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SUPPLEMENTARY NOTE 1: PROOF OF
THEOREM 1

For completeness we repeat the statement of theorem
1.
Theorem 1 Let ρAB ∈ B(HA ⊗HB) and σAC ∈ B(HA ⊗
HC) be two compatible bipartite quantum states. Let
{MA

j } be an arbitrary, but fixed, informationally com-
plete POVM on system A. Denote the dimension of any
system X as dX ∈ N. The following are equivalent:

1. The state ρAB quantum majorizes σAC,

σAC ≺q ρAB. (1)

2. For any quantum process (CPTP linear map) Φ :
B(HA)→ B(HA′), with dA′ = dC,

Hmin(A′|B)Φ⊗id(ρAB) 6 Hmin(A′|C)Φ⊗id(σAC) (2)

3. Supplementary Equation (2) holds for any measure-
and-prepare quantum channel Φ : B(HA) →
B(HA′) of the form:

Φ
(
ηA
)

=

d2
A∑

j=1

Tr
[
MA
j η

A
]
ωA′

j , (3)

while the states {ωA′

j } can freely vary.

4. g(ρAB, σAC) > 1, where the the function g is de-
fined by the following semidefinite programming:

g(ρAB, σAC) = max{
y
∣∣∣ ∀j yσT

j 6 TrB

[
τCB(I ⊗ ρj)

]
, τCB > 0, τB 6 I

}
(4)

where

ρj ≡
TrA

[(
MA
j ⊗ 1B

)
ρAB

]
Tr
[
MA
j ρ

A
] and

σj ≡
TrA

[(
MA
j ⊗ 1C

)
σAC

]
Tr
[
MA
j σ

A
] . (5)

In order to prove Theorem 1, we will begin by proving
the following lemma. Recall the definition of conditional
min-entropy Hmin(A|B)Ω, of a bipartite state ΩAB,

Hmin(A|B)Ω := − log inf
τB>0
{Tr
[
τB
]

: 1A ⊗ τB > ΩAB}.

(6)

Lemma 1 Let {ρB
i }ni=1 and {σC

i }ni=1 be two sets of n den-
sity matrices in B(HB) and B(HC), respectively. Let
{qi}ni=1 be some arbitrary but fixed probability distri-
bution with qi > 0. For any set of n density matrices
{ωA

i }ni=1 in B(HA) (with dA = dC) define the following
tripartite separable matrix:

ΩABC ≡
n∑
i=1

qi ω
A
i ⊗ ρB

i ⊗ σC
i . (7)

Then, the following are equivalent:

1. There exists a CPTP map E : B(HB) → B(HC)
such that

E(ρB
i ) = σC

i ∀ i = 1, ..., n . (8)

2. For any ωA
1 , ..., ω

A
n ∈ B(HA):

2−Hmin(A|B)Ω > dC〈φAC
+ |ΩAC|φAC

+ 〉 , (9)

where |φAC
+ 〉 denotes the maximally entangled state

on HA ⊗HC.

3. For any ωA
1 , ..., ω

A
n ∈ B(HA):

Hmin(A|B)Ω 6 Hmin(A|C)Ω . (10)

Proof. Consider two families of density matrices, {ρB
i }ni=1

and {σC
i }ni=1. We want to reformulate, in an equivalent

way, the condition

∃ CPTP E : E(ρB
i ) = σC

i ,∀i. (11)

By introducing a set of self-adjoint operators {XC
j } form-

ing a basis for B(HC), Supplementary Equation (8) can
be written as

∃ CPTP E : Tr
[
E(ρB

i ) XC
j

]
= Tr

[
σC
i XC

j

]
,∀i, j. (12)

Let us now consider the set of real vectors

rE = (rij) : rij = Tr
[
E(ρB

i ) XC
j

]
(13)

obtained by letting E vary over all possible CPTP maps
from system B to system C, while the ρi’s and the Xj ’s
are kept fixed. It is clear that the set

S = {rE : E CPTP} (14)

is a closed and bounded convex set, as it is the image,
under a linear map, of the set of CPTP maps from B to
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C (that is a closed and bounded convex set). By writing
s = (sij) when sij = Tr

[
σC
i XC

j

]
, Supplementary Equa-

tion (12) becomes

s ∈ S . (15)

At this point, we invoke the separation theorem for
convex sets (see, e.g., Ref. [1]), which in particular implies
the following:

Lemma [Separation theorem] Let S ⊂ Rn be a closed
and bounded convex set. The vector y ∈ Rn belongs to
S, i.e. y ∈ S, if and only if, for any vector k ∈ Rn,
maxx∈S k · x > k · y.

Applied to our case, it yields that condition (8) is
equivalent to

∀λ = (λij) with λij ∈ R, max
r∈S

r · λ > s · λ , (16)

namely,

∀λ = (λij) with λij ∈ R,

max
E:CPTP

∑
ij

λij Tr
[
E(ρB

i ) XC
j

]
>
∑
ij

λij Tr
[
σC
i XC

j

]
.

(17)

Defining self-adjoint operators ZC
i =

∑
j λijX

C
j , we

can reformulate the statement as follows:

∀ self-adjoint {ZC
i },

max
E:CPTP

∑
i

Tr
[
E(ρB

i ) ZC
i

]
>
∑
i

Tr
[
σC
i ZC

i

]
. (18)

In this condition we should vary operators ZC
i over

all self-adjoint operators. However, it turns out that we
can only restrict these operators to the set of density
operators. In other words, this condition is equivalent to

∀ states {ωC
i },

max
E:CPTP

∑
i

Tr
[
E(ρB

i ) ωC
i

]
>
∑
i

Tr
[
σC
i ωC

i

]
. (19)

To show this note that for any bounded self-adjoint op-
erator ZC

i and positive number zi > ‖ZC
i ‖∞, ZC

i + zi1
C

is a positive operator, and therefore ωC
i ≡ (ZC

i +
zi1

C)/Tr
[
ZC
i + zi1

C
]

is a density operator. Further-
more, since constants zi can be chosen independent of
each other, we can choose them such that Tr

[
ZC
i + zi1

C
]

is a positive constant independent of i. Then, putting
this set of states ωC

i into Supplementary Eq. (19) and
using the fact that Tr

[
E(ρB

i )
]

= Tr
[
σC
i

]
= 1 we can re-

cover Supplementary Eq. (18).

In Supplementary Eq.(19) all the terms corresponding
to different states ωi have equal weights in the summa-
tions. Next, we show how this constraint can be relaxed:
Consider an arbitrary fixed probability distribution qi,

with full support, such that qmin ≡ mini qi > 0. Then, it
turns out that condition (19) can be reformulated as:

∀ states {ωC
i },

max
E:CPTP

∑
i

qi Tr
[
E(ρB

i ) ωC
i

]
>
∑
i

qi Tr
[
σC
i ωC

i

]
. (20)

To show this we use the fact that for any state ωC
i , the

convex combination (qmin/qi)ω
C
i + (1− qmin/qi)1

C/dC is
also a valid state. Using this together with the fact that
Tr
[
E(ρB

i )
]

= Tr
[
σC
i

]
= 1 we can derive condition (19)

from condition (20) and vice versa.
The next step is to introduce an auxiliary system A ∼=

C (i.e., dA = dC), choose two orthonormal bases {|iA〉}
and {|iC〉}, and define the maximally entangled state

|φAC
+ 〉 ≡ d

−1/2
A

dA∑
i=1

|iA〉|iC〉 . (21)

Noticing that Tr[XY ] = dTr
[
X ⊗ Y T φ+

]
, where the

superscript T denotes the transposition with respect to
the basis in (21), and that ωi are density matrices if and
only if (ωi)

T are, we arrive at

∀ states {ωA
i }, (22)

max
E:CPTP

∑
i

qi Tr
[{
ωA
i ⊗ E(ρB

i )
}
φAC

+

]
>
∑
i

qi Tr
[{
ωA
i ⊗ σC

i

}
φAC

+

]
.

As shown in Ref. [5], the quantity

max
E:CPTP

∑
i

qi Tr
[{
ωA
i ⊗ E(ρB

i )
}
φAC

+

]
(23)

= max
E:CPTP

〈φAC
+ |(id⊗ E)(ΩAB)|φAC

+ 〉 , (24)

for ΩAB ≡
∑
i qi ω

A
i ⊗ ρB

i , can be written in terms of the
conditional min-entropy (6) as

1

dA
2−Hmin(A|B)Ω . (25)

We thus proved that statements (1) and (2) of Lemma 1
are indeed equivalent.

Moreover, a sufficient condition for (8) is that

∀ states {ωA
i },

max
E:CPTP

∑
i

qi Tr
[{
ωA
i ⊗ E(ρB

i )
}
φAC

+

]
> max
F :CPTP

∑
i

qi Tr
[{
ωA
i ⊗F(σC

i )
}
φAC

+

]
,

(26)

namely

2−Hmin(A|B)Ω > 2−Hmin(A|C)Ω , (27)
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where now ΩAB and ΩAC are meant as the marginals
of the same tripartite extension ΩABC =

∑
i qi ω

A
i ⊗

ρB
i ⊗ σC

i . However, it is easy to verify that the above
condition is also necessary: indeed, if (8) holds, due to
the data-processing theorem applied to the conditional
min-entropy (see, e.g., Ref. [6] and [7]), Hmin(A|B)Ω 6
Hmin(A|C)Ω. We thus have that statements (1) and (3)
are also logically equivalent, and hence the proof is com-
plete.

We are now ready to prove the main theorem.
Proof of Theorem 1:
Let {QA

k }
d2

A

k=1 be the dual basis of {MA
j } in B(HA),

that is, Tr
[
MA
j Q

A
k

]
= δjk. Then, since {QA

k } is itself a
basis, we can write

ρAB =

d2
A∑

k=1

QA
k ⊗ ρ̃B

k and σAC =

d2
A∑

k=1

QA
k ⊗ σ̃C

k (28)

where

ρ̃B
j ≡ TrA

[(
MA
j ⊗ 1B

)
ρAB

]
σ̃C
j ≡ TrA

[(
MA
j ⊗ 1C

)
σAC

]
(29)

are sub-normalized quantum states (i.e. positive semi-
definite matrices). Moreover, since ρA = σA we have
Tr
[
ρ̃B
j

]
= Tr

[
σ̃C
j

]
≡ pj . We therefore conclude that that

there exists CPTP map E that satisfies Supplementary
Equation (1) if and only if there exists a CPTP map E
that satisfies

σC
j = E

(
ρB
j

)
(30)

where ρB
j ≡ ρ̃B

j /pj and σC
j ≡ σ̃C

j /pj . To apply Lemma 1,
we introduce a system A′ with dA′ = dC, we fix an arbi-
trary probability distribution qi > 0, and define

ΩA
′BC ≡

d2
A∑

j=1

qj ω
A′

j ⊗ ρB
j ⊗ σC

j =

d2
A∑

j=1

qj
p2
j

×

ωA′

j ⊗ TrA

[(
MA
j ⊗ IB

)
ρAB

]
⊗ TrA

[(
MA
j ⊗ IC

)
σAC

]
,

(31)

where the states ωA′

i can vary. Then, taking qj = pj , we
conclude that

ΩA
′B = Φ⊗ id

(
ρAB

)
,

ΩA
′C = Φ⊗ id

(
σAC

)
. (32)

Notice that, in case some pi = 0, we can redefine the
measurement operators MA

j →MA
j + δ1A, in such a way

that they still span the set B(HA) but have non-zero
probability everywhere. With Supplementary Eq. (32) at
hand, the proof of Theorem 1 follows now from Lemma 1.
This completes the proof of theorem 1.

SUPPLEMENTARY NOTE 2: COMPLEXITY OF
DECIDING QUANTUM MAJORIZATION

We will show now that the problem of whether there
exists a CPTP map E such that E(ρi) = σi (see Lemma 1
above) can be formulated as a semidefinite programming.
Following similar lines, also all the other versions of quan-
tum majorization discussed in this paper can be shown
to be equivalent to a semidefinite programming.

We start by noting that Supplementary Equation (9)
can be written as

2−Hmin(A|B)Ω >
n∑
i=1

qiTr
(
ωiσ

T
i

)
(33)

where

ΩAB =

n∑
i=1

qi ωi ⊗ ρi . (34)

In the following we absorb the qis into ωis, so that the ωis
become subnormalized, satisfying

∑n
i=1 Tr[ωi] = 1. We

get that the above condition is equivalent to the condition
α(t) > 1 for all t, where

α(t) ≡1

t
min Tr[τ ]

subject to IA ⊗ τ >
n∑
i=1

ωi ⊗ ρi,

n∑
i=1

Tr
(
σT
i ωi

)
= t ;

n∑
i=1

Tr[ωi] = 1 ,

(35)

with ωi > 0. After rescaling τ ′ ≡ 1
t τ and ω′i ≡ 1

tωi we
get

α(t) ≡min Tr[τ ′]

subject to IA ⊗ τ ′ >
n∑
i=1

ω′i ⊗ ρi,

n∑
i=1

Tr
(
σT
i ω
′
i

)
= 1 ;

n∑
i=1

Tr[ω′i] = 1/t ,

(36)

The condition α(t) > 1 for all t is therefore equivalent to
one condition, α > 1 (more precisely, α = 1 since it can
be shown that α can never exceed 1), where

α ≡min Tr[Z]

subject to IA ⊗ Z >
n∑
i=1

Xi ⊗ ρi,

n∑
i=1

Tr
(
σT
i Xi

)
= 1 ; Xi > 0 . (37)
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We now show that the above minimization problem is
an SDP. To see it, we define the following vector space,
which is a direct sum of n+ 2 Hilbert spaces:

V1 ≡ B(HA⊗HB)⊕B(HB)⊕B(HA)⊕· · ·⊕B(HA) . (38)

The vector space V1 is consisting of matrices ζ ∈ V1 of
the form:

ζ = (η, Z,X1, ..., Xn) (39)

where η ∈ B(HA ⊗ HB), Z ∈ B(HB), and Xi ∈ B(HA)
for each i = 1, ..., n. In addition, we define the vector
space V2 ≡ B(HA ⊗ HB), and a linear transformation
Γ : V1 → V2 given by:

Γ (ζ) = I ⊗ Z −
n∑
i=1

Xi ⊗ ρi − η . (40)

Clearly, the map above is linear. Set σ ≡ (0,0, σT
1 , ..., σ

T
n )

so that Tr[σζ] =
∑n
i=1 Tr

(
σT
i Xi

)
. We also denote C ≡

(0, I,0, ...,0). With these notations:

α = min
{

Tr[Cζ]
∣∣∣ ζ > 0 ; Γ(ζ) = 0 , Tr[σζ] = 1

}
(41)

To bring the above optimization problem to a canonical
SDP form, we denote Hj ≡ Γ∗(Ej), where j = 1, ..., d2

Ad
2
B

and Ej is a basis of B(HA⊗HB). We also denote H0 ≡ σ.
With this notations we get

α ≡min Tr[Cζ]

subject to ζ > 0

Tr (ζHj) = δ0,j j = 0, 1, ..., d2
Ad

2
B

(42)

It is interesting to note that the dual problem is given
by

β ≡max y

subject to yσ + Γ∗(τAB) 6 C , τAB ∈ V2. (43)

where the dual map Γ∗ is given by:

Γ∗(τAB) =(
−τAB, τB,−TrB

[
τAB(I ⊗ ρ1)

]
, ...,−TrB

[
τAB(I ⊗ ρn)

])
(44)

Therefore, the dual problem can be expressed as

β = max y

subject to τAB > 0 ; τB 6 I ; and ∀ i = 1, ..., n

yσT
i 6 TrB

[
τAB(I ⊗ ρi)

]
(45)

Note that α (or β) can be commuted efficiently using
standard SDP algorithms.

SUPPLEMENTARY NOTE 3: TWO
FORMULATIONS: SEMIDEFINITE

PROGRAMMING VERSUS A COMPLETE SET
OF MONOTONES

As mentioned in Remark 3 of the main text, and as
shown in Note 2 above, all the instances of quantum ma-
jorization considered in this paper can be formulated as
semidefinite programs. These are well known for being
efficiently solvable. One may be left wondering, then,
about the role and relevance of the alternative formula-
tion of quantum majorization that we provide in Theo-
rem 1, in terms of an infinite set of inequalities between
state monotones. Clearly, if the problem is just to decide
whether quantum majorization holds or not, one should
run the corresponding semi-definite program. However,
the SDP formulation does not provide us any further in-
sight about why a solution exists or not, nor does it tell
us anything about the resources at stake and the way to
quantify them. In other words, it does not tell us much
about the physics behind quantum majorization.

Ideally, a resource theory should not only provide an
efficient way to check whether a free transformation exists
between two states, but also a way to measure resources
as state functions. While the SDP formulation fulfills
the former requirement, the formulation in terms of a
complete set of monotones fulfills the latter.

The fact that here we find a complete set of monotones
comprising infinitely many such functions is not an arti-
fact of the present approach, but it is something that ap-
pears in many other contexts too. For example, already
in classical statistics, the majorization relation with cat-
alytic transformations (i.e., the “trumping” relation) is
known to be equivalent to an inequality that must hold
for all (uncountably many) Rényi entropies [30], and no
discrete set of equivalent conditions is known. Again in
the classical case, catalytic thermal operations have also
been characterized in terms of an infinite set of “second
laws” involving free energy functionals [2]. In the quan-
tum theory of entanglement, when the local dimension
is four or higher, it is known that an infinite number of
entanglement monotones is not only sufficient but also
necessary, in order to determine state conversion [3].

The characterization of quantum majorization in terms
of a complete set of monotones, as we show in what fol-
lows, is also able to completely capture the notion of
quantum thermal processes, with respect to both energy
and coherence. This is non-trivial (and perhaps even sur-
prising), given that it was shown that no direct analogue,
in terms of “simple” free energy functionals, would ever
be able to capture the subtle interplay between energy
and coherence appearing in genuinely quantum thermal
processes between non-commuting states [4]. It is hence
a merit of our approach to circumvent this obstacle pro-
viding, at the same time, a novel insight into the theory.
Indeed, the monotones constructed here are able to go be-
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yond free energy functionals, by explicitly bringing into
the picture an external reference system, with respect
to which information about energy and time (i.e., coher-
ence) is measured. Such an insight, that suggests also
an intriguing physical picture behind quantum majoriza-
tion, cannot be gained by looking at the SDP formulation
alone.

Finally, the characterization in terms of monotones
has, with respect to the SDP formulation, another ad-
vantage, which is due to the fact that our monotones can
be expressed as min-conditional entropies [5, 6]. This
allows us to apply, in principle, the powerful tools devel-
oped for single-shot quantum information theory [7] in
order to study their behavior in the asymptotic scenario,
something that we leave open for future investigations.

SUPPLEMENTARY NOTE 4: RE-DERIVATION
OF THERMO-MAJORIZATION AS THE

CLASSICAL CASE

Thermo-majorization generalizes ordinary majoriza-
tion in a natural way [8–13]. Given two probability
distributions p = (pi) and q = (qi) together with the
Gibbs distribution γ = (γi) = ( 1

Z e
−βEi) at temperature

T = (kβ)−1, we say that p thermo-majorizes q and write
p �T q exactly when the following holds∑

k

|pk − tγk| >
∑
k

|qk − tγk|, (46)

for all t > 0. This can be shown to be equivalent [8–
11, 13, 22] to the existence of a stochastic map S such
that Sp = q and Sγ = γ. In what follows, we show that
quantum majorization reduces to Thermo-majorization
in the classical case. In particular, we will show that
the conditions in Theorem 1 (specifically, Supplementary
Equation (10) of Lemma 1) reduces to Supplementary
Eq. (46). We first start with the semi-classical case.

The semi-classical case

In this case, we assume that the n states, {σC
i }, in

Lemma 1 commute with each other. Therefore, we can
assume that they are all diagonal with respect to a fixed
basis. We show now that this immediately implies that
the n states {ωi} in Lemma 1 can also be taken to be di-
agonal in the same basis. In fact, in the following lemma
we show that if {σC

i } are all symmetric with respect to
some group, then the states {ωi} also have the same sym-
metry.
Lemma 2 Using the same notations as in Lemma 1, let
∆ : B(HC) → B(HC) be a CPTP map, and suppose
∆(σT

i ) = σT
i for all i = 1, ..., n. Then, in all the state-

ments of Lemma 1 we can replace the set {ωA
i } with the

set ∆†(ωA
i ).

Remark 1. The lemma above is particularly interesting
if the map ∆ corresponds to some symmetry. That is,
suppose the states {σT

i } satisfy Ugσ
T
i U
†
g = σT

i for any
g ∈ G, where {Ug} is some unitary representation of a
compact group G. In this case, one can take ∆ to be
the G-twirling, and thereby assume that all the ωA

i s of
Lemma 1 are also symmetric with respect to the same
representation of G.

Proof. The proof follows from the two sides of Supple-
mentary Eq. (9). On one hand,

dC〈φAC
+ |ΩAC|φAC

+ 〉 =
∑
i

qi Tr
[
σT
i ωi

]
=
∑
i

qi Tr
[
∆(σT

i )ωi
]

=
∑
i

qi Tr
[
σT
i ∆†(ωi)

]
, (47)

where ∆† is the dual (adjoint) unital map of ∆. On the
other hand, if

I ⊗ τ >
n∑
i=1

qi ω
A
i ⊗ ρB

i (48)

for some non-normalized state τ , then since ∆† is a unital
CP map we get

I ⊗ τ >
n∑
i=1

qi ∆†(ωA
i )⊗ ρB

i . (49)

That is,

2−Hmin(A|B)Ω > 2−Hmin(A|B)
∆†⊗id(Ω) . (50)

Combining (47) and (50) with (9) we conclude that if (9)
holds for all states of the form {∆†(ωA

i )} then it holds
for any set of n states {ωA

i }. This completes the proof of
lemma 2.

The case that we are interested here is the one in which
all the σis are diagonal with respect to some fixed basis.
This is the case considered in Corollary 1 of Ref. [21]. In
this case, we can take ∆ to be the completely decohering
map with respect to the fix basis. Since the set{∆(ωi)}
consists of diagonal matrices, we can assume w.l.o.g. that
all the ωis in Lemma 1 are diagonal. We can therefore
write

ωA
i ≡

dA∑
x=1

rx|i|x〉〈x| (51)

so that

ΩAB =

dA∑
x=1

|x〉〈x| ⊗
n∑
i=1

qirx|iρ
B
i (52)

is a classical quantum state. It is well known that for
classical quantum states, the conditional min-entropy can
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be expressed in terms of a guessing probability [5]. In the
case that dA = 2 the conditional-min entropy of ΩAB can
be further simplified and we get

2−Hmin(A|B)Ω

= min
τ

{
Tr[τ ] : τ >

n∑
i=1

qirx|iρ
B
i ∀x = 1, 2

}

=
1

2
+

1

2

∥∥∥∥∥
n∑
i=1

qi(r1|i − r2|i)ρ
B
i

∥∥∥∥∥
1

. (53)

However, even if the σis all commute, it is not enough
in general to restrict the comparison only to two-
dimensional auxiliary states ωi, if the goal is that of
showing the existence of a CPTP map achieving ρi → σi.
If such a restriction is made, what one can show is the
existence of a weaker map, namely, a 2-statistical mor-
phism [14, 21], but counterexamples have been shown for
which neither a CPTP nor a PTP map exists [23].

There are two very important exceptions to this. The
first is the case in which there are only two commut-
ing states {ρ1, ρ2} and two commuting states {σ1, σ2},
namely, the case of two classical dichotomies. In this
case, already Blackwell showed that two-dimensional
commuting states ωi suffice [11].

The second exception is that of two pairs of qubit den-
sity matrices {ρ1, ρ2} and {σ1, σ2}: even if these do not
commute, again, two-dimensional commuting states ωi
suffice [22].

Thermo-majorization

In the completely classical case, in addition to the ωis,
also the set {ρB

i } consists of diagonal matrices. Denoting

ρB
i ≡

dB∑
y=1

sy|i|y〉〈y| (54)

we get that

ΩAB =

dA∑
x=1

pxy|x〉〈x| ⊗ |y〉〈y| ; pxy ≡
n∑
i=1

qirx|isy|i .

(55)
Now, in this case, the conditional min-entropy is given
by

2−Hmin(A|B)Ω

= min
τ

{
Tr[τ ] : IA ⊗ τ >

∑
x,y

pxy|x〉〈x| ⊗ |y〉〈y|

}
=
∑
y

max
x

pxy =
∑
y

max
x

rx · sy (56)

where for each x and y, rx is the n-dimensional vec-
tor whose components are {qirx|i}ni=1, and sy is the

n-dimensional probability vector whose components are
{sy|i}ni=1. Similarly, denoting by

σC
i ≡

dB∑
z=1

tz|i|z〉〈z| , (57)

we conclude that

2−Hmin(A|C)Ω =
∑
z

max
x

rx · tz , (58)

where tz is the probability vector whose components are
tz|i. Therefore, in the classical case, the condition in (10)
is equivalent to ∑

y

f(sy) >
∑
z

f(tz) (59)

for any sub-linear functional f of the form f(s) =
maxx rx · s. Note that

∑
y sy =

∑
z tz = (1, 1, ..., 1)T.

Finally, to obtain themo-majorization, we consider the
case n = 2. That is, we have two input states ρ1 and
ρ2, and two output states σ1 and σ2. We can think of
ρ2 and σ2 as Gibbs states. Note that all the vectors rx,
sy, and tz are two-dimensional since n = 2. Therefore,
in this case, it is sufficient to consider in (59) only sub-
linear functionals with two elements; that is, of the form
f(s) = max{r1 · s, r2 · s} (see [20] for more details). We
therefore conclude that the condition in (10) is equivalent
to∑

y

max{r1 ·sy, r2 ·sy} >
∑
z

max{r1 · tz, r2 · tz} (60)

for all r1, r2 ∈ R2
+. Using the relation max{a, b} = a+b

2 +
|a−b|

2 for any two real numbers a and b, the equation
above becomes equivalent to∑

y

|(r1 − r2) · sy| >
∑
z

|(r1 − r2) · tz| (61)

where we used the fact that
∑
y sz =

∑
z tz =

(1, 1, ..., 1)T. Denoting by r1 − r2 ≡
(
a
b

)
∈ R2, the

above equation becomes∑
y

|asy|1 + bsy|2| >
∑
z

|atz|1 + btz|2| (62)

Dividing by a and denoting r ≡ −b/a we conclude that
our condition in (10) reduces in the classical case to the
thermo-majorization condition:∑

y

|sy|1 − rsy|2| >
∑
z

|tz|1 − rtz|2| ∀r > 0 , (63)

Note that there is an equality above if r < 0 so we assume
w.l.o.g. that r > 0.
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Proof of Corollary 2

The proof of Corollary 2 can now be established. Sup-
pose we are interested in the conversion of ρA into σA′

under TPs. Moreover suppose that [ρA,HA] = 0, as ex-
plained in the main text one may restrict without loss
of generality to η1 and η2 being incoherent in energy.
Therefore the state ΩRA is a classical state. Since TPs
are covariant, and ρA is incoherent in energy it implies
that the states accessible under this class must also be
incoherent in energy and so [σA′ , HA′ ] = 0 is a necessary
condition. Since both input and output states are inco-
herent the problem reduces to the interconversion of the
distributions over energy under stochastic maps that pre-
serve the Gibbs state. This coincides with the conditions
for thermo-majorization as stated above.

On the other hand, suppose [σA′ , HA′ ] = 0. Now if
there exists a a TP map E such that E(ρA) = σA′ it is
readily seen that U ′(t)E(ρA)U ′(t)† = E(U ′(t)ρAU ′(t)†) =
σA′ for any t. Averaging over t gives that E(〈ρA〉) = σA′ .
Therefore ρA → σA′ under TPs if and only if 〈ρA〉 → σA′

under TPs. Therefore such an interconversion is possible
if and only if the distribution over energy of 〈ρA〉 thermo-
majorizes the distribution over energy of σA′ .

SUPPLEMENTARY NOTE 5: G-COVARIANT
MAPS

Theorem 1 can also be specialized toG-covariant maps.
In what follows, we consider three unitary representa-
tions g → Ug of the same compact group G on sys-
tems A, B, and C. We use the following notations:
Ug(x) = UgxU

†
g , Ug(x) = U∗g xU

T
g , UT

g (x) = UT
g xU

∗
g , and

U†g (x) = U†gxUg, with obvious meaning of symbols. We
also introduce the bipartite twirling operation

G(x) =

∫
G

dg Ug ⊗ Ug(x) (64)

G-covariant version of Lemma 1

Lemma 3 Let {ρB
i }ni=1 and {σC

i }ni=1 be two sets of n den-
sity matrices in B(HB) and B(HC), respectively. Let
{qi}ni=1 be some arbitrary but fixed probability distri-
bution with qi > 0. For any set of n density matrices
{ωA

i }ni=1 in B(HA) (with dA = dC) define the following
tripartite separable matrix:

ΩABC ≡
n∑
i=1

qi ω
A
i ⊗ ρB

i ⊗ σC
i , (65)

and its twirled version

Ω̃ABC =

∫
G

dg

n∑
i=1

qi Ug(ωA
i )⊗ Ug(ρB

i )⊗ Ug(σC
i ) . (66)

Then, the following are equivalent:

1. There exists a covariant CPTP map E : B(HB)→
B(HC) such that

E(ρB
i ) = σC

i ∀ i = 1, ..., n . (67)

2. For any ωA
1 , ..., ω

A
n ∈ B(HA):

2−Hmin(A|B)Ω̃ > dC〈φAC
+ |Ω̃AC|φAC

+ 〉 . (68)

3. For any ωA
1 , ..., ω

A
n ∈ B(HA):

Hmin(A|B)Ω̃ 6 Hmin(A|C)Ω̃ . (69)

Proof. The proof of Lemma 1 goes through unchanged,
with the only difference being that we want to find a
CPTP map E that is covariant, i.e., that satisfies the
following property:

UC
g [E(ρB)] = E(UB

g [ρB]) ∀g ∈ G . (70)

Hence, we can start from Supplementary Eq. (22), which
in the covariant case becomes

∀ states {ωA
i },

max
E: covar. CPTP

∑
i

qi Tr
[{
ωA
i ⊗ E(ρB

i )
}
φAC

+

]
>
∑
i

qi Tr
[{
ωA
i ⊗ σC

i

}
φAC

+

]
. (71)

Using the covariance of the channel Supplementary
Eq. (70), and the so-called “ricochet property” of the
maximally entangled state, that is, (1A ⊗ XC)|φAC

+ 〉 =
(XT

A ⊗ 1
C)|φAC

+ 〉), we can rewrite the left-hand side of
the above inequality as follows:∑

i

qi Tr
[{
ωA
i ⊗ E(ρB

i )
}
φAC

+

]
=
∑
i

qi

∫
G

dgTr
[
(ωA
i ⊗ E(ρB

i )) (UT
g ⊗ U†g )(φAC

+ )
]

(72)

=
∑
i

qi

∫
G

dgTr
[
(Ug ⊗ Ug)(ωA

i ⊗ E(ρB
i )) φAC

+

]
(73)

= 〈φAC
+ | (idA ⊗ EB)(Ω̃AB) |φAC

+ 〉 , (74)

where, we recall, the channel E is assumed to be covari-
ant.

Le us now consider the quantity

max
E:CPTP

〈φAC
+ |(idA ⊗ EB)(Ω̃AB)|φAC

+ 〉 , (75)

where the maximization now is allowed to run over all
possible CPTP maps, not only covariant ones. However,
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since both Ω̃AB and φAC
+ are invariant for the action Ug⊗

Ug, we immediately have that

max
E:CPTP

〈φAC
+ |(idA ⊗ EB)(Ω̃AB)|φAC

+ 〉

= max
E:CPTP

Tr
[
(idA ⊗ EB)(Ω̃AB) φAC

+

]
(76)

=

∫
G

dgTr
[
(idA ⊗ EB) ◦ (Ug ⊗ Ug)(Ω̃AB) (Ug ⊗ Ug)(φAC

+ )
]

(77)

=

∫
G

dgTr
[
(UT
g ⊗ U†g ) ◦ (idA ⊗ EB) ◦ (Ug ⊗ Ug)(Ω̃AB) φAC

+

]
(78)

=

∫
G

dgTr
[
(idA ⊗ U†g ◦ EB ◦ Ug)(Ω̃AB) φAC

+

]
(79)

= max
E: covar. CPTP

〈φAC
+ |(idA ⊗ EB)(Ω̃AB)|φAC

+ 〉 , (80)

and hence, using the conditional min-entropy,

max
E: covar. CPTP

〈φAC
+ |(idA ⊗ EB)(Ω̃AB)|φAC

+ 〉 (81)

=
1

dA
2−Hmin(A|B)Ω̃ . (82)

Hence, statement (1) is equivalent to

2−Hmin(A|B)Ω̃ (83)

> dA

∑
i

qi Tr
[{
ωA
i ⊗ σC

i

}
φAC

+

]
(84)

= dA

∑
i

qi Tr
[
G
{
ωA
i ⊗ σC

i

}
φAC

+

]
(85)

= dA〈φAC
+ |Ω̃AC|φAC

+ 〉 . (86)

(Remember that dA = dC.) Following the same argu-
ments used in the proof of Lemma 1, we also obtain
the equivalence between statement (1) and statement (3).
This completes the proof of lemma 3.

Remark 2. The existence of a covariant CPTP map
achieving the transformation ρi → σi is of course a
stronger requirement than the existence of a general
CPTP map doing the same. Indeed, once we rewrite
Supplementary Eq. (9) of Lemma 1 as

2−Hmin(A|B)Ω > dC〈φAC
+ |ΩAC|φAC

+ 〉

= dC〈φAC
+ |Ω̃AC|φAC

+ 〉 ,

and since, as a consequence of the data-processing in-
equality,

2−Hmin(A|B)Ω > 2−Hmin(A|B)Ω̃ ,

it is clear that it is in principle harder to satisfy condi-
tion (2) of the covariant Lemma 3, than its non-covariant
counterpart (9).

G-covariant version of Theorem 1

As before we used Lemma 1 to prove Theorem 1, here
we use Lemma 3 to prove Theorem 2.
Theorem 2 Let ρAB ∈ B(HA ⊗HB) and σAC ∈ B(HA ⊗
HC) be two compatible bipartite quantum states. Denote
the dimension of any system X as dX ∈ N. The following
are equivalent:

1. There exists a G-covariant CPTP map E :
B(HA)→ B(HB) such that

σAC = id⊗ E
(
ρAB

)
(87)

2. For any quantum process (CPTP linear map) Φ :
B(HA)→ B(HA′), with dA′ = dC,

Hmin(A′|B)G[Φ⊗id(ρAB)] (88)

6 Hmin(A′|C)G[Φ⊗id(σAC)] .

3. Supplementary Eq. (88) holds for any
measurement-prepare quantum channel
Φ : B(HA)→ B(HA′) of the form:

Φ
(
γA
)

=

d2
A∑

j=1

Tr
[
MA
j γ

A
]
ωA′

j , (89)

where {MA
j } is an arbitrary, but fixed, information-

ally complete POVM on system A, while the states
{ωA′

j } can freely vary.

4. For any Φ : B(HA)→ B(HA′) of the form (89) the
following holds:

2
−Hmin(A|B)G[Φ⊗id(ρAB)] (90)

> dA 〈φ+|G
[
Φ⊗ id

(
σAC

)]
|φ+〉 , (91)

where |φA′C+ 〉 is the maximally entangled state be-
tween systems A′ and C.

We are now ready to prove the main theorem.

Proof of Theorem 2: Let {QA
k }

d2
A

k=1 be the dual basis
of {MA

j } in B(HA), that is, Tr
[
MA
j Q

A
k

]
= δjk. Then,

since {QA
k } is itself a basis, we can write

ρAB =

d2
A∑

k=1

QA
k ⊗ ρ̃B

k and σAC =

d2
A∑

k=1

QA
k ⊗ σ̃C

k (92)

where

ρ̃B
j ≡ TrA

[(
MA
j ⊗ 1B

)
ρAB

]
σ̃C
j ≡ TrA

[(
MA
j ⊗ 1C

)
σAC

]
(93)

are sub-normalized quantum states (i.e. positive semi-
definite matrices). Moreover, since ρA = σA we have
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Tr
[
ρ̃B
j

]
= Tr

[
σ̃C
j

]
≡ pj . We therefore conclude that that

there exists a covariant CPTP map E that satisfies (87)
if and only if there exists a covariant CPTP map E that
satisfies

σC
j = E

(
ρB
j

)
(94)

where ρB
j ≡ ρ̃B

j /pj and σC
j ≡ σ̃C

j /pj . To apply Lemma 3,
we introduce a system A′ with dA′ = dC, we fix an arbi-
trary probability distribution qi > 0, and define

ΩA
′BC ≡

d2
A∑

j=1

qj ω
A′

j ⊗ ρB
j ⊗ σC

j =

d2
A∑

j=1

qj
p2
j

×

ωA′

j ⊗ TrA

[(
MA
j ⊗ IB

)
ρAB

]
⊗ TrA

[(
MA
j ⊗ IC

)
σAC

]
,

(95)

where the states ωA′

i can vary. The corresponding twirled
state is

Ω̃A
′BC ≡

∫
G

dg(UA

g ⊗ UB
g ⊗ UC

g )(ΩABC) .

Then, taking qj = pj , we conclude that

Ω̃A
′B = G[Φ⊗ id

(
ρAB

)
] ,

Ω̃A
′C = G[Φ⊗ id

(
σAC

)
] . (96)

Notice that, in case some pi = 0, we can redefine the
measurement operators MA

j →MA
j + δ1A, in such a way

that they still span the set B(HA) but have non-zero
probability everywhere. With Supplementary Eq. (96) at
hand, the proof of Theorem 2 follows now from Lemma 3.

Covariant Stinespring dilations

Given systems A and A′, with Hilbert spaces HA and
HA′ , we assume that each carry a unitary representation
of a compact group G given by U : G → B(HA) and
U ′ : G → B(HA′) respectively. A quantum process E :
B(AA)→ B(HA′) from A into A′ is said to be covariant
or symmetric if E ◦ Ug = U ′g ◦ E for all g ∈ G. The
following lemma was proved in [28], and we provide the
proof here for convenience.
Lemma 4 [28] Given a covariant quantum process E :
B(HA)→ B(HA′) there exists a Kraus decomposition

E(ρA) =
∑
λ,m,k

Kλ,m,kρ
AK†λ,m,k, (97)

with Kraus operators Kλ,m,k : HA → HA′ that transform
as

UA′(g)Kλ,m,kU
A(g)† =

∑
j

vλ(g)jkKλ,m,j (98)

where (vλ(g)jk) are the matrix elements of the λ-irrep of
G and m is a multiplicity label.

Proof Let {Ki} be a set of linearly independent Kraus
operators for E . Since E is covariant we have that
UA′

g ◦ E ◦ (UA
g )† = E for any g ∈ G, and so it follows

that {UA′(g)KiU
A(g)†}i forms another set of Kraus op-

erators for E for any fixed g ∈ G. Since the Kraus rep-
resentation is unique up to unitary mixing this implies
that UA′(g)KiU

A(g)† =
∑
j V (g)ijKj . Moreover, since

the Kraus operators are linearly independent it follows
that this unitary V (g) is unique for any fixed g and so
the matrices V (g) form a non-projective unitary repre-
sentation of G. Using the unitary freedom to choose the
basis {Ki} we can choose a basis for which V (g) is block
diagonal in terms of a sum of unitary irreps of G. We
denote this basis {Kλ,m,k}, with {Kλ,m,k} transforming
as a λ irrep under G for each multiplicity m as in Equa-
tion (98), and k labels the basis vector of the irrep. This
completes the proof.

Such Kraus operators are said to transform irreducibly
under the group action, and are irreducible tensor oper-
ators.
Theorem 3 [Covariant Stinespring [29]] For any covariant
quantum process E : B(HA) → B(HA′) there exists a
Stinespring dilation

E(ρA) = TrCV (ρA ⊗ |σ〉〈σ|B)V † (99)

where |σ〉B ∈ HB is a symmetric state under the unitary
representation UB of G on system B, system C carries
a unitary representation UC of G, and V : HA ⊗HB →
HA′ ⊗HC is an isometry such that

V (UA(g)⊗ UB(g)) = (UA′(g)⊗ UC(g))V, (100)

for all g ∈ G.

Remark 3. This theorem was proved in [29] for the case
HA = HA′ . The proof of the general case is essentially
identical, and we provide the proof below for convenience.

Proof. From the previous lemma, a covariant quantum
process E : B(HA)→ B(HA′) always has a Kraus decom-
position {Kλ,m,k} such that

UA′(g)Kλ,m,k(UA)†(g) =
∑
j

vλ(g)jkKλ,m,j , (101)

where λ labels an irrep of G, m is a multiplicity label and
k is the basis vector label of the irrep.

Let B be a system with Hilbert space HB = span{|σ〉},
with the state |σ〉 being symmetric under the action of
G. For any pair (λ,m) appearing in the Kraus decom-
position of E , let W(λ∗,m) be a Hilbert space isomor-
phic to the λ∗-irrep of G and for which we choose a ba-
sis {|λ∗,m, k〉}k. We define HC := HB

⊕
(λ,m)W(λ∗,m),

where the direct sum ranges over all (λ,m) occurring in
the Kraus decomposition of E . The space HC carries the
unitary group action

UC(g) = |σ〉〈σ|
⊕

(λ,m)

∑
j,k

(vλ(g)jk)∗|λ∗,m, j〉〈λ∗,m, k|,

(102)
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where (vλ(g)jk) are the unitary matrix components of
the irrep λ of G.

We define the operator V : HA ⊗HB → HA′ ⊗HC as

V :=
∑
λ,m,k

Kλ,m,k ⊗ |λ∗,m, k〉〈σ|. (103)

Using that the {Kλ,m,k}k transform irreducibly under
the action of G, together with the fact that (vλ(g)jk)
is a unitary matrix, it is readily verified that Equation
(100) holds for all g ∈ G, and so V is covariant under the

action of G. Moreover since
∑
λ,m,kK

†
λ,m,kKλ,m,k = 1

A,
and {|λ∗,m, k〉}λ,m,k is an orthonormal set of states we
have that V †V = 1

A ⊗ |σ〉〈σ|B and so V is an isometry
from HA ⊗HB into HA′ ⊗HC . Finally, we have that

E(ρA) = TrCV (ρA ⊗ |σ〉〈σ|B)V †, (104)

and so have constructed the required dilation for the co-
variant quantum process E . This completes the proof of
theorem.

The following lemma clarifies that any mixed symmet-
ric state can always be purified to a pure quantum state
that is also symmetric under the group action.
Lemma 5 Consider a quantum system A, carrying a uni-
tary representation UA : G → B(HA), and a mixed
quantum state σA for which UA

g (σA) = σA for all g ∈
G. Then, there exists a purification |ψAB〉 of σA onto
a composite system AB, and a unitary representation
V B : G → B(HB) such that UA

g ⊗ V B
g |ψAB〉 = |ψAB〉 for

all g ∈ G.
Since any density operator on HA can be thought as

a quantum process from a 1 dimensional input Hilbert
space to B(HA), this lemma follows immediately from
theorem 3 on Covariant Steinespring dilation. Here, we
present a more direct proof.

Let {|j〉A}Rj=1 be an orthonormal basis of the support

subspace of σA, where r is the rank of σA. Let

|ψ〉AB = (σ1/2 ⊗ IB)|φ+〉AB ; |φ+〉AB ≡
R∑
j=1

|j〉A|j〉B

(105)
be a purification of σA. Then,

[UA
g ⊗ U

B

g ]|ψ〉AB

=[UA
g ⊗ U

B

g ][
√
σA ⊗ idB]|φ+〉AB

=[UA
g ⊗ idB][

√
σA ⊗ idB][idA ⊗ UB

g ]|φ+〉AB

=[UA
g ⊗ idB][

√
σA ⊗ idB][U

A

g

T
⊗ idB]|φ+〉AB

=[UA
g

√
σAUA

g

† ⊗ idB]|φ+〉AB

=[

√
UA
g σ

AUA
g
† ⊗ idB]|φ+〉AB

=[
√
σA ⊗ idB]|φ+〉AB

=|ψ〉AB.

(106)

Therefore, this completes the proof by taking Vg ≡ U
B

g .

SUPPLEMENTARY NOTE 6: GENERALIZED
THERMAL PROCESSES

We prove the general result in the presence of ther-
modynamic observables {HA, XA

1 , . . . , X
A
n }, which may

have non-trivial commutation relations between them.
The case on the Hamiltonian being the only thermody-
namic observable follows as a special case of this result.

Assumptions (A1) and (A2), together with the require-
ment that the resource theory be non-trivial in these ob-
servables implies that the free state must take the form
of the generalized Gibbs ensemble γA,

γA =
1

Z
e−β(HA−

∑
k µkX

A
k ) (107)

for constants β, µ1, . . . , µn. This is picked out in sev-
eral different ways, for example perhaps the simplest
to interpret is within the theory of equilibration. An
alternative route is through a complete passivity argu-
ment in which one has additional access to an ordered
macroscopic ‘bath’ for each observable that can give or
take arbitrary amounts of that observable. Given an un-
bounded number of copies of the free state one wishes
to know if one can trivialise the theory in terms of pro-
viding an arbitrary displacement for any of these observ-
ables. However in the presence of thermodynamic con-
straints, these are coupled in such a way that one must
only consider an “effective” energy bath with Hamilto-
nian H̃ = H−

∑
k µkXk. Complete passivity with respect

to this observable implies the above generalized Gibbs
state through standard arguments.

We now give a precise statement of assumption
(A3) in the context of thermodynamic observables
{HS, XS

1 , . . . , X
S
n} for any quantum system S. We first

note there are two components to any TP process E at
the microscopic level: the particular interactions between
A and an auxiliary system B, and the state σB of the
auxiliary system. Under assumption (A1) there are no
couplings present between eigenspaces of different eigen-
values of the additively conserved observables, however
this does not mean that coherence cannot be injected
into A. Assumption (A3) places a minimal constraint on
the use of coherence sources outside of A. The key idea
is that while E may be realised through some specific in-
teraction V between A and its environment B, and this
environment may even contain quantum coherences in its
state σB, we can guarantee that E is not exploiting any of
these coherences if it is the case that if we were to remove
the coherences present in σB then the transformation E
would still be possible through interactions with B. This
motivates the following condition.

(A3) (Incoherence) Given a thermodynamically free
process E : B(HA) → B(HA′) there exists an interaction
isometry W that obeys (133) and a quantum state ηB

such that

E(ρA) = TrCW (ρA ⊗ ηB)W †, (108)
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and with ηB = G(ηB) where

G(ηB) :=

∫
dgUB(g)ηBUB(g)†, (109)

and where UB(g) is the group representation on B gen-
erated by the observables {HB, XB

1 , . . . , X
B
n }. Below in

Lemma 7 we show that this assumption captures the de-
mand that no coherence is being exploited from the en-
vironment, but before this we establish that the set TP
has a compact formulation in terms of covariance.
Lemma 6 Given a set of thermodynamic observables
{HS, XS

1 , . . . , X
S
n} for any quantum system S, the set TP

of quantum processes from A into A′ defined by (A1-A3)
coincides with the set GPC of Gibbs-preserving processes
on A that are covariant under the group G generated by
the thermodynamic observables on A and A′.
Proof We first show that TP ⊂ GPC. Assumption (A2)
ensures that the image of the Gibbs state γA under TP is
the fixed point γA′ , so it suffices to establish covariance.
For any system S we define XS

0 := HS so as to make
notation compact. Given a process E ∈ TP , assumption
(A1) implies that

E(ρA) = TrCV (ρA ⊗ σB)V †, (110)

for some V that obeys the conservation laws given by
Equation (133). In particular, this implies that

V exp

[
i

n∑
k=0

θkX
AB
k

]
= exp

[
i

n∑
k=0

θkX
A′C
k

]
V (111)

XAB
k := XA

k ⊗ 1B + 1
A ⊗XB

k (112)

XA′C
k := XA′

k ⊗ 1C + 1
A′ ⊗XC

k (113)

for all k = 0, . . . d and for all θk ∈ R. Therefore the ob-
servables {Xk} generate a representation of a group G,
with elements g indexed by (θ0, . . . , θd), and UA

′C(g)V =
V UAB(g) for all g ∈ G. Therefore the process sending
any χAB → V χABV † is G-covariant. As discussed, as-
sumption (A3) says that the above σB can be taken to
be symmetric under this group action: UB

g (σB) = σB.
Since discarding systems is G-covariant, and also com-
posing of G-covariant processes results in a G-covariant
process, we see that ρA → ρA ⊗ σB → V (ρA ⊗ σB)V † →
TrCV (ρA ⊗ σB)V † = E(ρA) is a G-covariant process for
any E of the form (110). Therefore TP ⊂ GPC.

Conversely, let E ∈ GPC. Since E(γA) = γA′ , assump-
tion (A2) holds automatically. Since E is G-covariant
with respect to the group generated by {XA

k } as shown
there exists a Stinespring dilation of the process E of the
form

E(ρA) = TrCV (ρA ⊗ |ψ〉〈ψ|B)V †, (114)

where V is a G-invariant isometry and |ψ〉B is invari-
ant under the group action on B. The invariance of V

implies that assumption (A1) holds, while the symme-
try of |ψ〉 implies that there are no coherences between
eigenspaces of the distinguished observables and so (A3)
holds. Therefore E ∈ TP , and so the two sets of pro-
cesses coincide as claimed. This completes the proof of
lemma.

To summarize, the state interconversion under TPs is
equivalent to the following requirement:

E(ρA) = σA′ (115)

E(γA) = γA′ . (116)

where E is required to be a G-covariant process.
We can now show that no coherences are exploited

from the environment for any E in TP.
Lemma 7 Suppose E is in TP and realised as

E(ρA) = TrCV (ρA ⊗ σA)V †, (117)

by some isometry V obeying (133 and interacting with a
system B in a state σB. Then (117) also holds with σB

replaced by G(σB).
Proof Since E is a covariant map, we have that
Ug[E(Ug−1(ρA)] = E(ρA) for any g ∈ G. Express-
ing E in terms of (V, σB) and exploiting the fact that
UA′(g) ⊗ 1CV = 1A′ ⊗ UC(g)†V UA(g) ⊗ UB(g) we see
that

Ug(TrCV (Ug−1(ρA)⊗ σB)V †) = TrCV (ρA ⊗ Ug(σB))V †

= E(ρA), (118)

for any g ∈ G. Integrating over all g and using linearity
we deduce that

E(ρA) = TrCV (ρA ⊗ G(σB))V † (119)

as required.

Remark 4. Note that Lemma 5 shows that replacing any
auxiliary σB with its dephased version G(σB) as discussed
in the main text is consistent with the existence of a
Stinespring form in which the auxiliary system is taken
to be in a pure symmetric quantum state. Also note that
that we implicitly assume that the group G generated by
the thermodynamic observables on the input system co-
incides with the group generated by those on the output
system, which is a basic physical requirement.

SDP solution for thermomajorization with coherence

Here we illustrate how to use SDP to solve the deci-
sion problem of determining if ρ ∈ B(H) can be con-
verted to σ ∈ B(H) by a generalized thermal processes.
For simplicity of the exposition, we consider the case of
no charges with the same Hamiltonian for the input and
output spaces. We want to know if there exists a thermal
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process, that is, a CPTP map E : B(H) → B(H) that is
both Gibbs preserving and symmetric under time trans-
lation, such that σ = E(ρ). Denoting the Hamiltonian by
H and the Gibbs state by γ = 1

Z e
−βH , from (45) it fol-

lows that there exists such a Gibbs preserving symmetric
map E if and only if f(ρ, σ) > 1, where f(ρ, σ) is given
by the SDP problem

f(ρ, σ) ≡ max y

subject to: 1. τAB > 0 ; τB 6 I

2. yσT 6 TrB

[
τAB(I ⊗ ρ)

]
3. yγT 6 TrB

[
τAB(I ⊗ γ)

]
4. G(τAB) = τAB . (120)

Here we added the condition G(τAB) = τAB to (45) to
ensure that E is symmetric under time translation with
respect to the Hamiltonian H. The G-twirling is given
as in (64) with g replaced by the time parameter t, and
the group element Ut(·) = eiHt(·)e−iHt.

The dual to this problem is very similar to (37) and
the only difference is that one has to take the G-twirling
on the term

∑n
i=1Xi ⊗ ρi. For the more specific case we

consider here, we have:

f(ρ, σ) = min Tr[Z]

subject to I ⊗ Z > G (X ⊗ ρ) + Y ⊗ γ,
Tr
(
σTX

)
+ Tr

(
γTY

)
= 1 ; X,Y > 0

where we replaced G (Y ⊗ γ) with Y ⊗ γ since γ is sym-
metric.

As before, the above minimization problem is an SDP.
To see it, we follow now the same steps that led to Sup-
plementary Eq. (42). We define the vector space V1, con-
sisting of all Hermitian matrices ζ ∈ V1 of the form:

ζ = (η, Z,X, Y ) (121)

where η ∈ B(H ⊗ H), and X,Y, Z ∈ B(H) are all Her-
mitian. In addition, we define the vector space V2 of all
Hermitian matrices in B(H ⊗H), and a linear transfor-
mation Γ : V1 → V2 given by:

Γ (ζ) = I ⊗ Z − G (X ⊗ ρ)− Y ⊗ γ − η . (122)

Clearly, the map above is linear. Set τ ≡ (0,0, σT, γT)
so that Tr[σζ] = Tr

(
σTX

)
+ Tr

(
γTY

)
. We also denote

C ≡ (0, I,0,0). With these notations:

f(ρ, σ) = min
{

Tr[Cζ]
∣∣∣ ζ > 0 ; Γ(ζ) = 0 , Tr[σζ] = 1

}
(123)

To bring the above optimization problem to a canonical
SDP form, we denote as before Hj ≡ Γ∗(Ej), where j =
1, ..., d4, where d ≡ dim(H), and Ej is a basis of B(H ⊗
H). We also denote H0 ≡ τ . With this notations we get

f(ρ, σ) = min Tr[Cζ]

subject to ζ > 0 , Tr (ζHj) = δ0,j ∀j ∈ {0, 1, ..., d4} .
(124)

The above optimization form is written in a canonical
form and can be solved with SDP packages such as CVX.

SUPPLEMENTARY NOTE 7: PROOF OF
THEOREMS 2 AND 3

Theorem 2 is a special case of theorem 3, where the
only additive conserved observable is the Hamiltonian
(See remark 5). Therefore, it suffices to prove theorem 3.

The proof is basically a corollary of lemma 3. For
any system S = R,A,A′, let {US(g)} be the symmetry
group generated by the additively conserved observables
{HS, XS

k ; k = 1, . . . , n}, where for system R we define

HR = −(HA′)T, and XR = −(XA′)T , (125)

and the superscript T denotes the transpose. Note that
this definition implies that for any group element g,

UR(g) = U
A′

(g) . (126)

We are interested to determine if there exists a CPTP
map E : B(HA)→ B(HA′) which (i) satisfies

E(ρA) = σA′ , and E(γA) = γA′ , (127)

and (ii) is covariant, i.e. for all group elements g,

E ◦ UA
g = UA′

g ◦ E ,

where US
g [·] = US(g)[·]U†(g) for any system S = A,A′, R.

Therefore, to apply lemma 3, we assume systems A,
B and C in the statement of lemma 3 correspond, re-
spectively, to systems R, A and A′ in the statement
of theorem 3. Furthermore, to apply the lemma we
assume the set of input states {ρi} has two elements,
namely {ρA, γA}, and the corresponding output states
are {σi} = {σA′ , γA′}. Finally, in the statement of lemma
3 states {ωi} denote possible states of the reference sys-
tem. Here, we denote them by {ηR

1 , η
R
2 }. Under these

assignments state ΩABC in the statement of lemma be-
comes

Ω̃RAA
′

=

∫
G

dg URAA
′

g [qηR
1 ⊗ ρA ⊗ σA′ + (1− q)ηR

2 ⊗ γA ⊗ γA′ ] ,

Then, the equivalence of statements (1) and (3) in lemma
3 implies that the necessary and sufficient condition for
existence of a G-covariant CPTP map which satisfies
Supplementary Eq.(127) is

Hmin(R|A)Ω 6 Hmin(R|A′)Ω . (128)

This completes proof of theorem 3.



13

Remark 5. Note that in the case of theorem 2, where the
only additive conserved observable is the Hamiltonian,
the G-twirling operation

∫
dg Ug reduces to the time av-

erage∫
dg US

g [XS] = lim
T→∞

1

T

∫ 1
2T

− 1
2T

dtXS(t) := 〈XS〉 , (129)

where XS(t) is the time evolved version of XS, i.e.

XS(t) = e−iH
StXSeiH

St for any system S.

SUPPLEMENTARY NOTE 8: RELATION
BETWEEN GENERALIZED THERMAL

PROCESSES AND THERMAL OPERATIONS

Thermal operations (TO) are defined as quantum op-
erations that take the form

E(ρA) = TrBV (ρA ⊗ γB)V † (130)

where V commutes with the total Hamiltonian of AB,
and γB = exp[−βHB]/Z is the Gibbs state on B. In
contrast, the situation of thermal processes with just a
Hamiltonian have a similar form, but now with γB re-
placed with a potentially non-Gibbsian incoherent state
σB and with the condition that E(γA) = γA being im-
posed independently.

One might think that the two sets are equivalent and
that every TP admits a form given by (130), but this
turns out to not be the case. For example, if we consider
the case of trivial Hamiltonians HA = 0 then TO is the
set of noisy operations, whereas TP is the set of unital
operations. It is well known that these two sets are not
the same [18]. That said, the state interconversion con-
ditions for noisy operations and unital operations are in
fact the same – namely majorization on the eigenvalues
of the states. One might then conjecture that TO and
TP have the same “power” in the sense that ρ −→ σ
is possible under TO if and only if it is possible under
TP. It can be seen that this is in fact the case if either
state is incoherent in energy, since the necessary and suf-
ficient conditions are simply thermo-majorization [17].
However for fully coherent states we do not have a clear
understanding of how the two classes compare.

It is also clear that TO is a proper subset of TP, since
every TO operation obeys (A1-A3), however there is at
present no obvious coherent scenario that could be used
to say that one of the two classes is preferred over the
other.

In the case of multiple conserved quantities beyond the
Hamiltonian, a similar comparison can be made. How-
ever in this case the formulation of TO faces subtleties
since it relies on a notion of a free state which can be
prepared in an unbounded number of copies, whereas in
contrast TP only makes a statement on the existence

of an equilibrium state. The free states in TO are sin-
gled out because they are completely passive and so are
the only form of state admissible that does not trivialise
the energetic degrees of freedom. However when intro-
duces multiple conserved quantities {HB, XB

1 , X
B
2 , . . . }

the question of complete passivity becomes more prob-
lematic (see [15, 24–27] for discussion). In general it is
impossible for a state to be completely passive in all of
the individual observables, and to circumvent this one
must define an “effective Hamiltonian” and impose com-
plete passivity solely on this. While this does lead to the
generalized Gibbs ensemble, the effective Hamiltonian is
not determined by the resource theory framework, but
must be postulated independently. In contrast, TP does
not require any complete passivity analysis for the bath,
since it does not specify a set of free states in the sense
described, but instead only demands the existence of an
equilibrium state γA on the primary system. In these
terms, the generalized Gibbs ensemble has been shown
to arise naturally in the context of equilibration theory
(see for example [19] and references therein).

SUPPLEMENTARY NOTE 9: FINITE
PRECISION AND APPROXIMATE ENERGY

INCOHERENCE

We can replace assumption (A3) with a slightly weaker
version that takes into account that we only ever experi-
mentally probe to some finite level of precision. The rea-
son this is useful is that it avoids two technicalities: firstly
that the time-translation group action is in general non-
compact group R, and secondly even if time-translation
is the compact U(1) Lie group no finite dimensional rep-
resentations will exist in which one can encode all group
elements into perfectly distinguishable quantum states.
We can circumvent both of these technicalities with the
following finite precision assumptions.

Firstly, we can always approximate any quantum sys-
tem with one having finite dimension d <∞, for d suffi-
ciently large. Given this finite dimension, any spectrum
{E1, E2, . . . , Ed} for the system’s Hamiltonian HA can
be approximated to an arbitrary precision by a set of ra-
tional numbers, {Ẽ1 = a1

b1
, . . . , Ẽd = ad

bd
} with ak, bk ∈ Z

for each k and Ẽk arbitrarily close to Ek. Thus, for
simplicity we assume the Hamiltonian has a spectrum of
rational numbers and so the resultant unitary dynamics
UA(t) = exp[−itHA] is periodic for some finite period
τ <∞.

The mapping t 7→ UA(t) is therefore a unitary repre-
sentation of the continuous U(1) group on the system A.
We may further assume that we only ever resolve time
intervals [t1, t2] with t2 − t1 > ε for some small yet fi-
nite level of precision ε > 0. More formally this means
that we can replace the U(1) group with the discrete ZN
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action, where Nε = τ and

n 7→ UA(nε) = e−inεH
A

, (131)

with n = 0, 1, . . . N − 1. Therefore the dynamics of any
single quantum system can always be approximated by
such a discrete, finite action for some N ∈ N and suffi-
ciently large.

In the case that we have multiple systems
A1, A2, . . . , AM with periods τ1, τ2, . . . , τM respec-
tively, we may choose τ =

∏M
k=1 τk as the time-scale

for the composite system. Therefore for multiple
systems, there will always exist an N ∈ N, sufficiently
large so that the mapping n 7→ exp[−inεHAk ] is a
unitary representation of ZN on each HAk , and which
approximates the unitary dynamics of each Ak under its
Hamiltonian to the specified level of precision. Given
this, condition (A3) for incoherence of thermal processes
can be replaced with the following.

(A3′) Approximate incoherence. Consider the
case of the Hamiltonian being the only thermodynamic
observable, and assume the finite precision approxima-
tions described above. If the thermodynamically free
process E : B(HA) → B(HA′) is realized microscopically
as

E(ρA) = TrCV (ρA ⊗ σB)V †, (132)

with V obeying Equation

V (HA ⊗ 1B + 1
A ⊗HB) = (HA′ ⊗ 1C + 1

A′ ⊗HC)V

V (XA
k ⊗ 1B + 1

A ⊗XB
k ) = (XA′

k ⊗ 1C + 1
A′ ⊗XC

k )V ,
(133)

then we also have

E(ρA) = TrCW (ρA ⊗ Gε(σB))W †. (134)

with Gε(σB) being the group average over ZN of the state
σB given by

Gε(σB) :=
1

N

N−1∑
n=0

UB
ε (n)σBUB

ε (n)†, (135)

with UB
ε (n) := exp[−inεHB] is the finite precision time

evolution on B, and we interact this state with A through
some potentially different isometry W that also obeys
(133).

This implies that the constraint of time-translation co-
variance is replaced with ZN -covariance to this level of
precision. Given this, the analysis for state intercon-
version may be repeated under (A3′) and results in the

replacement of 1
τ

∫ τ
0
dt(·) with 1

N

∑N−1
k=0 (·) and UR(t) ⊗

UA(t) by the discrete approximation UR
ε (n)⊗ UA

ε (n).

SUPPLEMENTARY NOTE 10: CLOCK TIMES
AND GUESSING PROBABILITIES

As in the previous section, we may restrict our atten-
tion to a fully discrete setting with quantum systems of
finite dimension and finite level of precision ε for time
resolution. Covariance of the dynamics is now described
with respect to the discrete group ZN for some suffi-
ciently large N ∈ N.

For q → 1 we obtain the ZN covariance constraint
alone, and the corresponding state ΩRA takes the form

ΩRA =
1

N

N−1∑
k=0

UR
ε (n)ηR

1 (UR
ε (n))† ⊗ UA

ε (n)ρA(UA
ε (n))†.

(136)
For a sufficiently large reference frame R there exists a
Hamiltonian HR such that R allows a perfect encoding
of the group elements of G = ZN . In particular for
dim(HR) = N with orthonormal basis {|Ek〉R}, we can
choose

UR
ε (1) =

N−1∑
k=0

ωk|Ek〉〈Ek|R, (137)

where ω := e
2πi
N is an N th root of unity. We then

have that (UR
ε (1))n = UR

ε (n) for any n = 1, 2, . . . and
UR
ε (N) = UR

ε (0) = 1
R as required.

Defining |k〉R := F |Ek〉R, with F being the discrete
Fourier transform operator

F =
1√
N

N−1∑
i,j=0

ωij |Ei〉〈Ej |R, (138)

it is readily seen that

UR
ε (n)|0〉R = |n〉R, (139)

and 〈n|m〉R = 0 for n 6= m and equal to 1 for n =
m. Therefore the reference system R provides a perfect
classical encoding of the group elements of ZN in the pure
states {|k〉R}.

Setting ηR
1 = |0〉〈0|R in equation 136 gives the classical-

quantum state

ΩRA =
1

N

N−1∑
k=0

|k〉〈k|R ⊗ ρA(n). (140)

where we define ρA(n) := UA
ε (n)ρA(UA

ε (n))† for the state
of A at time t = nε. These states fully encode the set
of clock times t = 0, ε, . . . , nε, . . . , (N − 1)ε for the joint
system.

Since ΩRA is a classical-quantum state, we have that [5]

Hmin(R|A)Ω = − log pguess, (141)

where pguess is the optimal Helstrom guessing probability
for the ensemble of states {( 1

N , ρ
A(n))}N−1

n=0 on A. This
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implies that 2−Hmin(R|A)Ω is the optimal guessing proba-
bility of the clock time t = nε for the joint system, given
the single copy of ρA. Monotonicity ofHmin(R|A)Ω under
the thermal processes implies monotonicity of the clock
time guessing probability for the system.
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and Blackwell, Proc. Nat. Acad. Sciences 37, 826-831
(1951).

[10] C. Stein, Notes on a Seminar on Theoretical Statis-
tics. I. Comparison of experiments, Report, University
of Chicago (1951).

[11] D. Blackwell, Equivalent comparisons of experiments.
Ann. Math. Stat. 24, 265-272 (1953).

[12] E. Torgersen, Comparison of experiments when the pa-
rameter space is finite, Z. Wahrscheinlichkeitstheorie
verw. Geb. 16, 219-249 (1970).

[13] E. Ruch, R. Schranner, and T.H. Seligman, Generaliza-
tion of a Theorem by Hardy, Littlewood, and Pólya, J.
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