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SUPPLEMENTARY NOTE 1

Boltzmann formalism: In the space uniform case, the standard Boltzmann equation reads [1]

0 -0
O 1, 1)

Here Z.{fi} represents the elastic scattering by static defects or disorders with a general distribution function f;
and [ = (n,k) is a combined index with k the momentum index and 7 the label of band. The collision term can be
formally written as [2, 3]

Ta{fi} = = (@ fi — @ fr), (2)

4

where >, =3~ [1dk'] with [dk'] = d?k'/(2m)?. The scattering rate wys between [ and I’ states is related to the
T-matrix elements according to the so called golden rule

27
oy = E|Tll"26(5l —er). 3)

In the general case, the scattering rate is not symmetric with respect to the interchange of the initial and final states,
wyr # wyy. Therefore, wy can be formally decomposed into the symmetric and antisymmetric parts as

— sy as sy __ sy as __ as
wyy = wyy, + wyp, Wy = W, Wi = —wp- 4)
Accordingly, the collision term can also be decomposed as

To{fi} =T} {fi} + T{ A (5)

where

Isy{fl} = Zw”/ fl’ (6)
I hY = _Zwm fo+ fu). (7)
-

The antisymmetric part Z5F{f;} is responsible for the skew-scattering contribution to the anomalous and nonlinear
Hall effects.

If we take into account the work done by the electric field as an electron gets displaced within the unit cell during
the collision, the scattering rate is modified as

~ 2w
wy = ) = E|Tll,‘2(5(sl —ep + eE - dryr). (8)
Here we only consider the modification to the symmetric part, that is, we’ve neglected the mixed contribution from

the skew-scattering and the coordinate shift, which can be neglected in the weak disorder limit (see Sec.). And the
coordinate shift, usually referred to as side-jump, is given for a weak impurity potential Vi, by [3]

,6Ul ,6Ul/ A
(SI'llI = <Ul 187k> — <ul’ ZW> — Dkk’ a'rg(‘/ll’) (9)
with
8 0 R
Dkk ak 81{/7 ‘/ll/ = <ul|‘/imp|ul/>- (10)

Below we take into account contributions up to the first order in dr;;, which allows one to approximate the d-function
as

0
851 (5(61 — 61/)

0
=0d(e; —er) —eE - oy 851/6<El —ev). (11)

(5[51 —ep +eE- (51'”/] ~ (5(61 - 6[/) + eE - oryy




Thus the symmetric collision term can be written as
Ay ==Y @i — fr)
l/

~ —Z(wfﬂ +eE-Op)(fi — fr)

ll
=T + ALY
with

TifY ==Y @i(fi— fo),
l/
T {fi} = —eE- > Ow(fi— fi),
l/
where we have defined

0
8516(€l - 61/).

2T
Oy = ?\leﬂz&”u'

(15)

In summary, the elastic collision term has been approximately decomposed into the intrinsic, side-jump and skew-

scattering parts as

Ta{fi} = TH{AY + T LAY + T A)

To solve the Boltzmann equation, we formally decompose the distribution function accordingly as

fr=fm 407 + o fh.

And the standard Boltzmann equation then becomes

O+ k- 8) - (fi" +0f7 + 0 f%) = T fi} + T { i} + T )

Approximately, we can decomposed the standard Boltzmann equation into three equations as

@0+ k-GS = T,
(O +k-k)of)7 = Ié?{dff]} +I:lj{flm}’
(00 + KBS S = TS} + T,

where we’ve neglected the terms with mixed side-jump and skew-scattering contributions.

SUPPLEMENTARY NOTE 2

(16)

(17)

(18)

Response currents in absence of magnetic field: In the absence of the magnetic field, the semiclassical

equations of motion are [3, 4]

i‘lzvl—kxﬂl+vfj,

. e
k= —ﬁE,
where v; and Vlsj are the intrinsic and side-jump velocities
v, = %%, vlsj = zl:wlsl%rm.
Combining these two equations, we have
i‘:vl—&—%E X Ql—l—vfj,

and the electric current reads

JE) = —e> tifi=—-eY (vl + %E x Q +vfj)fl.
1 l

(25)

(26)



Assume an ac electric field E(t) = Re{£e?!} with the amplitude vector £ and frequency w, the decomposed Boltzmann
equations become

(00— o (Eue™" o+ Ege™ O] fi" = TR}, e7)
(00 = 5= (Sac™! + Exe ) GR]aF = TH{SF} + T, (28)
00— o (Eac™ + E2e7VORI0 R = TS + T (29)

Intrinsic contribution

Note that the first equation only contains the symmetric scattering, thus can be solved within the relaxation time
approximation

B afm f(O) _ rin
wt * wt [ _J1 l
(5 + &™) Sl = p.

fl(O)
1 + 10y — (em/2h) (Eaei‘*’t + E;e*i‘*’t)aﬁ’

ofir
ot 2h

= fin (30)

where fl(o) refers to the Fermi-Dirac distribution function and 7; refers to a general relaxation time. We are interested
in computing the response up to second-order in the electric field, hence, we only expand the distribution function up
to second-order as

o0

fir =37 [ =m0+ SH(Eae + e N3] SO = {0+ S 4 2 fim (31)
n=0

where 0! f{™ refers to the linear dependent part

3 €T - n iw * _—iw a
e S T M R e L
n=0
em 5aeiwt g*e—iwt 0)
2h(1+z’wn+1—iwn) i (32)

and §2 /™ represents the second-order part

2 lin _ % ( - Tlat)m |:(gaeiwt + S:efiwt)aﬁ] ( N Tlat)n%(g zwt + 5* 71wt)81b( l(O)
m,n=0
2

_en Cabi &éa (0 Cabi &éa (0
4h2 {Tl(1+iw7'l 1 — wT, )8 Of [(1—|—in1)2 + (1 —iwn)z]( m)3kf)

gagbeﬂwt N ga gl;ke—ith
(1+iwn)(1+i2wr) (1 —iwn)(1 —i2wn)

gagbeﬂwt g;g;e—ﬂwt " b £(0)
[(1 + iwny)2(1 + i2wT) + (1 —iwn)2(1 — iQle)] (Okm) Oicty } (33)

+n| |oxor




And the corresponding electric current can be obtained as

Jin(E) = _ez {Uz 4 € cade <5deiwt n g;e—iwt)Qle} (fl(o) Folfin 4 62 lm)

2 \1 +iwn 1 —idwT

+ﬂ{ ( ELE. N 5:& )6{1812]‘1(0)4—[( Eif.é’c N 50*'517 2}(8&;)8{;]‘}(0)

iwt * ,—iwt
_ _ez |:,Ula + %}Eade (Edeiwt + gd*efiwt)gle} {fl(O) Lo €Ty ( gbG. + gbe : )aﬁfl(())

4h2 1+iwn 1 —idwn 1+iwn)? (1 —iwn)
gbgceﬂwt gg(c::fefﬂwt ] b 0)
C 8 8C
+”h1+mmxy+nmn (1 —iwn)(1 — i2w) kS
(c/*bgceith g;gike—ﬂwt b 0)
C a 8C
h1+mmya+wmm)+(L—mnﬁu—¢mmﬂ(k”)kﬁ }
= Re{J;”(O) + JM(w)e™t 4 Jin (2w)ei2“’t} (34)
with
i eggbg* Tl d virogT
n — c ac Qd b a qc qb I Yk b) (0)
Ja"(0) o2 Z 1+ i, (5 1O + T OOy + 1+ i K| (35)
, e2&, v
in _ abcyc ] b (0)
7w ==Y (0t + o ak) 1, (36)
. 6351,5 T T} v O™ 0
Jn (9 - _ c |: acdgd&b l 80617 I Yk O, :| ( ) 37
o () 2h2 §:1+mn€ lk+1+nmqkk+u+wmxymmm) h (37)

Side-jump contribution

The side-jump induced modification to the distribution function can be obtained by putting the expression of f;"
into Eq.(28) as

zw * —iw a sJ 5f3j ¢ iw * —iw in in
[atgfiﬁ(s HETRISY = —= = (G e t)j;:cﬁ;(l — £im), (38)

where we also used relaxation time approximation for the intrinsic collision part. The above equation can be formally
solved as

(en/2) (&t + Ee ) X, Oh (Fi = fir)
1+70 — (€Tl/2h)(5aelm +Erem zwt)aﬂ

= _72[ Tlat‘i‘i(g iwt 5* —zwt)(c)k:| Tl(gbezwt g* —zwt ZO”/ fzn)

Sff =

:L§:[n@+—wlm ﬁﬂ%@}ﬂ&wtewwtzplpmjw

@( Scezwt g:efuut) . (0) B 67’[!( gcezwt g: —iwt )ac (O):|
2h 1+%wn 1 —iwn ! o2h \1+iwry 1 —iwr /) X7V
_51 b] +(52 . (39)

The linear dependent part reads

1 psj € - n iwt *  —iwt a
5lJ:f§§:@ﬂ@)n@w + Erem N QS
n=0
en( E et Ege_i“’t) u
= 40
2 \1+iwn 1 — 1w Qi (40)



with

Z O [fy 2, (41)

and the second-order part is

52 lsj _ 6477; ( . Tlat)m [(5 iwt 5* —zwt)aa} ( o Tlat)nTl (gbeiwt + g;e—iwt)Q;)

m,n=0
e e . . e . . L . —
fi Z(f’rlat)nﬂ (5aezwt 4 g:efzwt) 2777/ {gbezwtlglab + 55672Wt(Plab)* o Ebezwtljlab o Egkefzwt (}glab)*}

2

Rk (1 e Jfgfw) R+ [ * )
+ELE(R® = B") + EE(RT = B | ii:—ib(ell?tmwn) - fwfl;(l itzml) Joear
2w * Ox —12w
[(1 T zf;()ggil +t 2wm) (1= iif;);(l - 1;2le)} (Gm) Qi
‘fafl;’i:( ; _plab) + (m(ﬂab _plab)*} (42)
with
o oy

There are two contributions to the side-jump contribution. The first comes from the side-jump velocity, which can
be obtained as

1) = e Yo (3 + )
Ex —twt

B <) en gbeiwt e (0)
= _ez J{ (1+z’wn + 1b7 iwn)aﬁfl
+e2Tz{ ($E0e s+ L2 Yohog (O + [t e (ohm) ot

4h? 1+idwn 1 —idwn (I+idwm)? (1 —iwn)?
gbgceﬁwt 51) E*e —12wt 0)
< b6,
L [(1 +iwn)(14i2wr) (1 —iwn)(1 — iZle)} ki
gbgceith gékg*efﬁwt b 0)
C a ac }
+ [(1 +iwT)?(1 + i2wT) * (1 —dwm)?(1 - i2wn)] (Om) o
_Re{JSj7 +JS], ( ) iwt+J;j,1(2w)ei2wt} (44)
with
' 35,E* 08 oL 0
Jsj,l 0) = _6 bCe a ( 80@!} k 817) (0) 45
«(0) 252 Zl:lﬂml T’kk+1+z'mlkfl ’ (45)
, 2g T3l
TP (w) = -2 o _pp 10 46
a (W) i l 1+z’le kfl ) ( )
, 3&E 08 05T 0
TS0 (9) = € hee a acab k 8b ( ) 47
@ (@) 212 zl: (1+z‘ml)(1+z'2ml)(” SO e k) l (47)

And the second contribution comes from the side-jump induced modification to the distribution function, which can



be obtained as

JIAE) = —e Y [of + 5 e (Eac + ) 0| (8147 + 0217
l

. 2h 2 \1+ w1 —iwn
e?7 Er€ Ex&y Er€ EX&y
. ¢ c c ab c
n {T (1 iem 1 fm> O + [(1 +iwm)? (1 finl)Q}( k7@
_ _ N (c/'bg €i2wt g*g*e—ith
Ex g Pbc Pbc E*€ Pbc_Pbc |: c b%c 8b c
TEE(B — F) + E6(P” ~ BY) 47 (0T i) (0 2wm) 0 = iwn) (1 = i2wm))
gbgceﬁwt 5;5:67i2wt b .
[ T+ iwom)2(1 1 20m) (1= iwn)2(1 — i2m }(8“”)@
(
gagbeith b _— 5*5* —i2wt b _ o
— (P - P 7P“ - P }
+1+¢2ml( : )+ 1— 2w (7 )
= Re{J(fj’2(O) + J;j’Z(w)eM + J;j’2(2w)ei2‘”t}
with
sj eggbg* Ti ac anc Uaach c DC
J“]’Q(O)_ 2hc . {1+iwn [8 dQ?ZQ?_FTwlakQ? lfi—k Ql} + 7l (Plb_Plb)}’
a
Jsj2 _ 25 U b
- ¢ Z 1+ 1w Q1
j € 5bgc i ks viOET
JS],2 ) — { |: achd b l ¢ b I Yk b]
(2w) == Thion © QT 700 QU T 0 o) @
Tlvla cb pcb }
—t (P’ — P, .
1+i2wn( =)
Combine these two contributions, the total side-jump contribution can be obtained as
; eSgbg* T V] OL T
S7 — c acdyd b anc b l k l
J27(0) oh {1+iwn {5 Q' Q] + mv 0 Q] + 1+ iwn Q!
53 , oL ) —.
i (k0 TR ) 1] et (= P}
il 2 7 vel b 4(0)
Ja](w)—e Sme(zQz 6kfl ),
: 63&,5 Tl Tl'l)a v“@cn
J59(2 _ c { d {achd b .l o¢ b i I Yk i b
o () 2h 1+ iwn c 1@+ 1+ i2wm Q7+ (1+dwm)(1+ szTl)Ql
’Usj 8071 0) Tl'l)a =
. a acab k 8b) ( :| l Pcbﬁpcb }
h(1+i2le)<lek+1—|—iwn AL +1+i2wn( ! )
Skew-scattering contribution
Put the expression of fli" into the third equation, we obtain that
zw * —iw a S 5f5k S
[@—ﬁ(é‘ "+ &e t)ak]fsflk:—Tll—Z @i (fi" + fi),

14

(48)

(51)

(54)

(55)



which can be formally solved as

5k — —m 3y @i (" + £
1 14 70, — (emy/2h) (Ecet 4 Ere=t) O

__Z[ Tlat‘i‘f(g zwt+g* —zwt k] lewl’l Ln+f )

- iwt * 7zwt (0) (O) ery [ & et
Z[*Tlat+7(€ +€ ] lewl/l{l +f 2h(1—|—@w7’l

Exe~ wt 0) ety gaeiwt Exe wt (O) en E*Eb gl;kga b £(0)
a a a a 80,8
+1—z'w7'l) t 2h (1+iw7‘l1 1—iw7'p> Oic Ju 4712{Tl<1+iw77+1—iw77) k"l
gagbeﬂwt 5;5*e—i2wt . 0

b }81((:)]11]0[( )

12 & a \ab (0
[(1 Fiem)? T mm} (Gkm) Ot + 7 [(1 i) (L +i20m) | (1= iwn)(1 = 20m)

& gbeith g*g;e—&wt 0)
a a o¢ ab }
[(1 + iwn)2(1 + i2wT) + (1 — iwm)?(1 fmm)}( k1) Ot
e2ry EX&y ELE 0 EX&y EFE 0
(e )OO £+ [ el (R A
+4h2 { <1+iw7'l/ l—iwn/) o dhe fur (14 dwTy)? * (1 —dwTy)? Ok e 1y
gagbeﬂwt g*g:e—ﬂwt b #(0)
/ a aala ’ ’
R [(1+iw7‘l/)(1+i2wn/) + (17%)7’[/)(171'2&)77/)} k kfl
5a€b€i2wt 6*8;e_i2wt ( )
u 3 1y (9 / }
[(1 + dwrp )2(1 + i2wTy) * (1 —dwmy)?2(1 — iQle/)} (Oh )0k
=8+ 87 f (56)
Note that the equilibrium distribution function does not contribute to the scattering
Z @ (0) + f(o)) (57)
Thus, the linear dependent part reads
& e’iwt g* —iwt
51 fsk — a L {67’1 ( a ) 0)
! HZO ~70) le @i 1+iw7‘l+lfzw7' kfl
ety (c/’aezwt E*e —twt 0)
a oi 13|
2h (1+iwn/+1—iwn/) kfl
e iw a Ta * —iw a Fa\*
= —ﬁ[é’ae HIE + I + Ere (1P + T7) } (58)
with
TZaaf(O) 7 02 f(O)
Jo — as I YkJI t k'JU 59
l Zwll(l_’_iwn)Qv Zwll 1+iUJTl)(1+7;OJTl/)’ ( )

14



and the second-order part is
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(o)
52 lsk — _ Z( Tlat) 2 (gbezwt S;e—iwt)alli% |:8aeiwtlla + S;G_th(Ila)* + gaeiwtj_la + gge—iwt(l_la)*}
n=0
- n 62 * ba Tba * ba Tba\ * * ba ba * ba ba\ *
72(77-[615) Tlﬁ[é‘aé‘b (Jl +J1 )+£a5b(<]1 +J1 ) +gagb (K1 +K1 )+ga£b(K1 +K1 )
n=0
+HE L (JG + T5%) + ExEre” P (I3 4 T37) + Eape (K3 + K3°) + E5E e PN (K5 + Kga)*}
= fu;l |Eai O (7 + T) + EELOL (I + T7)" + £85 (T + T0%) + E16, (1 + Tt)’
_ _ N & Sbeith _ 5*5* —12wt s
. * Kba Kba * Kba Kba a b ¢ Jo IO o
+€€b( 1 + 1)+5a5b( 1 + 1) +71—|—Z'20J7'lak(l+l) 71—220,}77 ak(l+l)
gagbeﬂwt b - g*g};«e—ﬂwt b —pa\
J a J a a J a J a
1+i2w7'l(2+ 2)+ 1—i2w7‘l(2 + 2)
5a5bei2wt b . g*g;e—ﬁwt b -
— (KJ* + K2° <0 (K)*+ K¢ ] 60
1—|—i2wn( 2+ K57 + 1—i2le( 2+ K37 (60)
with
29a b £(0) 2aa ab £(0)
ab as T OO S Fab as T Ok O s
T . - 2 — 1
Ji lz,w“ 1+ iwn Ji lz,w” 1+ iwny (61)
a (0) a b £(0)
Tl (ak'rl)allifl —ab T (ak/ T )ak/ fl/
K = oy —— s X K = ——— X 62
1 lzlwll (1+iw7‘1)2 ) 1 lzlwll (1—|—in1/)2 ( )
2aaabf(0) B 7299, Hb (0)
Jab — as 71 9% Jy Jab — as %% 9k i 63
2 ;wl "1+ iwn) (1 + i2wm)’ 2 ;wl YA+ iwr ) (1 + i2wry)’ (63)
() op £, - 70 (0 7) O £
Kab — a/s 1 Kab — ces k k’J1 . 64
2 ;wl 1+ iwn)?2(1 + i2wn)’ 2 ; "Y1+ iwr )2(1 + i2wTy) (64)
Then the corresponding electric current contribution can be written as
TEHE) = e [of 4+ e (Eactt + Eqe )| (a1 + 82 4)
l
—e Z [of + 5 e (et + e ) [{ & (1 + 1) + &g e (1 + 1)’
fm@ [a,g OL(IP + I) + EE5OC(ID + ) + E,E7 (T + TO) + ELE(JE + )
_ _ " 5 5bei2wt _ g*g*e—ith o
EE* ch ch g*gc ch ch a 8b Jo Je a®b ab IO Jo
TEES (KT + K1°) + E (KT + K1) + 7o — O + 1) + = k(I + 1)
gbg 6i2wt b b 5;5*67i2wt B "
c Jc c Jcb Jcb
1+i2wn( )+ 1 —i2wn (57 + J57)
gbgceﬂwt b _ b g:g*e—iZwt b _
KC KC C KC KC :| }
1—|—z'2w7'l( 2+ 2)+ 1—i2w7‘l( 2t 2)
= Re{J;k(O) + J;k(w)em + J;k(Qw)eiQ“’t} (65)
with
sk Sgbg* acdyd ( b 7O a C b 7O cb Tcb cb r-cb
Ji0) = e S {1 + 1) + ot [0 (1 + IY) + JE 4 T+ K+ KT, (66)
l
sk (‘:
Ja (OJ) TZ Il +Il (67)
1
S 5 ac Tlva C T C TC Ci [ C
Jik(w) = L Z{ I+ I + [81((];’ FI) 4 JL TS 4+ RS+ Kgb} } (68)

l
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SUPPLEMENTARY NOTE 3

Anomalous & nonlinear Hall effects: In the presence of a ac electric field, the anomalous Hall effect correspond
to the response signal with linear frequency, and the nonlinear Hall effect refers to the response signal with zero and
double frequency. As we have demonstrated in previous section, all of these response can be obtained within our
theory, thus our framework can provide a unified description of the anomalous and nonlinear Hall effects. In this
section, we summarize the general expression that we have obtained and discuss their approximate forms in different
limits.

Anomalous Hall effect

Anomalous Hall effect can only be observed in systems with broken time reversal symmetry. According to our
previous calculation, the anomalous Hall conductivity can be obtained by writing that

Jo(w) = 04 &, cos(wt). (69)
Thus we obtain that
ol (w) = ol (w) + ool (W) + 0507 (W) + ok () (70)
with
2
oih(w) = =5 > e f”, (71)
!
2 sj
sj,1 _ _i TIVy 8() (0) 72
Uab (W) h l 1+iw7_l kJI > ( )
s7, Uty 0 0
@) =Y Onli” - 17 (73)

w
(0)

o.sk(w) — i Z Tlvlaw?’? (Tlalliflw) + Tl’ak’ ) (74)
ab h T 1+ dwn \1 + iwn 14w/’

Here we have neglected the second term in Ji"(w), which refers to the planar Hall effect instead of anomalous Hall
effect. The above expression contains all the leading contribution to the anomalous Hall effect in the most general
form.

Frequency-dependence in the isotropic limit

In the isotropic limit, the general relaxation time 7; can be considered as a constant 7. Thus the general expressions
can be further simplified as

2
oih(w) = % S ing (75)
s7,1 _ T sj (O)
oW = Z oy (76)
57,2 T sga 77
o W) =TT ; e f, (77)
2
s T
oap(w) = TUxiwn® h wa — v £, (78)

i

where we have performed an integration by parts in ¢ ( ) by noting that v{'(0/0¢;)d(e;—ep) =(1/h)0gd(e;—er). It is
interesting to note that the intrinsic, side-jump and Skew scattering contributions have different frequency dependence.
This feature is most significant When considering the high frequency limit (w7 > 1), in which all the contributions

0 i ~1 sk -2
are irrelevant with 7 and we have 0% (w) x w?, 07 (w) o w™! and o3 (w) x w



Anomalous Hall conductivity in the low-frequency limit

12

The typical frequency of the ac electric field is about 10-1000 Hz, which is the key difference with the optical
measurements. Consequently, the frequency dependence in the denominator can be neglected because the relaxation

time is about 1-100 ps, which indicate that wr < 1. Thus, in this limit, the the general expressions become

2
. e
n __ abcye £(0)
Oap = “h E ey
l
j, 1 622 i qb £(0)
87,4 __ sJ
Uab - _E TiVy 8kfl )
l
sj.2 _ % sj qa
o = h E Ty O fy
l
k e? Z (0)
Oob = —F nwy (nof —Tz/vﬁ)akf )

i

where all the contributions are frequency independent.

Nonlinear Hall effect in 7-broken systems

Different with the anomalous Hall effect, the nonlinear Hall effect can appear in both T-broken and 7T-symmetric
cases. Although our main focus is the 7-symmetric case, here we list out the general expression of the T-broken case

for completeness. By writing

Ja(()) = gabcgb€:7
Ja(2w) = XabeEp€e cos(2wt),

we can define the nonlinear Hall conductivity corresponding to the zero-frequency response as

Eabe(W) = Eo(w) + £} (w) + £12 () + 8. (w),

where

in e T ac aqc Uaacn 0
abe(w) = o2 Z m (5 0oy + mvf ooy + likaﬁ) 72,

1+ wwm
sj,1 _ Tivg’ ( ab e 8b) (0)
Sabe (@ 2h221+z “‘k+1+mn he ) S0
8le

azi;2<w>=;%;{1[;un( oo + o) [oh (Y — 5]

nop " o £y )

1+ iUJTl 1+ ’iWTl/

+nv]Ofy [

sk (W) = Z {81( mvy') (Tlalli 1(0) n Tl’all:/ Y ))
abe 2h2 @i 1 +dwn \1 4 iwm 1+ dwTy

[ PR | RO | (O | T (D)o l@} )
P14 dwr 1+ iwrp (1 + iwm)? (1 + dwmy)? '

And the nonlinear Hall conductivity corresponding to the double-frequency response can be written as

Xabe(W) = X (W) + X590 () + X252 (W) + Xoke (W),

(83)
(84)

(86)

(87)

(89)

(90)



where
in acdyd 1V c ab v} Ok } (0)
=—— _ QO + —————— 00
Xabe () 2h2 Z 1+ iwmn {6 PP ) 4 jown Kk + (1 + iwn) (1 + i2wr) & I
sj,1 — TZUSJ ( acab alc(Tl ab) (0)
Xabe (%) 2712Z 1 i) (1 + d2mm) VPR T 1700 O I

Tl

57,2 _ age Uﬁaﬁ’]’l Ob/ (0) _ £(0)
Xabe () = QH;{(I—szTl)(I—&—Qle) (Twl U 1+iwn) [ w (i v )}

it A )
1+i2wn W viwn 1+ iwny

aqc b £(0) b ( )
sk _ lel’l {( 9c0s Uy 8le ) (Tlak I Tl/ak/ )
Xape(w) = h2 Z 1+ 2w IO+ 1+ 722w/ \1+iwn + 1+ dwTy

] 2000 705,00 £
(1 +iwn)(1 +i2wn) (1 + iwry ) (1 + 2wy

n(0gm) kfz T (Og, T ) O l(/o) H
(1 +iwn)?(1 +32wr) (1 +dwn)2(1 +2wry) 1)
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(93)

(94)

Here we have neglected the terms Qlélflsj and ;61 7%, which are of order (n;Vi)? (see Sec. ). However, the the
leading order terms of the nonlinear Hall conductivity in the 7-broken systems are the second and third terms of x*",
which are of order (n;ViZ)~2. These terms may be considered as a nonlinear generalization of the linear planar Hall

effect, which can also describe the longitudinal nonlinear response if one take a = b = c.

Frequency-dependence in the isotropic limit

In the isotropic limit, the general relaxation time 7; can be considered as a constant 7. Thus the general expressions

of the zero-frequency nonlinear conductivity can be further simplified as

) =~ g S+ o)1

Eote (W) = 1 jjm WZ (O ors",

&2 w) = -1 fzw%Z[(a v + M)l + (G vy’ ]3;’5’,
o) = T e [ BTt 0 (g iyt

u

The detailed derivation of f;{)f (w) and the expression of M;‘b can be found in Supplementary Methods. .

general expressions of the double-frequency nonlinear conductivity can be further simplified as

in T 63 acd(d qb 7-lvla c ab (0)
Xabe(w) = =975 -5 Z {E QU+ T 0 K| S
2
57,1 _ g a sg ab (0)
Xape (@) = (14 iwT)(1 + i2wT) 2h2 Z /i
72 af(o)
83,2 I a sJ ac a
Xae (@) (1 +dwT)(1 + i2wT) 2712[ kve? + Myt + (Gl vy ] Oe; '
73 v — v;’

sk 2 c ,a (O) (0)
w ’ a 8 ’ ’ 8
Xabc( ) (1 i )(1 i2 ) 2h2 u |: kvl k' V1 ) k.f 1 1920 k.fl

(95)

(96)

(97)

(98)

And the

(99)

(100)

(101)

(102)
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The zero- and double-frequency nonlinear Hall conductivity demonstrated quite different frequency dependence on

dhe(w) oc w™t and x

€7 (w) ocw™, X3 (w) ox w2, &5 (w) ccw™ + w2 and x3E (W) x w2+ w S,

n

the response magnitude In the high frequency limit, we have i

Nonlinear Hall conductivity in the low-frequency limit

(w) o w™t

And

In the low-frequency (w7 < 1) limit, all the contributions to the zero- and double-frequency nonlinear Hall con-

ductivity become identical, which read

3
(&
dhe = Xihe = gz 2_ UL + 0 O (mO ")
l

3
j, 1 j,1 € j 0
Eai = Xabe = 5z 2 OO A,
l

3

87,2 87,2 € j - b sJ 8fl(O)
&2 =X = =52 Yo m{lGarwd) + M + omo o |
l

361 ’

2h

S S 63 as C a C a a a C
alljc = Xalgc = on2 Zleu' {[Tlak(m/l ) — Tl’ak'(Tl'Ul')]aﬁfz(O) = (mv = Tl’”z')ak(Tlaﬁfz(O))}

i

where the expression of /\;lfb can be found in Supplementary Methods. .

Nonlinear Hall effect in 7-symmetric systems

(103)

(104)

(105)

(106)

Contrary to the anomalous Hall effect, we are more interested in the nonlinear Hall response in the presence of
the time reversal symmetry. Note that the usual terms v;, Jp and €; are odd under time reversal while 7; is time
reversal even. Thus, for time reversal symmetric systems, the only surviving terms in the intrinsic nonlinear currents

are those associated with the Berry curvature. For the side-jump contributions, note that dr; oc @ x (k' —

k), thus

v;? and Oy are even under time reversal. Also note that i is odd under time reversal, thus the zero-frequency

nonlinear Hall conductivity in 7-symmetric systems become

in

__ o
abe() = 2h? Z 1+ iwng

SJ, 1 _ Tlv ( a ali’rl ab) (0)
Sabe (@ 2h221+z lkk+1—|—z’wnk b

“8§n

7, _ e’ T (0) (0)
faif(w) Y %: { 1+ iwn (Tl 'O + llfm) [O?z'(fzo - 1/0 )}

Tlaﬁfl(o) . T alb(/ fl(/O):| }
1+ 7;0.)7'[ 1+ iWTl/

ach?lall; 1(0)

+nv] Ofy [

5K (w) = Z { L (mof) (Tlaﬁfz(()) n q l('O))
abe 2h2 @i 1+iwn \1+iwn 1+ iwry

op [Tfaﬁaﬁfl U G ) A A C DL fﬁO)} j
t 1+ 1w 1+ iwrpy (1+ZUJT1)2 (1+iw77/)2 '

(107)

(108)

(109)

(110)
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And the double-frequency nonlinear Hall conductivity in 7-symmetric systems become

mn 63 Tl 0
Xl’lblc(w) = T o2 Z 1+ iwT EGCdQ?alzfl( )7 (111)
sj,1 _ Tl’Us] ( acab 8IC<Tl 8b) (0) 112
Xate (@) = 712 Z (1 +iwn) (1 + i2wT;) %%+ 1+iwm ¥ Ui (112)

20y _ € 7 { TV g Vi O HOb (0) _ £(0) }
Xape () 2h;{1+mn T 2am % T T dwm) (Lt ) (U = 1)

T ¢ {Tlalli 1(0) _ 71Oy l(’O)}}

, 113
1+ 2w Wi+ wTy 1+ dwry (113)
aqc b £(0) b £(0)
sk — Wi { ( ocpa 1 Y I ) (Tlakfl 0 fi )
Xabe(«) 2h2 Z T+ a20m WO T T 0000 ) T ion T 14 iwm
o [ T2OLOp l(o TROL O f, ()
(14 iwn)(1+32wr) (1 +dwry)(1+i2wry)
(01" @t ) (114)
(1+iwn)2(1+i2wn) (1+iw71/)2(1+i2w71/) '

The above expression contains all the leading contribution to the nonlinear Hall effect in the most general form, where
all the terms are of order (n;V@)™! (see Sec. ). Compared with the T-broken case, only the intrinsic contributions
are affected, in which only the Berry dipole contribution can survives in 7-symmetric systems.

Frequency-dependence in the isotropic limit

In the isotropic limit, the general relaxation time 7; can be considered as a constant 7. Thus the general expressions
of the zero-frequency nonlinear conductivity can be further simplified as

3

n _ T € E acdyd ab £(0)

abc(w) - 71 ¥+ iwr 2h2 € Ql ak 1 > (115)
j:1 s Z

575 sj
é-(Lbc (OJ) 1 £ jwT 2h2 ak akfl ) (]‘16)

2 (0)
87,2 - _ T i [ 98I ac b } 8fl 117
ape (W) 1T iwr 2n (v + M) + (O v, 9e; (117)
3 C,Q C ,Q
sk T O — OVl p (0) a ayqeab £(0)
abe(W) = 1+ iwr 252 E zz'[ 1+ iwr Oy — (' — )OOk fy } (118)

The general expressions of the double-frequency nonlinear conductivity can be further simplified as

in T e acdyd ab £(0)

Xabc( ) = "1t iwron2 ZE QoS (119)
sj,1 2 c sj b (0)

Xate (@) = (14 iwT)(1 + i2wT) 2h2 Z (Ohcv”)Ore i (120)
57,2 2 6 a, sj ac 0 l(O)

Xabc ( ) = (1 + iWT)(l + iQWT ﬁ Z |: ak'U + M )vl (8kvl ) ] 88[ ’ (121)
s T — ’Ua/ 0

Xope(w) = (L4 iwr) (1 + 2007) 2h2 Zwu' { agvf — ogvp) o £ 1+72l oL fi”|. (122)

n

Compared with the 7-broken case, now we have {7 (w) = X% (w) oc w™1.
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Nonlinear Hall conductivity in the low-frequency limit

In the low-frequency (wr < 1) limit, the contributions to the zero- and double-frequency nonlinear Hall conductivity
are identical, which read

3
, - e
abe = Xabe = ~ 573 S merdadol £, (123)
/
sg,l | sg,l e c sj\ ab £(0)
éhabc — Xabe — ﬁzﬁak(ﬁva )akfl ) (124)
1
85,2 85,2 __ el 5¢ 57 “qaci, b ¢ ay,. sj l(O)
5abc — Aabe T _ﬁ Tl [ k(TlUc )+Ml ]Ul + k(Tlvl )Ub F) y (125)
] €1
S S 63 as C a C a a a C
e = Xohe = 373 2 mwi { (o) — 70 (v = (o — o) (ndlf) ). (126)

124

Disorder-dependence and mixed contributions

According to the expressions, one can deduce the dependence of the distribution corrections on the impurity
concentration by noting that

61flin ~ (ni%Q)—l’ 51flsj ~ (ni‘/bZ)O7 §1flsk ~ (ni‘/g)o. (127)
(4a

where we considered the Gaussian asymmetric scattering rate <, )~ (niVi#)? as the leading contribution to w.
Also note that the side-jump velocity

vyl ~ iV, (128)
thus the leading anomalous Hall contributions
o™ o Qlfl(o) ~ (n;V3)°, % o vlsjélff” ~ (n;V2)°, oF o vt 7 ~ (niVE)° (129)

are of the same order. A significant aspect of the anomalous Hall effect is that all the leading order contributions are
disorder concentration independent.

For the nonlinear Hall effect, the Berry dipole, side-jump and skew-scattering contributions are all of order (n; Vi) ~!,
which can be estimated by noting that

Ofit ~ (V)R SR~ (V)T S~ (V)T (130)
and
X oo s fit o~ (V) xS~ (V)T xR ocud® f7F e~ (ni V) (131)

Here we use £°¢ and x*? to represent the Berry dipole contribution, which the first term of x* in the T-broken case
and equals to x*” in the T-symmetric case.

In the derivation of the anomalous and nonlinear Hall conductivities, we have neglected several mixed contributions
such as the terms with mixed side-jump and skew-scattering contributions, the terms with mixed Berry curvature
and side-jump contributions, and the terms with mixed Berry curvature and skew-scattering contributions. For the
anomalous Hall conductivity, only the terms with mixed side-jump and skew-scattering are present, thus we have

SISk /UfjalflSk ~ (niVOQ)l. (132)
For the nonlinear Hall conductivity, all three types of mixed terms are present, thus we have
ij,sk o vlé‘j62flsk ~ (nivbQ)O’ de,sj o Ql(slflSj ~ (ni‘/bQ)O7 de,sk x Ql(slflsk ~ (niva)O. (133)

Therefore, the mixed terms are of higher orders in n;V{ than the leading contributions in both anomalous and
nonlinear Hall response, thus can be neglected in the weak disorder limit.
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SUPPLEMENTARY NOTE 4
Tilted Dirac fermion in 2D: As a minimal model, we first consider a tilt Dirac fermion in 2D space
Hy = thy + v(kpop + kyoy) +mo,. (134)
Without loss of generality, we assume the Dirac fermion is tilted along x. The band structure reads
ef = thy 0, ) = Vo2k? + m? (135)

with k2 = k2 + kg And the chiral basis vectors that diagonalize the Hamiltonian are

ik-r

i) = =

+
7 ) (136)

where V refers to the general volume and

0 0
4y cos 3 —y _ sing
| ) ( sin gez(ﬁ ) ) u ) < — cos gew > (137)

are the eigen states with

3
>

— A
cosf = T R—— tan ¢ = L (138)

Note that tan ¢ = k,/k, indicating that k, = ksin¢ and k, = k cos ¢. The velocities along two main axis are

(139)

2
v Ky (140)

And the Berry curvature for each band is
2

+ _
Qk - :Fz(,UQkQ + m2)3/2'

(141)

Scattering rate

The scattering T-matrix is defined as
T = (| Vimyp | V). (142)

Here |¥;) is the eigenstate of the full Hamiltonian H="Ho+ Vimp that satisfies the Lippman-Schwinger equation

Vi

\Ijl:wl"'_#\yl- 143

1) = ) + ) (143

For weak disorder one can approximate the scattering state |¥;) by a truncated series in powers of Vj;r = <1/11|V¢mp|1/)z/>
as

l//l//lwl//l
\IJ " " et 144
[P0} = ) +Z —ep +15‘wl +ZZ (e1 *61//+’L(5)(6[*Sl///+l5)|wl )+ (144)

1 I

Note that the scattering rate w;;s between [ and I’ states is related to the T-matrix elements according to the so called
golden rule, thus we have

(3)

2
wy = %|Tll/|25(5l —er) = wz(z/) + oy’ + wl(l4’) o (145)
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with
2 _ 2
“ur = <W1’Vll'>disa(51 —ev), (146)
(3) _ 27 <Vl>lk/V””Vl”l'>dis <Vlf”Vlt'l/V”'>dis 5
’ = — - ! 5 147
“n h ; < ey —ep + 140 + ey — ey — 10 (1 =ev) (147)
V*,,V;k, ,V ///V/// ’ V*/V //V// ///V/” / .
w[(;%)_ ZZ w vy Vil l l>d + <” ll.ll l l>dzs.
TN gl/ — & — 'L(S)(El/ — &y + ’1,5) (61/ — & + 15)(51/ — &y + 15)
<‘/ll/‘/l>lk”‘/l>f’l”’ ‘/ﬁ//l/>d.
is Sler —en). 148
Erp— E— ) RS )

For the tilted Dirac model, we consider the model of randomly located d-function scatterers

Vimnp Z Vid(r (149)

with the random distribution R,; and the disorder strength V; satisfying (Vi)ais = 0, (V3 ais = Vi, and (V3 4is = V2.
In the eigenstate representation the operator elements of the disorder potential can be written in a general form as

jntn’)/2—-1 [

Vl:zl:;/’ _ Vl?,k' (ei0/2 + ne—ie/z)( i0' /2 + 77/ —if’ /2) ( i0/2 ne—w/z) (eie’/z N n’e_i9//2)ei(¢/_¢)}

((n+n')/2—1
- ngk,%{ [ez‘ww')m i nn/efzww)/z} {1 _ ei<¢'—¢>} n [nefz'(efo’)/z 4 ei0=¢’ )/2} [1 4 ei(¢’f¢>)] }

l?k’ —nn’
— X 2N
., (150)

where 7,7 € +, ¢ € (0,¢) represents the general angular index and V})), = >, Viel W —KRi - For its complex
conjugate, we have

! gntn)/2-1 i0/2 i0/2\ (10" /2 0 /2 i0/2 i0/2\ (10" /2 i0'/2\ i !
(R = Vs = [(€F e /) (12 e 2) (912 e 02 (61— e 7))
R AU TP Ay i(040")/2 i(p—¢’ 0—0)/2 0—0)/2 i(p—o'
=V — . Hez( +0)/2 |yt o =i(0+6")/ Hl _ ez<¢—¢>} + [776 i(0-0')/2 4 1y i(6-6")/ } [1 +ez<¢—¢>”
Vkok'; !
= 4’: :ZZ,. (151)
It is obvious that we have HZZ,, = (EZZ,)*.

Second-order scattering rate

Assume that the Fermi level lies in the upper bands, thus we have

2 2
T = (Gl ) Vil ) i, 868 — <)

= wn;'iVO [1+ cosfcost +sinfsind cos(¢’ — ¢)]d(ef — i), (152)

where we’ve used

<(Vl?k’) ka/ s Z VV 677] k k)Rle (k k)R >dis ~ 'I’Li‘/o2 (153)

j

with n; refers to the concentration of impurities.
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Third-order scattering rate

The third-order scattering term for the upper band is

+7 \* + \x
3) _ 2 [dk‘”] <<Vl:;/r(vkk7]/) (VIZ/k/) >d1's + C.C.) (5(5+ +> (3s (3a)

_ )
kK T T k ~ ) = W T W (154)

e — Epn — 10
where wl(is,) and wl(ia,) represent the symmetric and antisymmetric parts of the third-order scattering rate. The
symmetric part is not essential since it only renormalizes the second-order result. The antisymmetric part can be
written as

(3 ) v nV13 E‘F“F[é""n”én;": T E""’]”én'}: /é‘b“r
a) _ 1 T PP P! =o' o e + +
Wt = ﬁ/[dk’ ] 56 - +cc |o(ef —e), (155)
k/ k//
where we’ve used
0 0 * 0 * ~ .13
<ka/ (ka//) (Vk”k’) >dis ~ nl‘/l . (156)

After some tedious calculation, the numerator can be simplified as

=ttotn ont =tn =t o+

Nu uwwluwwllu - /“_‘CP//QD“_‘CP/QD

[1

e’ P
= —i"2°[sinfsin 6’ cos§” sin(¢ — ¢') + sin @ sin 6" cos G sin(¢’ — ¢”") + sinOsin §” cos 0’ sin(¢” — ¢)]. (157)

Thus, for the type-I Dirac fermion (¢ < v) with Fermi level in the upper band, we have
. 1/3 [e’e) 27
T’ = / k”dk”/ do” [sin Osin @’ cos 0 sin(¢ — ¢') + sin 0’ sin 6" cos O sin(¢’ — ¢)
0 0

+sin 0sin 6" cos 0’ sin(¢” — q/))} §(ef —ef)d(e — ). (158)

Fourth-order scattering rate

The forth order scattering terms for the upper band are
0\ (10 ey pn s ' "+
ol =20 [ [ VS O Gl i (O il e e
T (e, —ell, —id) (e, — el +1i6) (g, — el +1i0)(esf — e}l +6)

R RGOV O | s
(EI/ - €£/, - 7’5)(€i(h - 5£l/// - 7,5) k k

N (159)

Note that we did not take into account the fourth-order correlations, thus the disorder average in the above equality
have to be decomposed into the products of the second-order correlations.
According to the Wick’s theorem, we have

V) (V) VR e = (V) OG0 Vi V) e
H VD ) g ke Vi) s,
VD) Vil )i (Ve Vi) (160)
which correspond to the diagrams Fig. 1 (a)-(c).
(VA VRV Vit ais = (GAETVAE) s (Vi Vil ) g
H VD Vi) g (R ) s

VAV L (Ve Vi) (161)
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FIG. 1. Feynmann diagrams that correspond to the fourth-order scattering terms.

which correspond to the diagrams Fig. 1 (d)-(f). And
(Ve (V3" Vi) (R e = (Al VR 1o (Vi) (V) D
Vi R e R (R)™)
(Ve (M) g Videh ) (Vi)™ g (162)
which correspond to the diagrams Fig. 1 (g)-(i). Here Fig. 1 (a) only corresponds to the quantitative correction to
the second-order scattering rate, which can be neglect. And the contributions Fig. 1 (c), (f) and (i) are beyond the

noncrossing approximation (NCA). As a result, within NCA, the only contributions to the fourth-order scattering
rate are Fig. 1 (b), (d), (e), (g) and (h), which can be regrouped up into three independent terms as

dis

4 4—1 2 4-3
wl({k)’ - l((k’ ) + l({k’ ) + wl((k/ ) (163)
with

+1 ey "+ + o\
sl =5 flar / | (Bt e () >dis]5(g+ :

(5::/ - Eﬁ// 15) (Ek/ sﬁl/// + 7/5)

n2y4 oo 27 +n”5+n//5n + =t
= o 9 / K" dk" do” i s s — (e —&h), (164)
2mh Jo 0 (ef — ey —i6) (1 — epy +i6)
+ n'+
<(Vk1</i>) ka7/ >dis <V1:]’7k”’ Vk’”k’ >dzs + c.c.

(5;:/ - EK// + ifs)(gk/ Ek/// + 26)

2
i = o [1aw] [lar o(ei — <)

n2y4 oo 2m =tt=+n :nn =n'+
i’ 0 1" 3101 7 T T T e el ! + +
_ K dk / do { : +c.c.}5s ), 165
297h Jo 0 (ef — el +i0)(eff, — el +1i6) =4 (165)
/+ + ’
(4-3) _ 27 " " <(Vk—~l_<-'i_) an”’k’>dis<ka7’7’Vk”k’”>d¢s +  _+
Wiy~ = [dk"] [ [dk™] T e ; ~4S e |d(ef — &)
h (e — el +i0) (e — el +i6)
n2VE [ 2 ErtEr it = L
= 4 k:”dk”/ dqﬁ”[ LA 2 SR & A 2 4 +c.c.]6 et —et).. 166
29mh /0 0 (e — el +10) (e, — gl +1i0) (B =) (166)
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The symmetric parts of these contributions are irrelevant with the skew-scattering, thus we only consider their

. : da— 4— 4—
antisymmetric parts. Note that @\ ™ = (@it ™ — @win)/2, thus we have
(4 1) 7’L2V4 o0 2m é+n//5+ni/5n/j> /é"]‘,"; T é+77 //E+/"7///Enl//+ én//
e .
wie ™ = i 0 k"dk”/ ¢ —2¢ w+ © son i +<p<p nipw i A T ) (167)
2107th Jo 0 (e — €l —10) (e — €l +10)
(4a—2) n2v4 > 2 '5+"l‘l':+77/’:‘777/7/ //’:‘77///+ ’
a—2) _ %70 1" 3101 " L A
ol 7210h/ kdk/ dqs{{ P A L b Jrc.c.}
Th Jo 0 (e — € +10) (e — s +90)
S+t o’ =n't
) o / e I ST
_{ i +C'c‘j|}6(€]—:_51_’)7 (168)
+ _n i (et — " )
(e — e +10) (g0 — g +16)
(40—3) n2VaA e 27 Stt=n'tetn =
a=3) _ " "0 1"t i Tep" "o "o e p
T / dqs{[ R < L a4 i L —|—c.c.}
T Jo 0 (e —epn +10)(ef, — &) +10)
EnLEn E B,
_{ Pl gle e Tl +C-C-H5(51—r—5;§)~ (169)
+ 0 i§) (et — &7 )
(6w — € +10) (g1 — €0 +19)

Here the last two contributions can be regrouped up into a more compact form as

SHtotn o’ o't S ent ot on'n

(4a—2") n§V04 R o 7 B A A R A i A I o o e e + +
- k" dk d¢ Re[ }5(61{ —&f),  (170)
0

Wik =

2mh Jo (e, — e, +i6)(ef, — e}l + i6)
(o) MV [ 2 S+ tetn o' St ot =n’'n ot
a=3") _ Y0 1" 3301 i TP "o T o Tl T e "o To" ¢ + +
wlda=3) k" dk / dep Re[ : }5(5 — ). (171)
ke 2°mh /o 0 (ef — el +10)(ef, — el +1i0) ook
It is obvious that wl(ia,ﬂ) + wl(iaf?’) = wl(iafz )+ wl((ffg ). Note that the nominators are all pure imaginary as

Nul = =7, =7 =n'+ Znt =40 =40’ =n'+ Zot
—_— \—‘<PLP//N—‘LPLPH ‘_‘QPHQP/ ‘_‘QPHQP/ ‘_lﬁplkp” ‘_lﬁplkp” H()DIIL)O‘_’QDNLP

=26 (= 1) t)/2(y — ) [sin6sin 6’ cos 6" sin(¢’ — ¢) + sin 6’ sin 6" cos O sin(¢” — ¢')
+sinfsin 6" cos 0 sin(¢ — ¢")], (172)

Nu2 = =++t=*n = =t A+t it o0’ =’
T TR e Tl T ! T =0 o T ! T !

= i26(=1)(t1)/2(y — 1) [sin6sin 6’ cos 0" sin(¢’ — ¢) + sin 6’ sin 6" cos O sin(¢” — ¢')
+sinfsin 6" cos 0’ sin(¢ — ¢")], (173)

Nu3 ==+t ==t =’ S+ =tn =’ ot
T T T Top! e e TRl T o T T o

= 26 (—1)(r )2y — 1) [sin 6 sin 6’ cos 0" sin(¢’ — ¢) + sin 6’ sin 6" cos O sin(¢” — ¢')
+sinfsin 6" cos 0’ sin(¢ — ¢")]. (174)

Thus, we obtain that

wl(ia/—l) _ ;L??;/gi OOO k' dk" /O27T d¢” cos 6" [sinfsin 0’ cos 0 sin(¢ — ¢') + sin 6’ sin 0” cos O sin(¢’ — ¢")
+sin 0 sin 0" cos 0 sin(¢” — ¢)]6(e)f, — ef) (e — &), (175)

wl(i“,—f) — % /Ooo k' dk" 027T d¢” cos @' [ sinfsin 6’ cos 0" sin(¢ — ¢') + sin 6’ sin 8" cos  sin(¢’ — ¢”)
+sinfsin 0" cos 0’ sin(¢” — ¢)]6(e)f, — el )d(eff — 1), (176)

wl(iafii') _ % OOO k' dk"” /o% d¢" cos [ sin 0 sin 6’ cos 6" sin(¢ — ¢') + sin 6’ sin 6" cos O sin(¢’ — ¢")

+sinfsin 6" cos 0 sin(¢” — ¢)|6(eff, — e ) o — &1h). (177)



Thus, the antisymmetric fourth-order scattering rate within NCA reads

4a 4a—1 4a—2’ 4a 3’
o) = = =)+ )
_ Vg

2
S / K" dk" d¢" (cos + cos 0’ + cos §”) [ sinfsin 6’ cos 0" sin(¢p — ¢')
0

+sin @’ sin " cos@sin(¢’ — ¢”) + sinfsin 8" cos 0’ sin(¢” — ¢)|6 (et — 1) d (e

Coordinate shift
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(178)

Assume that the Fermi level lies in the upper band, the coordinate shift of the tilted 2D Dirac model with a

d-correlated spin independent random potential is given by

e e O e o e )]

, 0 cos ¢
+ 6 0 —1 _
<uk ak‘ > cos 5, singe ¢)8k<smee2i¢> =0,

In components, we have

0 i 0 cos 2 1 —cos@
<ui%ui‘>:(cosg, smge ‘z’)%(sine:m):z 5 ,
thus we obtain that
) 0 . 1o} cos
i{u ok Y :ZC°S¢<UI‘%‘UI> s < ‘a¢’ >: ok Sme

z<ulf‘;]; ulf> :isin¢<ui”%’u:> +icoli¢<u]f‘% u]i'> = C()S;Tilcosqﬁ.

On the other hand, we have

org ()] = —im M

with
0 o’ 0 . ¢
< ’uk,> = cos B cos 5} + sin 3 sin — 5 RICH ¢)

[ )|

- {1 + cosfcos @ + sinfsin @ cos(¢’ — ¢)} ,

T2
and the components of the partial derivative read
0 0 sing 0
R arg(A) = cos ¢8k arg(A) — 09 arg(A),
0 0 cos¢ 0
i () = sin o g ans(4) + 70 7% arg(4),

with A = (uf |uy,). Note that for a general function A(z), we have

0 it (e 4 10
%arg(A)_WGLX 6mA 28x|A| )’

thus we obtain that

o _ 1 sinfcost . oo
%arg(A) = 1ap . sin @' sin(¢’ — ¢),
1 sin# cos®’

7 arg(A) = TAE W sin 0 sin(¢’ — ¢),

9 arg(A) = 1 [S Osin @’ cos(¢’ — ¢) + (1 — cos 0)(1 — cos 9/)]
9 rg 4|A|2 in 6 sin ,
9 /
o arg(A) = 4|A|2 [sm@sm@ cos(¢’ — @) + (1 — cos0)(1 — cos B )},

(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)

(187)

(188)

(189)

(190)
(191)
(192)

(193)
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and their combination gives

aiz arg(A) = cos (baak arg(A) — 00 arg(A)
1
= AP [SiHQCOSHSin 0’ sin(¢' — @) cos ¢ + sinfsin @’ cos(¢’ — ¢)sind + (1 — cosf)(1 — cos ') sin (/5} ,
(194)
0 0 sing’ 0
ok arg(A) = cos ¢’ %ar g(A) — W 8¢’ rg(A)
= WlAP [sin 0’ cos 0’ sin O sin(¢’ — @) cos ¢’ — sin @ sin 6’ cos(¢’ — ¢) sin g’ — (1 — cos0)(1 — cos§) sin ¢’ |,
(195)
82 arg(A) = sin ¢% arg(A) + COZ¢ 86¢ g(A)
_ 1 . . /. / . . . / / - /
= THAP [sm@cos@sm@ sin(¢’ — @) sin ¢ — sin @ sin 6 cos(¢’ — @) cosp — (1 — cosB)(1 — cosb’) cos gb],
(196)
0 . 0 cos¢’ 0
o arg(A) = sin ¢’ — o arg(A) + W0 arg(A)
1
= ——|sinf cos sinfsin(¢’ — ¢)sin ¢’ + sinOsin 6’ cos(¢’ — @) cos @’ + (1 — cos#)(1 — cos ') cos ¢'|.
AP (¢ — ¢)sin (¢ — §)cos ¢ ) cos
(197)
Then the contribution read
0 sin 0
+ + . s _ L A /
z< Uy k> k:v 74k|A\2 (sm@cos& sin ¢ — cosfsin smd)), (198)
0 sin @’ ) . NV
z<uk/ (%’ > (‘3 W(sm@cos@ sin ¢ — cos fsin 0 smqb), (199)
6 Sin0 : 3 / < A 3] U S
< ‘8/6 ‘ > ky W(cosﬁsm& cos ¢’ — sinf cosd COb(b), (200)
0 0 sin 0’
il T +\N _ 7 Y sl I /
z<uk, ok uk/> o, arg(A) AP (cos@sm& cos ¢’ — sin 6 cos 0’ cos ¢). (201)
Consequently, the coordinate shift for a weak impurity potential Vimp can be written in components as
. 1 sind sin6’ . . Y
O = 4|A\2( x )<511100050 sin ¢ — cosfsin 6’ sin ¢ ), (202)
ripe = 1 (T SM/)( sind cos ¢/ — sinf cost cos ) (203)
T = AP Y cosfsin 6§’ cos sinf cos @’ cos ¢ ).
Thus we can formally write the coordinate shift for the upper band as
1/&d Y, zx (k—k)
orae = = (=<0 + X ). —/————. (204)
(% %) g

Anomalous Hall conductivity

In this section, we consider the anomalous Hall conductivity in the absence of time reversal symmetry to demonstrate
that our theory can provide a identical description with previous works [3, 5]. For convenience and comparison, we
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only consider the untilted Dirac fermion (¢ = 0). The system is then isotropic with the constant relaxation time

1 A’k o
1- / (g @i [L = cos(9 — )o(er — k)
_niVO2 OO//27r ’ 2 2 Y _ Y 0_ .0 _ .0
= Th k' dk d¢'[1+ cos® 6 + sin® 0 cos(¢ — ¢')] [1 — cos(¢ — ¢')]0(ep. — eps)d(er — €r)
T Jo 0
0 V§ e + 3m? (205)
a 4h ’UZEF
and the anomalous Hall conductivity in x-y plane reads
Uﬁy = J;Z + O';L + U;Z (206)
with
‘ 2
oty = —5 > e Y, (207)
1
2
ooyt = -5 [lanesogs?. (208)
ou? = == [ [kl oA, (209)
S 627—2 as xT xT 0
oty == [k v vk - o) 9L, (210)
To obtain the expression of 0’;’;, we used that w@j] = —wj;]. The [ index left in U;’; indicate that the intrinsic

contribution need the summation over all the filled bands. We assume that the Fermi level is in the upper band, thus
the band index can be neglected in the side-jump and skew-scattering contributions.

Intrinsic contribution

Since the intrinsic contribution comes from the whole Fermi sea, both the totally filled negative energy and the
partially filled positive energy bands contribute to it.

2
in ¢ zyzyz £(0
O'xy:i% €lefl()
l
62 _ +
_ _E(/[dk]Qk +/€I<EF[dk]ﬂk)

2

e’m
© dnhy/0?kE +m?’

which is consistent with the result Eq. (58) in [5].

(211)

Side-jump contribution

For ¢t < v, the direct interband scattering is not energetically allowed in the weak disorder limit of our model. We
consider only the coordinate shift effect of scattering in the upper band, which can be simplified in the t = 0 case as

Of -2 x (k—K)

5rkk/ = ) y (212)
| (unc e )
and the corresponding side-jump velocity read
o n;Vém .
Vi(] = /[dk’]wl(f,z(érk/k = 27;(;?()2Z x k, (213)
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by noting that

Ve
wl(fk),( =0) = mTO [1+ cos® 6 + sin® 0 cos(¢' — ¢)] (e — ). (214)

For comparison, we divide the side-jump contribution into two parts as

orfcg! = O’S] 1y 053 )2 (215)
with
o3 = ¢ T/[dk]v W(er — <)
anO e*mr 2m k:smcbvzksmgb 0
S22 / k:dk/ dqb ———0(ep —&y)
n;Viermr /OO v2k3 (‘3k:
= A 25 kg — k)
8mh? 0 (eD)3 el (
- 7niV0262m( 4h  v3ep )@
B 8rh?  \n, V@ e + 3m?
2,022
___ Sk (216)
2mher (ef + 3m?)
and

0;{/,2 - ¢ T/[dk]v Vid(ep — epy)

nZVO emr 27 k cos (;5 v2k cos ¢ 0
S22 / kdk/ dng ———d(er —&y)
nZVO e’mr 2k3 8k

_ iV() ( 4h ’U2EF )@
B 8mh? niVE e + 3m?
202 k2
. (217)
2rhep (ef + 3m?)

which are consistent with the results Eq. (65) and (67) in [5], respectively. Consequently, the total side-jump scattering
contribution reads

, e2mu?k?
sj _— _ F 218
Ozy mhep(e% + 3m?2)’ (218)

which is consistent with the result Eq. (68) in [5].

Skew-scattering contribution

The third and fourth-order antisymmetric scattering rates can be simplified in the ¢ = 0 case as

an; Vi mk?

wiad) (8 = 0) = Z yy sin(o — 9)0(e% — <) (219)
7rn2 m 2
a1 = 0) = TV sin(o - ek e (220)

thus the skew-scattering contribution can be divided into two parts as

sk __ _sk,1 sk,2
Ony = Oy + 00y (221)
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with

otit = e 1o [awlopeth (o - v2)o(er — )

2v/4 .22 2m o9} 27 47.21.1 2
- %/ dk/ d¢/ dk'/ dg'” Wk mi]:sinqbsin(cb—(b’)(kcowb
0 0 0 0

(eR)? ()
k' cos ¢)d(ey, — i )d(er — ei)
37”L2V4 22 vkt mk? Ok
647h /0 (D)2 (e2)3 (8751(1
3nl2V0462m 4h v2ep 2 k%
~ 64nh (niVO2 ) —|—3m2) &3
3e2mutkd

€F
= — . 222
4rhep(ed + 3m?)? (222)

)25(kp k)

and

oih? = 72 / ) [ aW el v = )0 r — <)

3 2 2 2 , 27 ,’U4k2k‘/ mk:2
= 327r3h / dk/ d¢/ dk/ d¢' —— )smgbsm((b ¢')(k cos ¢

—k' cos ¢')8(ey. — e )8 (er — ep)
_ n‘/3:32”/ (14fﬁizﬁﬁi<£ﬁz>%xkFg,k)
s2nh Jy (L) (e \Oey
nin’ezm( 4h v2ep )Qﬁ
32rh \n;VE e} + 3m?
2V mvtkg

= — 223
2mhn; Vit (€3 4+ 3m?2)?’ (223)

2
S5

Consequently, the total skew-scattering contribution reads
ok _ 3e*mutkg B e?V3 motkg
oy drhep(ed +3m?)2  2mhn Vit (€2 + 3m?)?’

(224)

which is consistent with the result Eq. (72) in [5]. In summary, the anomalous Hall conductivity obtained within our
scheme at ¢ = 0 is consistent with precious results [5].

Nonlinear Hall conductivity

For ¢t < v, the direct interband scattering is not energetically allowed in the weak disorder limit of our model,
thus we can drop the band index and rewritten the nonlinear Hall conductivity with double-frequency. To obtain the
analytical results, we consider the ¢ < v limit, in which we can neglected the angular dependence of 7; [6, 7]. For
simplicity, we adopt the constant relaxation time Eq. (205) as an approximation in the ¢ < v limit and expand the
results up to the first order in ¢, the nonlinear Hall conductivity can be simplified as

o= 5y [lamtotol ) (225)
i =G [t (226)
S J1anl](0ge + ie)el + (GG 86;({)7 (227)
o= S [1ah] v [t - 000 — 0k — A, (228)

where we only considered Y qp. because Yape = Eape in the low frequency limit. And the explicit expression of Mﬁb for
the tilted 2D Dirac model can be found in Supplementary Methods. .
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Intrinsic contribution

Here we denote the contribution related to the Berry dipole as the intrinsic contribution, although it actually depend
on the relaxation time. Within a k-independent relaxation time approximation, the intrinsic contribution read

= o [ i 0ot 0
vrron2 | (2m)2 K Ok, et

6j tm  3v2(ed —m?)

h n;VE 28 (2 4+ 3m?2)’

~

(229)

For the other component, we have

637-/ &’k Q+ﬂaf1(<0)
2n2 | (2m)2" K Ok, el
=0, (230)

in
Xzyy -

which is consistent with the symmetry arguments [8].

Side-jump contribution

Armed with the side-jump related quantities that we have obtained (see Supplementary Methods. ), we consider
the ¢t < v expansion for the side-jump contribution to the nonlinear Hall conductivity. The first part of the side-jump
contribution is induced the side-jump velocity, which reads

sj,1 _ e’r? /d2k( z sj) 85; 9 1&0)
Xyze = 2h2 (2m)?2 k% Ok, (‘35:

e3 tm v*(e% —m?)(5e% — 33m?)

~ & 231
h n; V@ 43 (e} + 3m?)? (231)
For the other component, we have
sil edr? / 4’k <ayvsj)ﬂaflio)
Xaww = p2 | (2m)2 K Ok, e
= 0. (232)

The second part of the side-jump contribution comes from the coordinate shift induced modification to the distri-
bution function, which can be obtained as

3.2 2 (0)
iz == [ s [0t + Mg+ G 2
o _e:’ tm v2(ed — m?)(3ed + 17Tm?) (233)
h n;V§ 4e3 (% + 3m?)?
For the other component, we have
3.2 2 (0)
= = [ o (05 + M+ @) |
=0. (234)

Consequently, the total side-jump contribution reads

. 3 t 20.2 _ 2 2 2 2
Xs‘zmc — i m2 v (SF 5 m2 )(gF 5m )’ (235)
Y h n; Vg 2ef.(ef + 3m?)?

=0.

Xayy (236)

Thus, the side-jump contribution to the nonlinear Hall conductivity is also consistent with the previous symmetry
arguments [8].



Skew-scattering contribution
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Armed with the skew-scattering related quantities that we have obtained (see Supplementary Methods. ), we
consider the t < v expansion for the skew-scattering contribution to the nonlinear Hall conductivity. For contribution

from the antisymmetric fourth-order scattering, we have
3.3 2 27 + 500
skl _ €T d°k d°k (4a) [ gz z x [ _(4a) Jgy Ofy
Xyez = 53 / (27)? / (22 {wkk/ (Okvie — Oievier) + 0k [wkk/ (vie — vﬁ/)} } Ok, ey
7673 tm v2(ed — m?)2(13¢% + 77Tm?)
T hnV§ 4ed (et + 3m?)? ’
and the other component is
3.3 2 27 + 5¢(0)
sk _ €T d°k d°k (4a) rqy, = T (4a) (2 x 85k 0 k
Xayy = Sp2 / (27)2 / (27)2 {wkk’ (Ogvic — Ogrvicr) + Oy [wkk/ (v — Uk')] } ok, 8EI
=0.

For contribution from the antisymmetric third-order scattering, we have

. S [ Bk [ EK [ (30), .0 N r 3 ot ofl”
Xy];zz = / / {wlikg)(akvﬁfak/vﬁfwrak [wlikaf)(”ﬁ*vﬁ/)}} K

2r2 | (2m)2 ) (2m)2 Ok, Oz,
N 7673 tm  v2(eZ — m?)%(5¢% + 9m?)
SRRV R e

and the other component is

. S [ Pk [ PE ([ (30,0 . 50, o w110t OFY
Xrlzfz?: / / {wlik’)(aﬁvk_alz/vk/)"_alz[wl(ck/)(vk_vk’)]} ek

2r2 | (2m)2 ) (2m)2 B
=0.
Consequently, the total skew-scattering contribution reads
e € tm (e —m?)2(13eq + 7Tm?) € tm  v?(ep —m?)?(5ep + Im?)
Xowe = 79 0,02 4e} (e} + 3m?2)? CRnVE/VE (R +3m2)3
Xayy =0

(237)

(238)

(239)

(240)

(241)

(242)

Thus, the skew-scattering contribution to the nonlinear Hall conductivity is also consistent with the previous symmetry

arguments [8].

SUPPLEMENTARY NOTE 5

Scaling law: The scaling law of the anomalous and nonlinear Hall effects describe the scaling behaviour of the

Hall resistivity as a function of the longitudinal resistivity.

Scaling law of anomalous Hall effect

Within the constant relaxation time approximation, the anomalous Hall conductivity can be obtained as

A _ _in sj sk,1 sk,2
Opy = Ogy + 00y + 00" + 057,
2
: e“m
U;Z == 31.2 5 (niVOQ)O’
dmhy/vki +m
2,272
sj esmuki 17210
Opy = — 2 2 N(”zvo) )
wher(eg + 3m?)
2,474
ookl — _ 3emuky ~ (0 V2)°
- (]
oy drher(e2 + 3m?)? 0/
21/3 41.4 /3
ook _ e Vi mu”ky niVi

=y _27rhniV04 (e2 4 3m?)?2 - (niV@)?’

(243)

(244)
(245)
(246)

(247)
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which indicate that the intrinsic, side-jump and intrinsic skew-scattering contributions are irrelevant with the disorder
concentration n; and scattering strength V. It is worth noting that these results are obtained based on a weak
scattering expansion where only one scattering mechanism dominates. When multiple sources of scattering are
present, 7, would correspond to the total transport scattering time. While the other scattering contributions, such
as those to the side- jump and skew-scattering, would not necessarily have the same form, which invalidate the results

with cancellation of n;VZ. Thus, in general, it is more appropriate to write that
; . Sy S, Ssk
oy ~ const, o ~ 2L ol 208 oh? ~ 220 (248)
i vy Stot ’ i Stot i St20t
with

Stot = ZS'L" Ssj = Z Si; Ssk,g = Z Si7 Ssk,ng = Z Sz (249)

1€5] i€sk,g i€sk,ng

Here S; is the scattering contribution from mechanism i and i € sj, i € sk, g and i € sk, ng represent the summation
within the subgroup of the total mechanisms that contribute to the side-jump, intrinsic- and extrinsic-skew-scattering.
For simplicity, we assume that no correlation between different scattering sources, thus each scattering contributes to
total resistivity independently as dictated by Matthiessens rule

Stot = ZSZ = Pxx = Zpl (250)

To obtain the scaling law, we need to transform the scattering dependence into the resistivity dependence, thus we
can estimate Sy,; with p;, and S; with p;. Noting that

1. All the scattering mechanism can have side-jump and intrinsic skew-scattering contributions while only the static
scattering can induce the extrinsic skew-scattering (non-Gaussian) contribution.

2. The summation of the scattering contributions to side-jump and skew-scattering conductivity have certain form
factor related to the coordinate shift and antisymmetric scattering rate.

Then we can write that

_ _Czn+zcsj Pi +chk1plpj +chk2 Pi (251)

T ies Pl

with ™", C? J , C:Jk ! and C; sk:2 are the coefficients that related but not equal to the intrinsic, side-jump, intrinsic and

extrinsic skew-scattering contrlbutions. And i € S indicates that only static disorder scatterings are included in the

summation. This expression reproduce the result Eq. (2) in [9]. Note that p?y o~ —Ufypgm, thus we obtain that
in sk, sk,
pihy =C"p2, + ZC T pipaz + ZC Yoips + Y G, (252)
€S

which is the general scaling law Eq. (1) proposed in [9].

Scaling law of nonlinear Hall effect

According to the calculation of the nonlinear Hall conductivity contributions, we have

2
in 1 sj Ssj sk,1 SSk’g sk,2 SSk ;g 253
tot tot tot tot

Assume a experimental setup with the driving electric current along x direction and the nonlinear Hall voltage is
measured along y, we have that V;f‘“ J(VE)? = XywwpPus, Where VyQW and V}” refer to the nonlinear Hall and linear
longitudinal voltage, respectively. Thus the scaling law of the nonlinear Hall effect is

V2w
( Czn“”ZCS] Pi +chklp1p3 +chk2 Pi . (254)
Pz i€S

Here C™, C; g Cff’l and C; k2 are the coefficients that related but not equal to the intrinsic, side-jump, intrinsic and
extrinsic skew-scattering contributions. It is interesting to note that the nonlinear Hall response Vy% /(V¥)? has a
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similar scaling behaviour with the anomalous Hall conductivity Ufy. Then it is natural to expecting that a similar

experimental setups with that in the anomalous Hall effect [9, 10] can help to separate these contributions.

Following [9], we specialize Eq. (254) to two major competing scattering sources: one static and one dynamic, thus
we have

2
’Vy w CZ” n Céj Pxx0 + Cic;g PxaT + ng,l perprxO + Cgllc,l Pxx0PxaxT + Cfllc,l pszprzT + CSk’Q pa;:co’ (255)

(V)2 Paa Doz P2, P2, P2, P2,

where p,.o is the residual resistivity due to static impurities at low temperatures and py.7 = Pz — Pzzo iS due to
dynamic disorders (mainly phonons in time-reversal symmetric systems at high temperature). Rewrite p., in terms
of the two partial conductivities pp,7 and p,.o, we obtain that

V2w 1 . ) )
(VZL)Q - pT (Clnpgzcx + CS]pxacOpwc + Cf]pxaerx;c + ng7lpxx0pxx0 + Cglf’lpmome + Cflf’lmeme + CSkQ,OxxO)
x zx
1
= pT (Clpwwo + C2piw0 + C3pwwOpzazT + C4pin> (256)
zx

with four scaling parameters that can be extracted from experiment

Cy =CF2, (257)
Co=C" 4+ CY +Ct, (258)
Cs =20 +C37 +C7 it (259)
Ci=CmyCy +ot (260)

SUPPLEMENTARY METHODS

Calculation of the side-jump related quantities

In this section, we perform the ¢ < v expansion for the side-jump related quantities. For the side-jump velocity
v*J, we have

sJ d2k/ 2 x
U‘wj :/(QW)le(ck)’(srk'k

/2 oo 27 i ing’
~_ niVg k' dk’ / d¢’' (Sm 0 4 o f ) ( sin @ cos @’ sin ¢ — cos 0sin @’ sin gi)') [6(5& —9)
0

87Th 0 k k/
1o}
+t(k' cos ¢' — kcos ) 520 5(ep — 5?«)}
k/
B n V@ [, ,msing’ ATV . , . 0 0
— o /0 dk pa—"T (cos@—l—cos@)[ﬁ sin 6 cos &' sin @i (g}, — &./)
2 /
sin“ @ cos @’ . 0 0 0
tH— 51H¢COS¢@5(51< —Ek')}
/2 i
= _Lzl‘i/ib cosi*nqﬁ [21} sin @ — ¢sin? 6 cos (;5}, (261)
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and

y 2K
- [ iyt

_nl-VO , sm9 sin 0’ . b , 0 0
87rh/ kdk/ d¢ )(cos&sm@ cos ¢ smé)cos@cosgzﬁ)[é(sk €rr)

+t(k" cos ¢’ —k:cosqﬁ)(9 5 (6?( 6?(/)}
k/

:_nﬂ/zf /oodk,msiDH’
8h Jo v cos §’

2
(cos& + cos 9’) [ — 2V sinf cos ' cos () — &)

m

t
p T ( cos? fsin? @' + 2sin? 0 cos? ¢’ cos? qb) 8?&, 5(ed — 5?(/)}
n; V@ cosf
=g 2 [4v81n9005¢+t(3—|—cos 6 — 2sin? 6 cos® (b)} (262)

where we only considered the leading Gaussian contribution to the symmetric scattering rate (see Sec. ). One can
verify that these equalities reproduce the side-jump velocities in the isotropic case (Eq. 213) at ¢t = 0.

Now we turn to the simplification of the Oy dependent term in the second side-jump contribution to the nonlinear
Hall conductivity, which comes from the side-jump induced modification of the distribution function. In the general
case, this term can be written as

3
€ a C
o E TIV; O”/[Tﬁﬁfl(o) - Tl'alz'fl(/O)]

i

3
e
= % T [|1—‘ll" 5Tll’ak (5] - El/)] [Tlakfl( ) — Tl/ak, (O)]
124
3
e
-3 {8k [l T [2675y,6 (e — 51')]Tzakf

124

— O (m| T |26r5) [0 1O — 70008 1] 6(e) — 51/)}

= - S o) + Mol (263)
l
where we defined that
M?b = Z (Mll’ Mﬁ?)(s(fl —ev) (264)
s
with
15 = 2o Tio Py (265)

For a constant relaxation time 7; = 7, we denote that
M= M =7 (M — M) o(er — er) (266)
l/

with
2
Mg = ?aﬁ(mll\zérl@,). (267)

For the tilted 2D Dirac model with ¢ < v, we can drop the general index and the relevant elements of MZ%, can be
obtained as

= 2m .
Mkll(// = ?ak(|Tkk/|25le(k,), (268)

- 27 -
Mo = faﬁ(wkk’ 0rie)- (269)
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Note that

0 v cos 0

= (COSGCOSQS

0 sing 0 )7 (270)

a0 sin@@TZ)
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sinf d¢/’

0 vcosf ) 0
=— (cos@smqb% +

(271)

thus we have

7n; V¢ v? cos 0
2R m?2
7n; Viuv?
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) {(cos 6 + cos 0')(sin 0 cos @’ sin ¢ — cos O sin ' sin ¢')

Then, the relevant elements of Mg’ can be obtained as
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Calculation of the skew-scattering related quantities

In this section, we perform the ¢ < v expansion for the skew-scattering related quantities. For the antisymmetric
third-order scattering rate, we have that
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One can verify that this result reproduces the antisymmetric third-order scattering rate in the isotropic case (Eq. 219)
at t = 0. And for the antisymmetric fourth-order scattering rate, we have that

(4a) _ MiVg

e} 27
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One can verify that this result reproduces the antisymmetric fourth-order scattering rate in the isotropic case (Eq. 220)
at t = 0.

There are several integrals that are relevant with our calculation, such as
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in the calculation of the extrinsic skew-scattering contributions. And the integrals
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in the calculation of the intrinsic skew-scattering contributions.
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