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Supplementary Note 1 Exact solution for linear GRN with protein bursts

Here we present the exact time-dependent solution to the CME of the linear GRN resulting from the
LMA mapping of the nonlinear feedback loop (see Eq. 20 in the main text).

By defining the generating functions Gy (z, t) = E;l“;,:o Z" Py(np, t) and Gy (z,t) = Zle:o 2" Py (np, t),
we can convert the master equations (Egs. (21-22) in the main text) into the following first-order partial
differential equations:

1)

0:Go =puPpGo — puGo — WGy — 03, Go + Gy,
0:G1 =ppPG1 — ppG1 — WGy + 0, Gy — 0w Gy,

where §(w) = (1 —bw)~!, w = z— 1 and b is the mean size of bursts. Let Gy = (1 — bw) "Gy and
G1 = (1 — bw) Gy, then Eq. (E]) is equivalent to:

atéo =— pAblprO — wawéo — 5’bé(] + O'uél, @)
atG1 =— wawél + (_Tbé() — O’uél.
Summing up the equations in (E):
9;G + wdyyG = —pabPwGy, 3)

where G = Gy + G;. Replacing Gy in the first equation of (B) with G by means of Eq. (B), then we have

9:Go + W Gy + pabPpwGo + (G + 0u) Gy — 0uG

—3;Co + wdwCo + (@ + o) Go — 0uC — 3G — wdLC

= — (pabpw) " (956G + wa, G)
- waw{(PAblpw)_l] (9:G + w2y G) — (PAblp)_l (aguté + G + wafuwé)
— (7 + 0w) (oabPw) ~1(0:G + wdy,G)
— 0yG — 0;G — wdy, G

=0.

Simplifying the above equation, we obtain a single parabolic partial differential equation in G:
(1 —bw)o%G +2(1 — bw)wd?,G + (1 — bw)w?d2,G — g0:G — (g — (1 — bw))wdy, G + pacubwC = 0, (4)

where g is defined as g = 1 — (0y + 7p,) (1 — bw) — pabw. Subsequently, we apply the transformation that
G(w,t) = G(u,v) withu = Inw — t and v = 1 — bw, and it immediately follows that

0(1 —0)32,G +[1 — pa — (G + 0w — pa + 1)0]9,G + pacuG = 0,

whose general solution can be represented as

G = f(u)y1 +g(w)ya,

where y; and y; have the form:

y1 =2F1(a, B; 01, + 0y; bw),
yo =(bw) "%, Fi (1 — pp —a,1 — pp — B;2 — 0y — Oy bw).

Note that »Fj is the hypergeometric function, and the parameters « and B should be solved from the



simultaneous set of equations:
‘X+,B :Ju+5b_PA/
& = — pA0u.

The functions f and g are to be determined according to the given initial conditions.
Plugging the solution for G in Eq. (E), we find a solution for Gy of the form:

Go = — (1 —bw) P (0abH) "' [f (4)wy1 + 8 (1) 2],
where we used the fact that
atG + wawG

=— fy1 — gy2 + wlw ™ fyr + 0 gyo] + wf (u)duyr + wg(u)dwy2
=wf(u)dwy1 + wg(u)duwys,

where f, ¢ are the derivatives of f and g with respect to u, respectively.

Suppose that the initial condition is Go(w, 0) = 1 and G(w, 0) = 1, which means initially we have zero
protein and the promoter is in state G. Note thatatt = 0, u = Inw; hence, f(u) and g(u) are equivalent to
f(w) and g(w). Plugging these initial conditions in the equations for G and Gy obtained above, it follows
that f(w) and g(w) can be solved from the following linear equations:

yif(w) +y28(w) = (1 — bw)*®,
By f(0) + duy2g(w) = — (0ab§) (1 — bw)Pe.
The solution is: (oab ~) Sl "
PAbY)yo + dpy2|(1 — bw)Pe
w) = ,
f< ) ylawyz - y2aw]/1
_ [(pAbliJ)]/l + aw]/l](l — bw)Pb
$(@) Y19uY2 — Y20wY1

in which the denominator is a Wronskian identity (see Eq. (15.10.3) in [[]) that can be further simplified
to:

Y190y — Y2dwy1 = b(1 — oy — 3p) (1 — bw)P>* ! (bw) ~ %%,

Hence we have a complete general solution to the generating function G(w, t). The solution is summa-
rized as follows:

w=z—-1
PA =Pb — Pu
&+ B =04+ 0p —pa
ap = — paCu
_ (- bw) o a ] on — B2 — o — s
f(w>_1—(7u—(‘7b[pAbw2F1(l oa — &, 1—pp— B;2 — 0y — 0p; bw) )

+ (1= ou—0p)(1 —bw)F (1 —pa —a,1—pa—B;1— ou — 0p; bw)]
Pa0H (bw) 7+ % (1 — bw)P _
= Fi(«, B; 1;b
g(w) ((_Tb+0'u)(a'b+0'u_1) 2 1(aﬁUU+0—b+ ZU)
G(w,t) :f(weft)zFl((x, B; ou + 0p; bw) (1 — bw) ~Fe

+ g(we™) (bw) a0, F (1 — pp — &, 1 — pp — B;2 — 0w — Op; bw) (1 — bw) ~*>.




Note that when t — oo, f(we ™) — 1 and g(we~!) — 0, and it yields the steady-state solution:

G(w) = (1 —bw) ey F (a, B; 0w + 0p; bw).

The distribution of protein numbers is hence given by:

1 d"

P(np, t) = ! dw'

G(w, i’)|w:,1. (6)

Supplementary Note 2 Exact solution for linear GRN with oscillating transcription

The corresponding generating functions for the linear GRN with oscillating transcription are of the form:

9tGo + wdy Gy = puliwGo + 0uGy — 73, Go, )
0:G1 + wdy Gy = pplrwGr — oGy + 7,Go,
where /; is an oscillating function of the form ¢; = 1 + Am cos(krtt).
We define two quantities:
Eq — ( —t t T _ —t t T
0 =exp (puwe™" [j e dT) and [E; =exp (pbwe o tre dr) i
and let Gy = [E1 Gy and G; = [E1 Gy, which makes Eq. (B) equivalent to:
até(] + wawGO = —pAethO + Uuél — 5’béo, ®)
atél + wawél = —U’uél + ‘_TbGO-

Solving G from the second equation and plugging into the first equation, it is straightforward to obtain
a single second-order partial differential equation for Gy:

a%tél + 2w8§,t(§1 + wza%,wCh + (pAEtw + o0y + a'b)atél + (pAétw + 0y +0p + 1)w8w(§1 + aupAEtwél =0.
By means of the transformation # = Inw — t and v = w, we obtain the compact form:
vaﬁvél + (pAgtU + Z)avél + U'uPAgtél =0,

where we used £ = 1 + oy + 7;,. The general solution of the above equation takes the form:

G1 = Fi(u)yr + Gi(u)ya,

where y; and y; are defined as:

{ ]/l :M(UU./ z‘/ x)/
Y2 :(—pAétw)l_ZM(—(‘fb,Z —3,x),

and x = —ppl;w. Therefore, we can obtain Gy from Eq. (E):
Go = 0y, [—paw(lr + ) (F10xy1 + G19xy2) + ou(Fiy1 + Giya)]. )

If we suppose that the initial condition is Gop(w,0) = 1 and G;(w,0) = 0 (zero protein in promoter state



G), then we can solve for F; and G; from the following equations:

{ Fiyijo + G1yo0 =0
[(=pawlo)dxy1j0 + ouyrjo] F1 + [(—pawlo)OxYa)0 + Cul2)o]G1 = Ob,

where y; g and y|o are short hand for y; |;— and y2|¢=o. This leads to:

7 ObY2|0
1= ,
[(—pawlo)dxy1jo + Guyrjoly2i0 — [(—pawlo)dxYa)0 + Culz)oly1j0
Op
Gl = — Y1jo

[(—pawlo)dxy1jo + Tuyrjoly2jo — [(—pawlo)dxYaio + Tulajol¥aio”

Taking advantage of Wronskian identity, we have:

.F] (ZU) :m exp((opAw)M(—Frb,Z -2, —ZopAw),
! _
Gi(w) == & j% (—Lopaw)”> 7 exp(Lopaw) M(0y, Z, —palow),

and this completes the solution for G;.
Next we obtain the solution for Gy in an analogous manner. Let Gy = Eg Go and G; = EyG;, which
makes Eq. (B) equivalent to:

atéo + wawéo = (Tuél — (_TbGO/
atél + wawél = pAftWGl — (Tuél + 5’bG~0.

This equations can be used to derive a single partial differential equation for Go:
"Ua.(zwéo + (0w + 0p + 1 — palv)0,Gy — (7'pr&(~;0 =0,
whose general solution is of the type:
Go = Fo(u)y1 + Go(u)yz,

where y; and y, are defined as:

y1 = M(0p, X, palrw)
y2 = (paliw) 2" M(—0y, 2 — Z, paliw).

Analogously to before, making use of the initial conditions enables us to derive expressions for the func-
tions Fy and Gy:

(o
Fo(w) =5 _EU exp(—Lopaw)M(1 — 0,2 — Z, boppw),
u
o/ _
Go (w) :5’1) —:—)(Tu (EopAw)ab+0u exp(—éopAw)M(t’Tb +1,%, EopAw).



Hence the solution for Gy is now complete. Summarizing the full solution is as follows:

w=z—1
Pa =Pb — Pu
L =0p 40y +1
¢y =1+ Am cos(krt)
ly =1+ Am
Am _y cos(krtt) + kot sin(krt)
]EO :exp{— <1+1—i-](271'2) puwe +puw |:1+ 1—|—k27'[2 Am
B _ Am _ cos(krtt) + krmrsin(krtt)
E; —exp{ <1+1+k27'(2) ppwe " + ppw [1+ Ty Am
Fo(w) == u exp(—Lopaw)M(1 — 04,2 — Z, Loppw) (10)
O'b + 0-11

(% -
Go(w) ~ —:o' (Lopaw) ™ exp(—Lopaw) M(0, + 1, %, Lopaw)
u

Fi(w) “a i exp(Lopaw) M(—dp,2 — X, —Lloppaw)
Gi(w) = = 22— (~Lopaw) ™" exp(lopa0) M(e0, %, ~palow)
Go(w, t) =Eq [Fo(we ") M(0b, Z, paliw) + Go(we ™) (oaliw) " M(—0y,2 — I, paliw)]
Gi(w, t) =Eq [Fi(we " )M(0y, %, —paliw) + Gy (we ™) (—paliw) = M(—0y,2 — £, —paliw)]
G(w,t) =Go(w, t) + Gy (w, t).

Ast — oo, the steady-state solution becomes:

G(w) _ 0uM(0p, E, ppliw) cos(krtt) +kns1n(k71t)Am)]

%o T 0 exp [puw (1 + e
+(7bM(0’u,Z, —paliw) cos(krtt) + krrsin(krt) Am)] .

1
0p + ou P {pbw ( * 14 k272

The distribution of protein numbers is hence given by:

1 d"

P(np,t) = nfp!idwnp

G(tw0, t)]awe—1. (11)

Furthermore, the mean of protein numbers at steady state is:

(1) = Pp0b + Pulu |4 n cos(kmtt — ¢)

(12)

where ¢ = arctan k7.

Supplementary Note 3 Numerical evaluation of the LMA probability distributions

The numerical evaluation of the probability distribution solutions requires taking the n'"* derivative of
the closed-form expressions for the generating functions which contain Kummer or hypergeometric func-
tions. In principle, the derivatives can be computed directly using Mathematica’s “D” function or similar
functions in other symbolic computation software. However in practice this is found to be computation-



ally expensive and also leads to numeric instabilities particularly when the order of the derivatives is
high. A way to circumvent these troubles leading to a high speed, accurate evaluation of the distribution
is as follows.

Let the generating function be G(z) = Y, z"P(n). The Taylor series of this function about z = 0 is
G(z) = 2 a;z'. It then follows by the definition of the probability distribution that:

1 4"
P(n) = EEG(Z)LZ:O = ay,. (13)
Hence for computation of P(n) there is no need to take the derivatives. Rather one first expands the
generating function as a Taylor series using a symbolic computation software and then P(n) is simply
given by the n' coefficient of this series. In Mathematica this straightforwardly computed using the
commands “Series” and “Series Coefficient”, respectively. A Mathematica worksheet using this method
for the computation of the probability distribution of the feedback loop, for all times, is provided (See
Methods Code Availability in the main text).

In Supplementary Fig. 2 we quantify the speed of our method versus two common algorithms: the
Finite State Projection algorithm [2] and the Stochastic Simulation Algorithm (SSA) [3]. The CPU times
are measured on a laptop with an Intel i7 (2.6 GHz) quad-core processor. It is found that FSP’s CPU time
increases rapidly with the time ¢ at which the probability distribution is evaluated and also significantly
with the size of the truncated protein space. In contrast LMA’s CPU time shows a very weak increase
with t and is barely affected by the size of the protein space (see Supplementary Fig. 2A and 2B for
details). For example, for the feedback loop with no cooperativity, the evaluation of probability distri-
bution at time t = 6 takes about 1.5 mins using FSP whereas it takes about 2 seconds with the LMA (see
Supplementary Fig. 2B). FSP’s considerable computational time here stems from it solving a system of
600 equations, since the minimal truncation of the protein space for an accurate distribution evaluation is
[0,300] and there are two promoter states. The LMA’s computational time in contrast stems mostly from
the evaluation of the effective binding rate which involves numerical integration over the interval [0, ¢].
In Supplementary Fig 2C we show the CPU time associated with computing the distribution by means
of the SSA as a function of the number of realizations; to obtain an “acceptable” distribution, it clearly
takes of the order of minutes whereas the LMA and FSP for this example take about 0.5 seconds and 2
seconds, respectively. Hence it is amply clear that that computation of the LMA can be done efficiently
and involves a CPU time which is typically far less than that of FSP and SSA.

Supplementary Note 4 Exact solution for first-passage time of promoter switching
in feedback loop in steady-state conditions

The calculation will be in two parts. First we calculate the first-passage time distribution to switch from
G to G* given the general initial condition of n proteins and promoter state G. Following we will use
this result together with the marginal protein distribution in steady-state conditions to obtain the first-
passage time of promoter switching (from G to G*).
For the purpose of calculating the first part of the calculation we only need to consider the following
set of reactions: .,
¢ c+pr, PLo, Gc+P %G (14)
The associated CMEs are:
dP(np,t)
Tf = pu[P(np —-1,t) — P(np, H]+ [(np + 1)P(np +1,¢t) — in(np, H] — Ubin(np, f), (15)

with P(np, t) being the probability of observing n, proteins and the promoter is in state G at time ¢. The
general deterministic initial condition of n proteins and promoter state G is here assumed.
Multiplying z"f on both sides of Eq. ([l5) and summing over all 1, we obtain the PDE that governs



the evolution of the generating function G(z, t):
0:G(z,t) = pu(z —1)G(z,t) + [1 — (1 + 03 )2]9.G(z, ),

together with the initial condition G(z,0) = z".
Making use of the method of characteristics, the PDE problem is transformed into a set of coupled

ODEs:
dt

& —1, t(O) = 0,

dz

%= =1+4+o0p)z—1, z(0)=r,
dG o
& =pu(z—1)G, G(0)=r",

with r being a variable representing initial conditions. Solving these ODEs simultaneously, one obtains:

_ (140y)s
t=s, z:[r(l—l—ab)l_:]; +1, G:C(r)exp[

pulr(l+op) — 1]e(I+ob)s _ Pulbs
(1 + U'b)z 1+ 0p

. (16)

where

o [ell— (4 ay)
) = rrep | P

Solving for r and s in terms of z and t from Eq. (@), the full solution of G is found to be:

1 1 " 1
=|(z= —(top)t = L _ — e~ (1How)t
G(z,t) [(z 7 Ub)e 1+Ub} exp [1 o ( (Tbt—l-(Z 7 Ub) (1 e ))}

Hence the probability that at time t the system is still in state G is given by G(1,t) = ¥, P(np, t). The
FPT distribution to switch from G — G* is then given by [4]:

P(tpp = t‘np =n,t=0) = —9;G(1,t). (17)

Now we come to the second and last part of the calculation. According to Bayes’ theorem, the prob-
ability of FPT of the switch from G to G* at steady-state can be computed via:

P(tgp = t) = Y P(tpp = t|np = n,t = 0) P(np = n|ng = 0), (18)
n
A B

where part A corresponds to Eq. (@) and part B is the steady-state protein distribution conditional on
the promoter being in the state G* of the feedback loop (as given in [5]). Note that to calculate part B there
are in principle three possible choices for the protein distribution: P(n, = n), P(np, = n|ng = 0) and
P(np = n|ng = 1). We use P(np = n|ng = 0) because this is the distribution of proteins just before the
switch from G* to G, i.e., the distribution of proteins seen by the system when the reaction G+ P — G*
becomes first possible. A numerical validation of this intuition is presented in Supplementary Fig. 3.
Note that while part A is computed using the subnetwork of the feedback loop (shown in schematic ([L4)),
part B is computed using the full feedback loop; this is since part B requires knowledge of the steady-
state conditional distribution of protein numbers which is determined by the back and forth switching
between the two promoter states.

The distribution can also be computed approximately using the LMA. The approximation to Part A
is calculated using the LMA as detailed in Methods 4.6 in the main text. The approximation to Part B is
calculated from the LMA according to the recipe in Methods 4.2 in the main text.



Supplementary Note 5 LMA for feedback loop with Michaelis-Menten degrada-
tion in steady-state conditions

The feedback loop of with Michaelis-Menten (MM) protein degradation is given by:

G G+pP, G+P G ¢ g Pl g

in which J(np) = Ilé‘ﬁfp is the MM degradation rate which is compatible with enzymatic degradation of
the protein under quasi-equilibrium conditions. The LMA maps the nonlinear GRN to the corresponding
“linear” GRN of the type:

c™Mcyr, oG, &g Py, (19)
We now first solve the steady-state marginal protein distribution of the linear GRN and then use the LMA
recipe to obtain the effective binding rate 0}, in terms of the parameters of the original nonlinear GRN.

Steady-state solution of the linear mapped GRN

The CMEs describing (@) at steady-state are given by:
Pu[PO(”p —1) - PO(”p)} + ](”p + 1)P0(”p +1) - ](”p)PO(”p) - ‘_TbPO(”p) + ouPy (”p) =0, (20)

and
](”p + 1)P1(”p +1) - I(”p)Pl (”p) + ‘_7bPO(”p> - (Tupl(”p) =0, (21)

where Py(np) and Py (np) are the probability that there are 1, proteins when the promoter is in state G
and G*, respectively. Adding together Eq. (20) and Eq. (@) gives:

](”p + 1)P(”p +1) - ](”p)P(”p) JrPu[PO(”p -1)— PO(”p)] =0. (22)

with P(np) = Py(np) + Pi(np). Furthermore taking the summing of Eq. (@) from np = 0to N, and then
setting N = 7, one obtains:
J(np +1)P(np + 1) = puPo(np),

which is tantamount to:
Kalnp + )Py +1) = (K+DpuPo(np) + punpPa(y). 23)
The corresponding generating function of Eq. (@) is:
k49-G = pu(K + 1)Gg + puz9- Gy, (24)

with G(z) = ¥;z'P(i) and Gi(z) = ¥ ziP]-(i) for j = 0,1. It is noted that no assumption has been made
hitherto.

Next we assume that:
kd(np + 1)

1) ~
](np+ ) K+nyp

7

an approximation that is expected to be good when the protein number is sufficiently large. The CME
Eq. (1) is thus approximated by:

ka(np +1)Py (np + 1) — kqnpPy (np) + (K + np) [3pPo(11p) — 0uPy (np)] =0,



which has the associated generating function equation:
kd(l — z)azGl + 01,KGo + 0,20, Gy — 0uKGy — 0429,G = 0. (25)

Solving d,G; from Eq. (@) together with G = G; + Gy, differentiating Eq. (@) with respect to z and
combining the two, it follows that:

— LGy + (M — N2)2,Go + (=K + Pz — 02%)9%.Gy = 0, (26)
where
L =1+ K)pu(kq + ou + Koy),
M =kglkg + (24 K)pu + (1+ K)(dp + )],
N =0u[(3+ K)kq + (3 + 2K) 0],
P =kq(kq + pu + 0p + 0u),

Q =pu(kq + ou).
To transform Eq. (@) into the following standard form of hypergeometric function »F; (&, 8, v, w):

w(l— w)afuwGo +(y— (e + B+ 1)w)ouwGo — afGy =0,

we apply the variable transformation z = Aw + B with A and B as undetermined real numbers. Hence,
Eq. (26) becomes:

A2 [~K3 +PB— QB% + (PA—20AB)w — QA*w*2,Go + A" H (M — NB — N Aw)d,Gy — LGy = 0,
which further implies that .A and B can be solved from the simultaneous equations:

~kKi+PB-0B*=0,
PA—20A8 = QA%

Thus, the generating function Gy can be represented as:

G() =AX 21:1 <0€,,3,’y,zj413) ,

in which « and f are solved from

tx+ﬁ+1—%/:0,

aﬁ—ézo,
M—-NB
A

and A is the normalization constant.
The probability P(n;,) is of more interest in practice and can be calculated from Eq. (@):

1 1 np—1

n
P(T’lp) = @azpc = kan!aZ

[ou(K +1)Go + puzd2Go] - 27)

forn > 1. Using Eq. (@) one can also obtain the probability P(0) from the equation:

P(0) = o [~ (pu + &) Po(0) + J(1)Py(1)] + Py(0).

10



The normalisation constant is difficult to obtain in closed form and is easiest computed numerically us-

ing A = [an P(np)}

Computation of effective binding rate 7}, using the LMA recipe

The steady-state moment equations of the reaction system (@) are:
kdl’lp
pulng) — < > =0,
& K+np
Mpe : § — 0p(ng) +ou(l—(ng)) =0,

kqnpn ~
pu(ng) — <K+pn§> — 0y (npng) + oulnp) — oulnpng) = 0.

Note that the set of equations My, has statistical averages taken over rational functions of 7, which leads
to a set of non-closed moment equations. To make it closed, the following set of equations are used to
get an approximate solution:

kq(n
palre) g o =0
M : § — (_7b<”g> +ou(1— <”g>) =0,
kq(npng)

pu(ng) — m — 0y (npng) + ou(np) — oulnpng) =0

Substituting 7, = oy (npng)/(ng) in the above equations, we can solve for the moments (npng), (1p)
and (ng). Finally using these moments to compute G, = 0y, (npng) / (ng) and substituting in the explicit
solution Eq. (27) gives us the LMA steady-state distribution of protein numbers for the feedback loop
with Michaelis-Menten degradation.

Supplementary Note 6 LMA describing the time-evolution of the toggle switch

The toggle switch system [6] consists of the following set of reactions:
P1 * P2~ N 1
Go—Go+P, Gy —Gy+P, Go+M=G;, P—g,
02
03 * P4 ~x T3, % k
G —>G+M, G =G +M, G+P=G, M-—=0o.
74

Two proteins P and M are expressed by two different genes and they act as transcriptional activators or
repressors of the gene other than the one which expressed them. This is a typical example of a system
of four coupled promoter states, namely (Go, G1), (G§, G1), (Go, G7) and (G, G}). Note that the we non-
dimensionalise time and all rate parameters by the the degradation rate of protein P.

Suppose that we are interested in the marginal distributions of proteins of P and M at time ¢.

The nonlinear GRN above is mapped according to the LMA recipe to the linear GRN:

Go ™ Go+P, GLBG+P, Go=2Gi, P,
%3
03 04 73 k (28)
G —>G+M, G —=Gf+M, G =G, M—=g,
0y

where 7 and 03 are effective reaction rates to be determined. Note that these effective reaction rates 7

11



and 03 absorb the coupling between the two genes.
First we compute the effective binding rates #; and 73 in terms of the rate constants of the original
nonlinear GRN. The moment equations of (@) are given by:

) =p1(ng,) + p2(1 — (ng,)) — (np),

) =p3(ng,) +pa(l = (ng)) — k(nm),

) =—01(ng,) +02(1— (ng,)),

Mg (1,03) dt(ng,) = — 03(ng,) +0a(1 — (ng,)), (29)
) =— (1+ 03+ 04)(npng,) + (o1 — p2) (ng,ng,) + p2(ng,) + oanp),
) = — (k+ 01+ 02)(nmng,) + (03 — p4) (g g, ) + palng,) + 02(nm),
y=—(1+0m+03+ 04)(ng0ngl) + az<ng]> + (74(ng0>,

where np, 11, are numbers of protein P and M respectively, Ng, = 1 and ng =1 denote the gene state Gy
and G respectively. We substitute 51 = o1 (nmng, )/ (ng,) and 3 = o3(npng, )/ (ng, ) in the above moment
equations and solve them on the time interval #' € [0, t]. Denoting the solved moments of interest at time
t'as (nmng, )y, (nphg, )y, (ng, )y and (ng, )y, we have, by the LMA recipe, that the effective (time-averaged)
reaction rates at time ¢ are given by:

<nPng1>

. _on [t {nmitgy )y v ar.

73
o = dt’, ofF =
1 t 0 <1’lg0 > # 3

t 0 <ng1>tl

Finally we determined the marginal distributions at time ¢ as follows. The LMA decouples the toggle
switch into two separate linear GRNs. This decoupling is a great advantage of the LM A since the solution
of these two linear GRN’s has already been given in the main text in the context of the linear GRN arising
from the feedback loop. Thus we can immediately state that the marginal protein number distribution for
P at time t is given by replacing (ou, pp, 0u, 0p) in Eq. (11-13) in the main text by (01,02, 02,77 ). Similarly
the marginal protein number distribution for M is given by replacing (pu, b, 0w, 0p) in Eq. (11-13) in the
main text by (03/k, 04/k, 04/k, 75 /k).

Supplementary Note 7 LMA for the feedback loop with explicit mRNA transcrip-
tion and protein translation in steady-state conditions

This nonlinear GRN is an extension of the feedback loop where we now include explicitly the mRNA
dynamics besides that of protein:

GMGeMm e eM ME Mip,
MYLe Phy G4+P=2G~

Ou
Here M and P are mRNA and protein respectively. The linear GRN that the above nonlinear GRN maps
onto is the well-known three-stage model of gene expression [/]]:

G™MGc+M G M ML Mip,
o (30)
ML Pha GG

Ou
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where 0y, is an effective rate to be determined as follows. The moment equations of (@) are given by:

0t (1m) :Pu<”g> +Pb(1 - <”g>) Y (nm),
dt(np) =p(nm) —d(np),
di(ng) = — 0y (ng) +ou(l — (ng)),
at<”p”g> =p(nmng) — (d + 0 + ou) (npng) + oulnp),
)

9t (nming) =pu(ng) — (0u + 0 + 7)(Mmng) + Gu(fm),

where we have use the fact that since 7g is a Boolean variable then né = ng. Substituting 6y, = oy, (npng) / (ng)
in the above equations and solving the resulting moment equations at steady-state, one obtains (1,ng)

and (ng), from which one can construct the effective binding rate o}, = oy, <7/<lpn>g> .

The steady-state marginal distribution of mRNA numbers for (@) is well known [/-9] and is given
by Egs. (14-15) in the main text with (oy, oy, G, 0u) replaced by (ou/7y, 0/, 05 /7, 0u/ 7).

The protein distribution cannot be obtained explicitly from LMA, as currently there is no known exact
solution for protein distribution reported for the three-stage model of gene expression. However, all the
moments of protein are obtainable since the moment equations are closed for the linear GRN (@).

Supplementary Note 8 Some proofs related to the time-averaging assumption

First term of the Magnus series of the master equation gives a well-defined probability vector

Consider the master equation:

Pn(t) = AL (t)Pn(t), Pn(0) = Py (31)

in which Ay (t) is a zero-column-sum matrix with negative diagonal elements and positive non-diagonal
elements for all times t (these properties are natural to any master equation [2]). These properties guar-
antee that Pn(t) is a probability vector at all times (the elements of Px(#) are greater than or equal to
zero and they sum to 1 for all times). The proposed approximate solution at time t = T is the first term

of the Magnus expansion:
T
P (T) =exp (/ AL(t)dt> P
0

We are interested in whether P (T) is a well-defined probability vector or not. For convenience, we also

define:
1 TA dt
Act=—
CT T/o L(t)

Claim 1: The matrix Ac 1 is a zero-column-sum matrix, all its diagonal elements are negative and all its
non-diagonal elements are positive.

First, we divide T into N small intervals whose length is all A. On the i-th interval the matrix Ay ()
is approximated by a constant matrix A := Ap((i — 1)A), namely,

CIT="NA ~ N

Thus, the summation of the j-th column of Ac  is:



where [-]; stands for the summation of all elements of the j-th column.The second equality holds because
of zero-column-sum of A! . Taking the limit N — oo of the equation above leads to the zero-column-sum
property of Ac 1. The diagonal element properties follow by similar reasoning.

Claim 2: The vector Py (T) is a probability vector with positive elements and the summation of which is
equal to 1 for any time T.

It is noted that Py (T) is also a solution to the differential equation:
PL(t) = AcTPL(t), PL(0) =Pp

at time T. Note that this is possible because Ac 1 is a time-independent matrix. By the properties of Ac 1
in Claim 1, it follows that Py (T) is a probability vector. Hence it follows that the first term of the Magnus
expansion has a meaningful interpretation in a probabilistic sense.

Exponential convergence of moments

The moment equations can always be written in the form x = ¥ (#)x + b where x is the moment vector,
¥ (t) is Hurwitz uniformly in time and b is a constant vector. The proof below shows that since ¥ (t) is
Hurwitz uniformly in time, there exists a Lyapunov functional with the property that the time derivative
of the Lyapunov functional is less than a negative constant times the functional itself; this then implies
exponential convergence of the moment vector to a steady-state constant.

To discuss the stability of the x = ¥(t)x + b it is enough to investigate the system z = ¥(t)z since
the time dependence is not affected by the constant vector b. For nonlinear gene regulatory networks
with constant rates, the LMA leads to an approximately equivalent linear gene regulatory networks with
a time-dependent protein-promoter binding rate 7}, (). Hence the time dependence of ¥(t) is because of
0p(t). Now since 0y, (t) is positive for all time, it is easy to check (for a given particular gene regulatory
network) that ¥ (t) is Hurwitz for any time ¢, i.e., the real part of the eigenvalues of ¥(t) is negative for
all times. According to Lemma 9.9 in [[10], there exists a positive definite solution P(d,(t)) satisfying a
Lyapunov equation:

P(0y () ¥ (1) + ¥ (P (3 (1)) = ~L.

Told by the same lemma, |[9;, (1) P(7(t))]] is upper bounded by c5 and c1z'z < z'P(6y,(t))z. Therefore,
the derivative of Lyapunov functional V(t,z) = z' P(&;,(t))z becomes:

V(t,2) =2 [P(@() ¥ () + ¥ (DP(@ (1)) + (1))
=2 [~1+ 05, P(ab(t)) x 0p(1)]z
= LGN
Now 0, (t) is proportional to o}, (follows by the definition of 7}, () in the main text). Hence if 0}, is small

enough, we have: .
V(t,2) < —ellz]?

for some positive real €. By means of c1z' z < z' P(6;,(t))z, we have
V(t,z) < —(e/c1)V(t, z).

By the Comparison Lemma (p.103 in [10]), there exists a system W = —(e/c1)W which upper bounds
V(t,z) for all the time and converges exponentially. This observation indicates the exponential conver-
gence of the moments and it further implies that 7y, () reaches the steady state value 7y, (c0) exponentially
as well (follows by the definition of 0},(¢) in the main text).
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Supplementary Figure 1: Accuracy of the LMA approximation of the moments of the nonlinear GRN with oscillating
transcription. The structure of the GRN is shown in Supplementary Fig. 2(C) of the main text. (A) a comparison of
the mean and variance in protein numbers obtained from the LMA approximation and those obtained from the SSA.
(B) compares the input signal 1 + Am cos(k7tt) (modulating the transcription rate) with the mean protein numbers
from the SSA and the LMA Eq. (@). The parameters are py, = 60, pp = 25, Am = 0.3,k = 1.33, 0, = 0.004, o, = 0.25.
The phase differences between the input and the mean given by the SSA is 1.3322 rad, while the theoretical phase
difference predicted by LMA is 1.3359 rad.
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| Feedback Loop Cooperativity Protein Bursts

Type (owpp) | LMA  Num. Int. | LMA Num. Int. | LMA Num. Int.
(60,25) | 58.53 57.87 32.41 31.42 36.71 36.41
Repressor  (50,25) | 35.76 35.52 17.31 16.93 16.24 16.21
(40,25) | 5.25 522 2.49 2.43 0.61 0.60
(25,60) | 59.19 60.57 35.86 39.15 43.15 4413
Activator  (25,50) | 36.85 37.32 20.84 21.98 18.82 19.13
(2540) | 5.71 5.78 3.24 3.37 0.74 0.76

Supplementary Table 1: Table showing the percentage of the logarithmic space in Fig 9 (main text) where the steady-
state distribution is bimodal, i.e., where there is noise-induced bistability, according to the LMA and to numerical
integration (‘Num. Int.”) of the master equations of the three types of nonlinear feedback loops.
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Supplementary Figure 2: Comparison of CPU time for the LMA, FSP and SSA methods. (A) The LMA and FSP are
used to obtain the protein-distributions for the feedback loop with and without cooperativity for t = 0.5,1,1.5,2,3,4
(these distributions are shown in Fig. 2D in the main text). The y-axis shows the corresponding CPU time for each
algorithm for each value of ¢. The parameter set is py = 60, pp, = 25, 0y = 0.25, 0, = 0.004 and the FSP is solved in the
protein number space [0, 100] (this is the minimal truncation of state space which gives an accurate distribution). The
error bars denote the standard deviation of CPU time conducted for 10 replicates. Note that while the LMA’s CPU
time is very weakly dependent on the time ¢ at which protein distribution is evaluated, FSP’s CPU time increases
rapidly with increasing t. (B) Same as (A) but now using the parameter set o, = 240, p, = 100, 0y, = 0.25, 01, = 0.004.
This leads to protein distributions which are defined over the protein number space [0,300]. The three times larger
state space compared to (A) leads to a significant increase in the FSP’s CPU time (from seconds to minutes) but the
LMA'’s CPU time is barely affected and still of the order of few seconds. (C) The CPU time for the estimation of the
protein distribution at time ¢t = 4 using the SSA for the feedback loop for parameter set py = 60,0, = 25,04 =
0.25, 01, = 0.004. Note that to obtain an acceptable distribution a few thousand realizations are needed and the CPU
time is of the order of minutes whereas the LMA’s CPU time according to (A) for t = 4 is about 0.5 second.
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Supplementary Figure 3: First-passage time distribution for feedback loop without cooperativity for different val-
ues of 03,. The distribution is calculated via Eq. (@), wherein Part A is calculated exactly and Part B uses one of
three distinct steady-state probability distributions P(np), P(np|ng = 1) or P(np|ng = 0). These probabilities are
calculated exactly using the solution in [F]. Note that independent of the value of ¢}, (and of P (ng), the probability
of being in state G), the stochastic simulation algorithm (SSA) agrees exactly (within small sampling error) with Eq.

(18) using P(np|ng = 0) for Part B.
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