))Ψ(t) + Ψ⊤(t)P(σ̄b(t)) + Ṗ(σ̄b(t))]z

=z⊤[−I + ∂σ̄b(t)P(σ̄b(t))× ˙̄σb(t)]z

≤− (1 − c5| ˙̄σb(t)|)∥z∥2.

Now ˙̄σb(t) is proportional to σb (follows by the definition of σ̄b(t) in the main text). Hence if σb is small
enough, we have:

V̇(t, z) ≤ −ϵ∥z∥2

for some positive real ϵ. By means of c1z⊤z ≤ z⊤P(σ̄b(t))z, we have

V̇(t, z) ≤ −(ϵ/c1)V(t, z).

By the Comparison Lemma (p.103 in [10]), there exists a system Ẇ = −(ϵ/c1)W which upper bounds
V(t, z) for all the time and converges exponentially. This observation indicates the exponential conver-
gence of the moments and it further implies that σ̄b(t) reaches the steady state value σ̄b(∞) exponentially
as well (follows by the definition of σ̄b(t) in the main text).
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Supplementary Figure 1: Accuracy of the LMA approximation of the moments of the nonlinear GRN with oscillating
transcription. The structure of the GRN is shown in Supplementary Fig. 2(C) of the main text. (A) a comparison of
the mean and variance in protein numbers obtained from the LMA approximation and those obtained from the SSA.
(B) compares the input signal 1 + Am cos(kπt) (modulating the transcription rate) with the mean protein numbers
from the SSA and the LMA Eq. (12). The parameters are ρu = 60, ρb = 25, Am = 0.3, k = 1.33, σb = 0.004, σu = 0.25.
The phase differences between the input and the mean given by the SSA is 1.3322 rad, while the theoretical phase
difference predicted by LMA is 1.3359 rad.
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Feedback Loop Cooperativity Protein Bursts
Type (ρu, ρb) LMA Num. Int. LMA Num. Int. LMA Num. Int.

Repressor
(60,25) 58.53 57.87 32.41 31.42 36.71 36.41
(50,25) 35.76 35.52 17.31 16.93 16.24 16.21
(40,25) 5.25 5.22 2.49 2.43 0.61 0.60

Activator
(25,60) 59.19 60.57 35.86 39.15 43.15 44.13
(25,50) 36.85 37.32 20.84 21.98 18.82 19.13
(25,40) 5.71 5.78 3.24 3.37 0.74 0.76

Supplementary Table 1: Table showing the percentage of the logarithmic space in Fig 9 (main text) where the steady-
state distribution is bimodal, i.e., where there is noise-induced bistability, according to the LMA and to numerical
integration (‘Num. Int.”) of the master equations of the three types of nonlinear feedback loops.
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Supplementary Figure 2: Comparison of CPU time for the LMA, FSP and SSA methods. (A) The LMA and FSP are
used to obtain the protein-distributions for the feedback loop with and without cooperativity for t = 0.5, 1, 1.5, 2, 3, 4
(these distributions are shown in Fig. 2D in the main text). The y-axis shows the corresponding CPU time for each
algorithm for each value of t. The parameter set is ρu = 60, ρb = 25, σu = 0.25, σb = 0.004 and the FSP is solved in the
protein number space [0, 100] (this is the minimal truncation of state space which gives an accurate distribution). The
error bars denote the standard deviation of CPU time conducted for 10 replicates. Note that while the LMA’s CPU
time is very weakly dependent on the time t at which protein distribution is evaluated, FSP’s CPU time increases
rapidly with increasing t. (B) Same as (A) but now using the parameter set ρu = 240, ρb = 100, σu = 0.25, σb = 0.004.
This leads to protein distributions which are defined over the protein number space [0, 300]. The three times larger
state space compared to (A) leads to a significant increase in the FSP’s CPU time (from seconds to minutes) but the
LMA’s CPU time is barely affected and still of the order of few seconds. (C) The CPU time for the estimation of the
protein distribution at time t = 4 using the SSA for the feedback loop for parameter set ρu = 60, ρb = 25, σu =
0.25, σb = 0.004. Note that to obtain an acceptable distribution a few thousand realizations are needed and the CPU
time is of the order of minutes whereas the LMA’s CPU time according to (A) for t = 4 is about 0.5 second.
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Supplementary Figure 3: First-passage time distribution for feedback loop without cooperativity for different val-
ues of σb. The distribution is calculated via Eq. (18), wherein Part A is calculated exactly and Part B uses one of
three distinct steady-state probability distributions P(np), P(np|ng = 1) or P(np|ng = 0). These probabilities are
calculated exactly using the solution in [5]. Note that independent of the value of σb (and of P(ng), the probability
of being in state G), the stochastic simulation algorithm (SSA) agrees exactly (within small sampling error) with Eq.
(18) using P(np|ng = 0) for Part B.
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