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Supplementary Methods

Introduction

Let us recall the Lindblad equaƟon,

d
dt

ρ(t) = L ρ(t) :=

−i[H,ρ(t)]+∑
µ

(
2Lµρ(t)L†

µ −{L†
µLµ ,ρ(t)}

)
, (1)

and the eigenvalue equaƟon for the Liouvillian,

L ρ = λρ ⇐⇒ L ρ† = λ ∗ρ†. (2)

We set h̄ = 1 for simplicity of notaƟon. We are concerned with cases where λ is purely imaginary. The
corresponding eigenmodes are called oscillaƟng coherences,1 or limit cycles.2 Here we emphasize that our
results may be also understood as a framework for construcƟng genuinemany-body quantum
synchronizaƟon.2–4

Formal classification of the asymptotic subspaces and relation to
decoherence-free subpaces

To make connecƟon with the exisƟng literature we will discuss the formal classiĮcaƟon of the asymptoƟc
subspace of the Liouvillian that we constructed here.

We will follow the terminology of Supplementary Reference 5 (see also Supplementary Referece 6). The
asymptoƟc subspaces of the quantum Liouvillian from the main text, that the dynamics is leads to in the
long-Ɵme limit, is amulƟ-block structure, which is the most general possible form that it can have.5

More speciĮcally, for the Hubbard model example in the main text, by indexing the subspaces of S+S− (N)
as µ (ν) (where Sα are the total spin operators and N is the total parƟcle number) the basis of the
asymptoƟc subspace can be wriƩen in the form,

|zµ,ν
1 ⟩⟨zµ,ν

2 |⊗PS+S−
µ PN

ν , (3)

where PS+S−
µ and PN

ν are projectors to the corresponding subspaces of S+S− and N, respecƟvely, and |zµ,ν
1,2 ⟩

are the corresponding eigenstates of Sz.

The form of the mulƟ-block of the other examples featuring the Hubbard model, discussed later in in this
supplementary, are more diĸcult to construct, due to the fact that the corresponding quantum Liouvillian
will not be unital (i.e. L 1 ̸= 0).
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We now further remark on the diīerences between this type of structure and a dynamical
decoherence-free subspace widely studied in literature (for references beyond the ones cited in the main
text see e.g. Supplementary References 7–9). A decoherence-free subspace is a subspace of the Hilbert
space invisible to dissipaƟon, i.e. HDFS ⊆ H and for any pure state |ψ(t)⟩ ∈ HDFS (with
ρ(t) = |ψ(t)⟩⟨ψ(t)|) we have ∂t trρ(t)2 = 0 (e.g. Def. 2 of Supplementary Reference 7). In other words, all
pure states in the subspace undergo coherent Ɵme evoluƟon given by the system’s Hamiltonian and
remain pure.5 Therefore, they may be understood as restricƟon of the closed system’s Hamiltonian to a
subspace to which the dissipaƟve Ɵme evoluƟon guides the system in the long Ɵme limit. For instance, the
open XXZ spin ring later in this supplementary material is a decoherence-free subspace. This open XXZ
spin ring is, to our knowledge, the Įrst example of a decoherence-free subspace in an open quantum
many-body system.

In contrast to a decoherence-free subspace the mulƟ-block structure, for which we provide suĸcient
criteria, is aīected by the dissipaƟon. The asymptoƟc dynamics is coherent, but it consists of generally
mixed states. The physical properƟes of these mixed states are aīected by the dissipaƟon. For instance,
the dissipaƟon may induce oī-diagonal long-range order (like in the example in the main text), or currents
of some quanƟty (like in the examples in the later secƟons). Furthermore, when we study the quantum
stochasƟc process10 corresponding to the master equaƟon given in Supplementary EquaƟon (1), the
dynamics in a decoherence-free subspace is purely determinisƟc (every quantum trajectory is the same,
like in the closed system), whereas in the mulƟ-block structure the dynamics is stochasƟc (the ensemble of
trajectories is non-trivial).

Generalizing beyond the Markovian framework

It is fairly straighƞorward to generalize the discussion in the main text beyond the Markovian framework.
Let the full Hamiltonian of the system (with Hilbert space HS) and bath (with Hilbert space HB) be given
as

H = HS +HSB +HB, (4)

where HS ∈HS is the system’s Hamiltonian, HB ∈HB is the Hamiltonian of the bath and HSB ∈HS ⊗HB is
the system-bath interacƟon. In general, we may write HSB = ∑ j S j ⊗B j, where S ∈ HS and B ∈ HB.

Let A be an eigenoperator of the full Hamiltonian, [A,H] = λA. As H is HermiƟan λ ∈ R. The case studied
in the main text would correspond to A = AS ⊗1B, with AS ∈ HS and,

[AS,HS] = λAS, [AS,HSB] = 0. (5)

The full Ɵme evoluƟon of the open system is given as,

ρS(t) := T̂tρ(0) = trB
[
e−iHtρ(0)eiHt] , (6)

where trB represents tracing over the bath degrees of freedom.
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Let ρ∞ ∈ HS be a staƟonary state of the dynamical map in the sense that for some ρ ′(0) we have,

ρ∞ = lim
t→∞

T̂tρ ′(0). (7)

Such as state always exists (e.g. any incoherent mixture of the eigenstate of H will produce such a state
trivially). We look at the asymptoƟc Ɵme evoluƟon of ρnm = Anρ ′(0)(A†)m. It follows from [H,A] = λA
that,

e−iHtAeiHt = eiλ tA. (8)

We decompose the density matrix of the full system and bath as ρ(t) = ∑i, j si(t)⊗b j(t) and write,

ρS(t) = trB ∑
i, j

si(t)⊗b j(t) = ∑
i, j

c j(t)si(t), (9)

where s j(t) ∈ HS and b j(t) ∈ Hb and c j(t) = trBb j(t).

Then,

lim
t→∞

T̂tρnm = lim
t→∞

trB
[
e−iHtAnρ ′(0)(A†)meiHt]

= lim
t→∞

trB

[
einλ tAne−iHtρ ′(0)eiHt(A†)me−imλ t

]
= lim

t→∞
trB

[
einλ tAn

(
∑
i, j

si(t)⊗b j(t)

)
(A†)me−imλ t

]

= lim
t→∞

einλ tAn

(
∑
i, j

c j(t)si(t)

)
(A†)me−imλ t

= lim
t→∞

einλ tAnρ∞(A†)me−imλ t , (10)

where to obtain the second equality we repeatedly inserted 1= e−iHteiHt between the products of A’s and
used Supplementary EquaƟon (8). To obtain the third and fourth equality we used Supplementary
EquaƟon (9) and the fact that A ∈ HS. The last equality was obtained by recognizing that
ρ∞ = limt→∞ ρS(t) is a staƟonary state.

We emphasize that ρnm are not density matrices, but their linear combinaƟons can be chosen to be.

Dynamical decoherence-free many-body subspaces

We will deĮne what we mean by a standard dark Hamiltonian H := [H̃,•] (or dynamical many-body
decoherence-free subspace) with H̃ = H̃†. We want the spectrum of H to be made up of puremutually
orthogonal eigenstates and to have the same leŌ and right eigenvectors. Namely:

1. We Įrst wish that,
H|ϕn⟩⟨ϕm|= (ωn −ωm)|ϕn⟩⟨ϕm|, ωk ∈ R,∀k. (11)
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2. Where we also desire that eigenmodes ρnm := |ϕn⟩⟨ϕm| are mutually orthogonal in the
Hilbert-Schmidt sense, trρ†

nmρn′m′ = δn,n′δm,m′ .

3. Finally we require that the leŌ and right eigenvectors match ensuring that H= H†.

We state the details of the condiƟons under which properƟes 1-3 will be fulĮlled in Supplementary
Theorem 1.
Supplementary Theorem 1. A set of mutually orthogonal vectors {|ϕ1⟩ , |ϕ2⟩ , . . .} forms a set of
eigenvectors of a standard dark Hamiltonian (or a decoherence-free subspace) in the sense of
properƟes 1-3 iī the following condiƟons are fulĮlled,

(a)
(

iH +∑k γkL†
kLk

)
|ϕn⟩= λn |ϕn⟩ , ∀n,

(b) Lk |ϕn⟩= λk,n |ϕn⟩ , and ∑k γk |λk,n|2 = Reλn, ∀n,

(c) Re
[
∑k γk

(
2λk,nλ ∗

k,m −|λk,n|2 −|λk,m|2
)]

= 0,∀n,m.

Then the eigenvalues from Supplementary EquaƟon (11) are given as

ωn −ωm = Im

(
∑
k

2γkλk,nλ ∗
k,m −⟨ϕm|H |ϕn⟩

)
. (12)

Proof. CondiƟons (a) and (b) are just the well-known condiƟons of Theorem 1 of Supplementary
Reference 11 for pure staƟonary states L (|ϕn⟩⟨ϕn|) = 0. CondiƟon (c) can be shown as follows: We begin
by wriƟng out Supplementary EquaƟon (2) for ρ = |ϕm⟩⟨ϕn|, and taking the product with ⟨ϕm| from the leŌ
and |ϕn⟩ from the right. Then we demand that the corresponding eigenvalue λ is purely imaginary and use
condiƟons (a) and (b) of the theorem. Recalling the deĮniƟons in Supplementary EquaƟon (11), this also
leads to Supplementary EquaƟon (12).

Supplementary Theorem 2. If there is no subspace S ⊂ H that is orthogonal to the space of dark states1

D (i.e., S ⊥ D ) such that LkS ⊂ S , then the only oscillaƟng coherences are vectors in a decoherence
free subspace in the sense that they have the form |ϕn⟩⟨ϕm| with |ϕi⟩ ∈ D being dark states.

Proof. Theorem 2 of Supplementary Reference 11 guarantees that if there is no such subspace S then the
only staƟonary states are dark states L |ϕn⟩⟨ϕn|= 0. According to Theorem 18 of Supplementary
Reference 6 all oscillaƟng coherences must be of the form Aρ∞ where L ρ∞ = 0 and A is an operator. We
know that the only staƟonary states are of the form |ϕn⟩⟨ϕn|. WriƟng |Ψ⟩= A |ϕn⟩, we have that any

1 Dark states |ϕn⟩ are deĮned as Lk |ϕn⟩= 0 and H |ϕn⟩= ωn |ϕn⟩, ∀k.
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oscillaƟng coherence must saƟsfy
−i[H, |Ψ⟩⟨ϕn|]+∑µ γµ

(
2Lµ |Ψ⟩⟨ϕn|L†

µ −{L†
µLµ , |Ψ⟩⟨ϕn|}

)
= iΛ |Ψ⟩⟨ϕn|, with Λ ∈ R. Using Lk |ϕn⟩= 0

and H |ϕn⟩= ωn |ϕn⟩ we are leŌ with−iH |Ψ⟩⟨ϕn|−L†
µLµ |Ψ⟩⟨ϕn|= iΛ |Ψ⟩⟨ϕn|. We take the product of

this with ⟨Ψ| from the leŌ and |ϕn⟩ from the right, thus we have ⟨Ψ|L†
kLk |Ψ⟩= ||Lk |Ψ⟩||2 ≥ 0. We then

use the fact that H is HermiƟan and so ⟨Ψ|H |Ψ⟩ ∈ R. Then the only way to saƟsfy the eigenequaƟon is iī
Lk |Ψ⟩= 0 and H |Ψ⟩= Λ |Ψ⟩, therefore |Ψ⟩ ∈ D is also a dark state.

Theorems on general complex coherent dynamics under dissipation

In this secƟon we go beyond H being a standard Hamiltonian, i.e. H ̸= [H̃,•], and move to cases when the
eigenmodes of H are not pure states and when H is not HermiƟan.

Supplementary Theorem 3. Let L ρ∞ = 0. If there exists a non-trivial operator A with the property

[H,A]ρ∞ = λAρ∞, [Lk,A]ρ∞ = [L†
k ,A]Lkρ∞ = 0, ∀k, (13)

then the state ρ = Aρ∞ is an eigenstate of the Liouvillian with purely imaginary eigenvalue,
L ρ = iλρ ,λ ∈ R.

Proof. Take the conjugate transpose of Supplementary EquaƟon (13). We get ρ∞[H,A†] =−λ ∗ρ∞A† and
ρ∞[L

†
k ,A

†] = ρ∞L†
k [Lk,A†] = 0,∀k, as ρ∞ is HermiƟan. Now deĮne a superoperator

Ŝρ := [H,A†A]ρ,∀ρ ∈ End(H ). The superoperator is a commutator of two HermiƟan operators and is
therefore clearly skew-HermiƟan (with purely imaginary eigenvalues). We take the Hilbert-Schmidt inner
product of this superoperator with ρ∞. The result is purely imaginary, tr

(
ρ∞[H,A†A]ρ∞

)
= iθ ,θ ∈ R, as Ŝ

is skew-HermiƟan. It is straighƞorward to calculate, using Supplementary EquaƟon (13) and the conjugate
transpose of Supplementary EquaƟon (13), that tr

(
ρ∞Ŝρ∞

)
= (λ −λ ∗)tr

(
ρ∞A†Aρ∞

)
. However,

tr
(
ρ∞A†Aρ∞

)
= ||Aρ∞||> 0. Thus the rhs is purely real, whereas the lhs is purely imaginary. Therefore,

λ = λ ∗ (i.e, λ ∈ R).

We deĮne a new superoperator Âρ := Aρ,∀ρ ∈ End(H ). Using the deĮniƟon of the Liouvillain L from
Supplementary EquaƟon (1) and using Supplementary EquaƟon (13) (and its conjugate transpose), it is
straighƞorward to show that [L , Â]ρ∞ = iλ Âρ∞. Then, using L ρ∞ = 0, the statement of the theorem
directly follows.

Supplementary Corollary 1. In parƟcular, if

[H,A] = λA, [Lk,A] = [L†
k ,A] = 0, ∀k, (14)

then L ρnm = iλ (n−m)ρnm,λ ∈ R, with ρnm = Anρ∞(A†)m.

Proof. From Supplementary EquaƟon (14) it also follows that [H,An] = nλAn, [Lk,An] = [L†
k ,A

n] = 0,∀k,n.
Taking the conjugate transpose of that we have [H,(A†)n] =−nλ (A†)n, [Lk,(A†)n] = [L†

k ,(A
†)n] = 0,∀k,n.

5



Assume without loss of generality that n > m: then it follows from Supplementary EquaƟon (14), its
conjugate transpose and Supplementary EquaƟon (1) that L Amρ∞(A†)m = 0, i.e. ρ ′

∞ = Amρ∞(A†)m is also
a staƟonary state. DeĮne A′ = An−m, we then have ρnm = A′ρ ′

∞ and we can now simply invoke
Supplementary Theorem 3 and arrive at the main statement of the corollary. Recalling that it also directly
follows that the state ρ†

nm is an eigenstate with an eigenvalue of opposite sign
L ρ†

nm =−i(n−m)λρ†
nm,λ ∈ R, we can repeat the same procedure assuming that m > n. This proves the

corollary.

Supplementary Discussions

We now proceed to give examples and discuss the proposed experimental implementaƟons.

Dynamical decoherence-free subspace: The XXZ spin ring

We study the n-site Heisenberg XXZ spin chain with periodic boundary condiƟons (spin ring),

HXXZ =
n

∑
j=1

σ+
j σ−

j+1 +σ−
j σ+

j+1 +∆σ z
j σ z

j+1, (15)

where ∆ is an anisotropy parameter and the spin-1/2 operators on site j are σα
j = 1

⊗( j−1)
2 ⊗σα ⊗1

⊗(n− j)
2

(with σα being the standard Pauli matrices and 12 is the idenƟty matrix of size 2x2). For the sake of
simplicity, we study the dimensionless version of the model. We also introduce a single ultra-local loss
term L = γσ−

1 with loss rate γ ≥ 0. In the long-Ɵme limit this setup induces a dynamical decoherence-free
many-body subspace (see Supplementary Theorems 1 and 2) that is formed from pure states that are
eigenstates of the Hamiltonian HXXZ |ϕn⟩= ωn |ϕn⟩ and that are annihilated by L |ϕn⟩= 0. Thus,
L |ϕn⟩⟨ϕm|= i(ωn −ωm)|ϕn⟩⟨ϕm|, and any state of the form |Ψ⟩= |ϕn⟩+ eiα |ϕm⟩ will undergo oscillaƟons
when ωn ̸= ωm, ∀α .

The Liouvillian of the model was studied through exact diagonalizaƟon, and by requiring that the Bethe
ansatz soluƟons for the eigenvectors of HXXZ are dark states of L. The spectrum of the corresponding
Liouvillian is shown in Supplementary Figure 1 for diīerent system sizes n. We Įnd that the number of
disƟnct purely imaginary eigenvalues scales sub-quadraƟcally with n. The spectrum in Supplementary
Figure 1 also shows the formaƟon of oscillatory paƩerns in the spectral densiƟes that hint at the formaƟon
of Bethe strings in the values of the complex quasi-rapidiƟes of the related integrable model. The
eigenstates with purely imaginary eigenvalues are states with nodes on the loss site (and may also be
understood as laƫce scarring,12 but a 1D quantum many-body version13). The purely imaginary
eigenvalues are not present at the non-interacƟng point of the model (∆ = 0).

In the thermodynamic limit the spectrum of the lossy XXZ spin ring Liouvillian seems to be
incommensurate. This may again lead to relaxaƟon, though it would likely require much longer Ɵme than
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Supplementary Figure 1: The spectrum of the XXZ Liouvillian with a single loss term. We study three system
sizes n=4 (a), n=6 (b) and n=8 (c) in the gapped regime with ∆ = 2 and γ = 1 and plot the real and imaginary
part of the eigenvalues ofL . The larger red points indicate the purely imaginary eigenvalues and the green
points the staƟonary states (with eigenvalue 0).

(a) (b)

Supplementary Figure 2: Comparison of the dynamics of the XXZ spin ring for ∆ = 1.1, n = 4, γ = 1 with two
(a) and one (b) loss terms. Introducing two loss terms destroys the dynamical decoherence-free subspace
and leads to relaxaƟon to staƟonarity (a). One loss term, instead, preserves this dynamical subspace and
leads to persistent oscillaƟons. Results shown for O(t) = ⟨σx

2 (t)⟩.

in the corresponding closed XXZ ring

In the long-Ɵme limit this setup restricts the dynamics to the dynamical decoherence-free many-body
subspace that undergoes conƟnued oscillaƟons. We take ∆ = 1.1, n = 4, γ = 1 and show the dynamics in
Supplementary Figure 2 for O(t) = ⟨σx

2 (t)⟩. The Ɵme evoluƟon is iniƟalized in a random iniƟal state.
Numerical invesƟgaƟon indicates that the dynamical decoherence-free subspace is robust to terms in the
Hamiltonian that break integrability, but it is not robust to the presence of addiƟonal Lindblad operators.
In parƟcular, adding a second loss term destroys the dynamical decoherence-free subspace. We thus
compare the Ɵme evoluƟon of the same observable starƟng in the same iniƟal state and with the same
parameters, but with two loss terms L1 = γ1σ−

1 , L2 = γ2σ−
2 (γ1 = γ2 = γ) in Supplementary Figure 2. This

case clearly shows relaxaƟon to staƟonarity. Furthermore, the staƟonary state is unique.
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Multi-block structures: Additional examples with the Hubbard
model

Spin dephasing

Due to the spin and η-pairing symmetries of the D-dimensional Hubbard model the condiƟons of
Supplementary Corollary 1 will be fulĮlled if we take any set of Lindblad operators contained exclusively in
either symmetry sector. This will construct a dark Hamiltonian. For instance, in contrast to the main text,
we may take a set of ultra-local spin dephasing Lindblad operators Lk = γkSz

k (and set a constant laƫce
potenƟal ε j=0). The diīerence to the example in the main text is that the staƟonary state is now given
as,

ρ∞ =C exp
(
β0ηz +β1(η+η−)+β2Sz) , (16)

where βm play the role of chemical potenƟals of the grand canonical ensemble, andC is a normalizaƟon
constant. This dissipaƟon also constructs a dark Hamiltonian with the following eigenmodes,

H
(
(η+)mρ∞(η−)n)= 2(m−n)µ

(
(η+)mρ∞(η−)n) , (17)

where µ is the chemical potenƟal. Thus starƟng from an iniƟal state with a well-deĮned number of
parƟcles and doublons we arrive at the staƟonary state given in Supplementary EquaƟon (16). However, if
we start from an iniƟal state that is oī-diagonal in both parƟcle number and the number of doublons, we
will get oscillaƟons of the form of Supplementary EquaƟon (17). The eigenmodes of the dark Hamiltonian
all have η-pairing symmetry, which is of parƟcular interest when studying superŇuidity and
superconducƟvity as η-paired states have long-range oī-diagonal order14 for all dimensions D. Thus all
the eigenmodes of the dark Hamiltonian are superconducƟve.14

Transport of doublons

Let us now take Lindblad jump operators that drive doublons, i.e. in one spaƟal dimension L1 = γ1η+
1 and

L2 = γ2η−
n , and an analogously chosen pair in higher spaƟal dimension.

For the same reasons as in the example in the main text we obtain a dark Hamiltonian. The crucial
diīerence now is that the staƟonary state ρ∞ will be diīerent. As we are driving doublons, the eigenstates
of the dark Hamiltonian will be non-equilibriummixed states, which support a doublon current in addiƟon
to having coherent oscillaƟons in the spin sector.

Experimental implementation with ultracold atoms

Ultracold fermionic atoms trapped in an opƟcal laƫce provide a clean experimental realizaƟon of the
Hubbard model.15 The dynamics of the atoms can be restricted to two atomic hyperĮne states that realize
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the two spin states of the Hubbard model. A magneƟc Įeld B is used to energeƟcally split the hyperĮne
levels via the Zeeman eīect. Tunneling between laƫce sites τ is controlled by laser properƟes and
short-ranged on-site fermion-fermion interacƟonsU arise because of s-wave scaƩering between atoms in
diīerent spin states. Importantly, the thermal energy of ultracold atoms as well as the energy scales
associated with τ ,U and B can all be chosen to be much smaller than the gap between Bloch bands hence
limiƟng the dynamics to a single band Hubbard model.

When immersing the opƟcal laƫce into a Bose-Einstein condensate addiƟonal scaƩering processes
between the laƫce atoms and the background Bose-Einstein condensate occur.16 The dominant eīect of
these addiƟonal interacƟons is local pure dephasing γ j of the laƫce atoms described by the operators L j

in the main text (independently of whether the laƫce atoms are bosons or fermions). The background gas
may also cause small renormalizaƟons of the parameters appearing in the Hubbard model but these are
oŌen negligible. Experimentally, such interacƟons have recently been studied for individual 133Cs atoms
immersed in 87Rb condensates paving the way to controlled atom-quantum bath interacƟons.17

Our setup requires that the dephasing interacƟon aīects both hyperĮne states of the fermionic laƫce
atoms equally. This spin-agnosƟc interacƟon can for instance be realized by forming the Bose-Einstein
condensate out of spin-0 bosons. Such two-component mixtures have recently been experimentally
realized with fermionic 87Sr and spin-0 88Sr.18 Also mixtures of fermionic 40K atoms and bosonic 87Rb were
described using spin-independent Bose-Fermi interacƟons in Supplementary Reference 19. Finally, to
realize the η−paring example a uniform potenƟal laƫce potenƟal is required as was recently realized
experimentally in Supplementary Reference 20.
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