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Supplementary Note 1 Device parameters and fabrication of the qubit sensor

Device parameters are summarized in Table|[T]

Supplementary Table 1. Device parameters.

Parameter Value
Qubit frequency wq /27 2.920 GHz
Qubit anharmonicity A/27 1.163 GHz
Relaxation time 7} 27.0 £ 2.7 us

Spin-echo relaxation time 7% 359+ 44 pus

Free induction decay time T 122 £ 1.0 ps
Readout cavity frequency w,./2m 7.348 GHz
Readout cavity linewidth « /27 2.548 MHz
Dispersive coupling strength x /27 | 0.130 MHz

The device was fabricated in the same way as in Ref. [1]]. It is a generalized version of the capacitively shunted flux qubit 1],
comprising a capacitively shunted small-area junction in parallel is a series array of IV junctions. In the capacitively shunted flux
qubit of Ref. [[1], this array comprised N = 2 junctions. Here, the number of array junctions is N = 8, far fewer than used in
the fluxonium regime of operation [S1]. The area of each Josephson junction forming the array is identical and designed to be
0.2 x 1.2 um?. The left junction in Fig. la is smaller in area by a factor of 8 than the right junction (o = 1/8). The critical
current density .J. is measured to be 0.60 4= 0.01 A /um? and the shunt capacitance Cyj, is designed to be 20 fF.

Supplementary Note 2 Randomized benchmarking of single-qubit gates

We characterized an average error rate of single-qubit gates by performing Clifford randomized benchmarking [S2] (Fig.[I). As
mentioned in the main text, single-qubit operations are performed using cosine-shaped microwave pulses, applying a quadrature
correction (DRAG [2[]) to minimize unwanted phase evolution and leakage due to the presence of higher levels.
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Supplementary Figure 1. Randomized benchmarking of single-qubit gates. Standard single-qubit Clifford randomized benchmarking, indi-
cated as average sequence fidelity (magenta circle) vs. number of Clifford gates. There are 50 randomizations for each number of Clifford gates.
The envelope of microwave pulse is a cosine with a total length of 11 ns; a constant buffer time of 7 ns is inserted after each pulse to ensure
complete separation of the pulses (inset).

Supplementary Note 3 Measurement setup

3.1 Cryogenic setup

The experiments were performed using a Leiden CF-450 dilution refrigerator, capable of cooling to a base temperature of 15
mK. The samples were magnetically shielded with a superconducting can surrounded by a Cryoperm-10 cylinder. The schematic
of the cryogenic circuitry is shown in Figure 2] There are two RF lines for the input and the output of the samples; applying
microwave readout tone and measuring the transmission of sample respectively. Thermal noise from room temperature on the
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RF drive lines is attenuated with 20 dB at the 3 K stage, followed by 6 dB at still, and 26 dB at the 20 mK stage. All attenuators
in the cryogenic samples are made by XMA. Note that there is one additional RF line for pumping the Josephson traveling wave
parametric amplifier JTWPA) [S3] used as a first-stage pre-amplifier to amplify the readout signal at base temperature. The
effective noise temperature is determined primarily by the JTWPA, with a total system noise measured to be about 600 mK. To
avoid any back-action of the pump-signal from TWPA, we added a microwave isolator between the samples and the TWPA. On
the RF output line, there is a high-electron mobility transistor (HEMT) amplifier (Cryo-1-12 SN508D) at the 3 K stage. Two
microwave isolators allow for the signal to pass through to the amplifier without being attenuated, while taking all the reflected
noise off of the amplifier and dumping it in a 50 2 termination instead of reaching the sample.

There are two additional lines for qubit flux bias: one is for DC flux bias, which is applied globally through a coil installed
in the device package, the other is to apply magnetic flux to the qubit thorough a local antenna. The primary requirement of the
DC flux bias line is the ability to tune through at least a single flux quantum on the SQUID of the qubit with high precision and
low noise. The local flux bias line is attenuated by 20 dB at the 3 K stage, 6 dB at the still, 20 dB at the 20 mK stage to remove
excess thermal photons from higher-temperature stages.

3.2 Room temperature control

Outside of the cryostat, we have all of the control components which allow us to apply microwave signals that address the cavity
and the qubits, as well as the components necessary to resolve the readout signal. All the signals are added using microwave
power splitters (Marki PDOR413) used in reverse. Direct digital synthesis of the qubit signals is performed using a high-speed
arbitrary waveform generator (AWG Keysight M8195A), which has a 65 GS/sec sampling rate and sufficient bandwidth for this
purpose. The output line is further amplified outside of the cryostat with an amplifier (MITEQ AMF-5D-00101200-23-10P) with
a quoted noise figure of 2.3 dB, and a preamplifier (Stanford Research SR445A). A detailed schematic is given in Fig[2] We use
an IQ demodulation technique to mix down the signal entering the RF port with a reference signal detuned by 40 MHz applied
to the LO port. This results in down-converted signals to 40 MHz using a mixer. All components are frequency-locked via a
common SRS rubidium frequency standard (10 MHz).

3.3 Pulse generation

Qubit control pulse generation is performed via a Keysight M8195A AWG. The pulses are programmed in Labber and then
uploaded to the Keysight M8195A.
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Supplementary Figure 2. Electronics and control wiring




3.4 Generation of engineered noise

To synthesize a zero-mean flux-noise process A®(t) = P(t) — Py/2 with a given PSD, we use an AWG to produce sample
waveforms consisting of [V, harmonics

Ny,
Ad(t) = Z (am coswimt + by, sinwp,t) (1)
m=1
where w,,, = 2mm/Tp, and with 27 /T the fundamental angular frequency. The Fourier coefficients a,, and b,, are random
variables with
E[a'rn] = ]E[bm] = O) vm’7 E[ambn] = 07 Vm, n, E[aman] = E[bmbn] = Oa vm 7é n. (2)

Further taking a,, and b,, to have normal (Gaussian) distributions with variance ofn = 253 (wm)/To, the waveforms Ad(t)
become a discrete approximation of a Gaussian stochastic process with a frequency-domain PSD Sg (w).
In all experiments presented in the main text, we consider

_ Py /7w,
1+ (w/we)?

with Py the noise power and w./27 = 0.5 MHz. For the experiment presented in Fig. 2 of the main text, to produce a discrete
approximation of a noise process with this spectrum, we take Ty = 20 ps and N, = 103, corresponding to harmonics separated
by the fundamental frequency 1/7T5 = 50 kHz with a high-frequency cutoff at wy, /2w = Ny, /Ty = 50 MHz. For the experiment
presented in Figs. 4 and 5 of the main text, we take Ty = 200 us and N}, = 10%, yielding harmonics separated by 1/T, = 5 kHz
with the same high-frequency cutoff at wy, /2m = Ny /To = 50 MHz. A new waveform is produced by the AWG for each
measurement of a Pauli operator performed on the qubit to ensure statistical independence of the samples of the stochastic
process, leading to a total number of noise samples of 40,000 for the experiment presented in Fig. 2, and 80,000 for Figs 4 and
5. The waveforms have a duration of 1.25 ps for the experiment presented in Fig. 2 and 20 ps for Figs. 4 and 5.

Sa(w) 3)

Supplementary Note 4 Control pulse sequences

The set of control pulse sequences designed for reconstructing the bispectrum are summarized in Table 2]and visualized in Fig.[3]
Note that all control pulse sequences start and end with a /2 pulse for the purposes of state preparation and tomography.

Supplementary Table 2. Control pulse sequences designed for non-Gaussian spectral estimation.

Seq. Index p Position of 7 pulses [ns] Repetitions M | Filter function at zero frequency F,(0,T)
1 No pulses (free evolution) 1 #0
2 125, 175, 225, 275, 325, 610, 820, 875 10 #0
3 90, 235, 410, 555, 730, 875 10 #0
4 80, 150, 205, 355, 560, 630, 685, 835 10 #0
5 105, 240, 345, 480, 585, 720, 825, 960 10 #0
6 85, 135, 185, 240, 455, 775, 825, 880 10 0
7 130, 180, 285, 335, 475, 765, 870, 960 10 0
8 90, 150, 200, 305, 500, 715, 860, 960 10 0
9 80, 320, 370, 425, 600, 650, 720, 855 10 0
10 205, 310, 360, 545, 645, 725, 850, 960 10 0
11 145, 365, 425, 495, 600, 680, 850, 960 10 0

Supplementary Note 5 Monte Carlo simulations

For the Monte Carlo simulations that are presented in the main text, we consider a single qubit controlled via a microwave drive
at angular frequency wq, which is used to apply pulses about o, and o,. In contrast with the main text, here we do not assume
that these pulses are instantaneous. To describe the time-evolution of the qubit under the combined action of these finite-width
pulses and classical noise described by the process B(t), we consider the Hamiltonian in the lab frame,

wq + B(t)
2

where w is the qubit angular frequency, and e(¢) and 6(t) are the drive amplitude and phase, respectively.
We next move to the frame that rotates at the drive frequency by applying the unitary transformation Ry (t) = exp(—iwqgt 0, /2),
leading to the Hamiltonian Hq(t) = R(T1 () H(t)Ra(t) — iRL(t)Rd(t) in the rotating frame. This gives

_ D+ B(t)
- 250

H(t) = o, + &(t) coslwat + 0(t)]o, 4)

Hy(t) o, + H(t), 4)
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Supplementary Figure 3. Timing diagrams of the base control sequences. Only = pulses are shown.

where D = wy — wyq is the drive detuning and H,(t) = e(t) cos[wqat + 0(t)][o+ exp(iwqgt) + H.c.] is the control Hamiltonian.
Assuming that £(t) < wq and that 6(¢) varies on a timescale much longer than 27 /wq allows us to invoke the rotating-wave
approximation, under which terms oscillating like exp{=+[2iwqt + 6(t)]} are neglected. The resulting control Hamiltonian may
be simplified as

H(0) % 5 ln(0)o + 1)), ©

where n1(t) = e(t) cos6(t) and nq(t) = e(t)sinf(¢t) are the envelopes of the in-phase and quadrature components of the
microwave control signal, respectively. Equation (6) then describes finite-width pulses about x or y axes.

We perform Monte Carlo simulations by solving the time-dependent Schrodinger equation associated with the Hamiltonian
H,(t) given by Eq. , under the control Hamiltonian of Eq. (@) The drive detuning D is set to zero in the simulations. The
envelope of each control pulse is cosine with total pulse duration 11 ns (see inset of Fig.[I)).

In our Monte Carlo simulations, we account for non-Gaussian noise by setting B(t) = 85 A®(t)? in Eq. (5), and producing
random samples of Gaussian flux-noise A®(¢) through the approach described in Section of this Supplement. Because this
approach relies on an exact solution of the qubit evolution under the noise samples, it is equivalent to accounting for all the terms
in the cumulant expansion. The fundamental frequency 1/T and the number of harmonics N}, involved in the Fourier-series
representation of the noise process are the same as in Section[3.4} To perform the simulations, we generate 100,000 noise samples
for the data presented in Fig. 2 of the main text, and 80,000 noise samples for Figs. 4 and 5.

Supplementary Note 6 Estimation of the noise mean

6.1 Ramsey estimation protocol

To measure the noise mean pp, we use the Ramsey sequence illustrated in Fig. Eh In this sequence, /2 pulses about o, and
oy are applied at times ¢ = 0 and ¢ = T, respectively, followed by a measurement of the qubit in the o, eigenbasis at time
ty = T + AT, where AT is a buffer time much shorter than 7", but longer than the pulse width. To lay down the theoretical
basis of the procedure, we start from the rotating-frame Hamiltonian Hq(t) introduced in Eq. , above. To describe the
effects of control with finite-width pulses, it is useful to move to the toggling frame using the unitary transformation Ry (t) =
T exp[—i fot ds H.(s)], with T the time-ordering operator, and where H.(t) is given by Eq. (@) In this toggling frame, the
Hamiltonian is

_D+B(),

Hr(t) = =20 - 5, 7= (72,00,02), ™

where 7/,(t) has components y, ,(t) = l’l‘r[]ifff(t)azll%T(t)o*a], with a € {z,y,z}, for pulse sequence p. Remark that a
pulse sequence consisting of instantaneous 7 pulses (instead of the Ramsey sequence considered here) would result in g, () =
[0,0, yp(t)], where y,(¢) is the switching function used in the main text.

Moving back to the lab frame, the expectation of the z component of the qubit polarization after the pulse sequence is

(0:(t1)) = E{Tx [RE(t)o-Re(t)Ur (t)poUk (1) } ®)

where Ur(t) = T exp[—i fot ds Hr(s)] is the time-evolution operator in the toggling frame, and py is the initial qubit density
matrix, before application of the pulses. We evaluate (o.(ts)) perturbatively by performing a Dyson expansion of Ur(t).

5



(o=(t))
|

Drive amplitude

0 T ty —UB

Time, ¢ Detuning, D = wq — wa

Supplementary Figure 4. Ramsey protocol for estimation of the noise mean. a, Envelopes 7;(t) (thin blue line) and nq(t) (thick red line) of
the in-phase and quadrature components of the 7 /2 pulses applied about o, and o, respectively (see Eq. @ in the text). b, lllustration of the
technique for estimation of the mean by linear regression. Black error bars: Monte Carlo simulations of the z component of the qubit polarization
(o~ (tr)) after the pulse sequence as a function of the detuning of the drive from the qubit frequency. Blue line: linear regression. According to
Eq. , the z-intercept of the blue line gives —u. 5, and its slope gives the filter function Fy (0, ¢ ), defined below Eg. @

Assuming that ¢ is sufficiently short and that D + B(¢) is sufficiently small, we truncate this expansion to the first order in
D + B(t). Upon substitution into Eq. , this approach is equivalent to neglecting any contribution of cumulants of the noise
beyond order 1. Taking po = |0)(0], with |0) the eigenstate of o, with eigenvalue —1, then yields

(02(tp)) = —yp.=(ty) + (D + 1) [Fpw (0, £)ypy (ty) = Fpy(0,t)yp.a(tr)], ©)

where we have introduced the filter functions F, ,(w,t) = fot dse sy, .(s), with a € {,y,z}. For the pulse sequence
illustrated in Fig. fp (which we label by p = 0), neglecting any overlap between the pulses, it is straightforward to show that
Up(ty) = Go(ty) = (—1,0,0) for t; = T + At, leading to

(0:(ty)) = (D + pup)T', (10)

where T" = F} ,(0,t5) = fot " dsyo,y(s) can be viewed as an effective pulse interval accounting for the shape of the pulses. For
instantaneous pulses, 77 = T.

According to Eq. , setting D = 0, the first noise cumulant C’(l)(()) = up may be estimated simply by measuring
(0:(ty)) and evaluating (o, (ts))/Fo ,(0,t5). However, this approach requires accurate knowledge of Fp ,,(0,ts), and thus of
the shape of the control pulses. For the short Ramsey sequences required here to neglect cumulants of order higher than one in
Eqgs. (9)-(I0), the estimate of 1z then becomes excessively sensitive to distortions of the pulse envelopes that occur in practice.
As a result, estimates of yp become significantly biased. Since the bispectrum estimation technique that will be discussed in
Sec.[Supplementary Note 8|requires precise knowledge of 1, this bias precludes accurate non-Gaussian QNS.

6.2 Robust implementation via linear regression

Crucially, the vulnerability of the above Ramsey scheme to pulse-width effects can be alleviated by estimating pp with a linear
regression procedure. Indeed, according to Eq. (10), plotting (o (¢f)) as a function of the detuning D results in a straight line
that intersects with the abscissa at D = —pup (Fig. @), irrespective of Fy ,,(0,ts). Therefore, measuring (o (ts)) as a function
of D and performing a linear fit of the resulting data leads to an estimate of ;g that is insensitive to the pulse shape to the first
order in D + B(t).

To apply this idea to our experimental data, we now explicitly construct an estimator of yp based on linear regression. For
each drive detuning D;, with j € {1,2,..., Np}, we consider N projective measurements of o yielding outcomes Z; ; = +1
or Z;; = —1, where i labels measurements. In the limit N >> 1, the sample mean Z; of the projective measurements for
detuning D; becomes Gaussian distributed,

— 1

L var(o;);
TN

N )

N

N
Z Z;,; ~ Normal [(Dj + 1B)Fo,y(0,t5), (11)

i=1

where var(c.); = (0.(ty)*); — (0=(ty))7 is the expected variance of o averaged over realizations of the noise process, for
detuning D;. Assuming that var(Z;) = var(c);/N is the same for all relevant detunings, var(Z); = var(Z)V j, Eq. then
corresponds to the conditional normal model of linear regression [S4], in which deviations of the data points from the expected
linear behavior are given by independent and identically distributed (i.i.d.) Gaussian random variables. This assumption of
uniform variance is justified in an approximate sense for ideal projective measurements. Indeed, in this situation, var(Z;) =
[1—(0.(ts))3]/N, so that var(Z;) is independent of D; to first order in (0 (ts)); = (D+pup)Fo (0, ty), with var(Z;) ~ 1/N.
Limiting ourselves to detunings for which (o (¢s)); < 0.05 (see Fig. 4a), we find that var(Z ;) (estimated from the sample mean
of measurements of o) varies by less than 5% across values of D;.

To define our estimator of pup within the conditional normal model of linear regression, we first introduce the quantities
a = ppkFo,(0,ty) and b = Fy ,(0,t5), corresponding to the y-intercept and slope of the linear equation (0. (t¢)); = (D; +

1B)Fo4(0,t5) = a + bD;, respectively. Maximizing the likelihood of @ and b with respect to measurement outcomes Z; with



the probability distribution given by Eq. (TT)) then yields the estimators

Np
st — N51 Z (ZJ _ bestDj) 7 (12)
j=1
pest — Zj (Dj *Nﬁl Zka) (Zj *Nﬁlzk?k) (13)
- - > .
Zj (Dj - ND1 Zk Dk)
The estimators defined by Egs. and are Gaussian random variables with E(a®t) = a, E(b*") = b, and
Nyt S D? _ 7
var(a®t) = D zzjl J svar(Z), var(b**) = Var(il) 5,
Zj (Dj - Np Zk Dk) Zj (Dj - Np Ek Dk)
Ny > Dy _
cov(a®™, b)) = E[(a® — a) (™' — b)] = — D Z_]l : svar(Z).
Zj (Dj - Np Zk Dk)
To estimate y 5, we use
ﬂgt = aeSt/bESt. (14)

When var(a®t)!/? and var(b°*)!/? are sufficiently small, we expand i$;* in powers of §a®*! = a*** — a and §6°* = b** — b

Truncating to the first order in §a®s* and 6b°, 1% becomes approximately Gaussian-distributed with E(i%") ~ 5 and

b? var(a®?) + a® var(b®) — 2abcov(a®t, b°st)
b* '

~est) ~

var(fig (15)

For the experimental data presented in Fig. 4a of the main text, var(fi$5") is estimated by replacing a — a** and b — b*" in

Egq. (13), with a®** and b°** given by Eqs. and (13), respectively.
Finally, to isolate the shift in the qubit frequency due to the first cumulant of the engineered source of noise, we apply the
above procedure first in the absence of noise, and then in its presence. This yields the two sets of data points shown in Fig. 4a

of the main text. Fitting a straight line through each data set and substracting their x-intercept then gives our final estimate of

s p55t = u — uslt, where ,u(;l(()ff) is the estimator defined by Eq. with (u9) or without (u%!) engineered noise. The

variance of pSt is then simply var(u$t) = var(u$) + var(uSs). For the experimental data presented in the main text, we
find %t /27 = 127.1 kHz with a standard deviation var(u$*)!/? = 3.86 kHz, corresponding to the 95% confidence interval

usst /2w =127.1 £ 7.56 kHz.

Supplementary Note 7 PSD estimation procedure

To estimate the PSD, we build on the frequency-comb approach introduced by Alvarez and Suter in Ref. [3]. As detailed in
the main text, treating the FFs as frequency combs generates a system of linear equations, solving which determines the PSD
sampled at the harmonic frequencies. Rather than solving this sytem by matrix inversion as in Ref. 3], we employ a statistically-
motivated maximum likelihood estimate (MLE), which takes experimental error into account. The likelihood function we use
follows from the asymptotic Gaussian distribution of the measured decay constants, which we describe in Sec. In Sec.
we determine the likelihood, the conditional probability of obtaining a set of decay data conditioned on the actual value of the
PSD. The task of maximizing the likelihood can be cast as a linear problem, allowing clear comparison with Ref. [3].

7.1 Distribution of the decay constant

The PSD enters the dynamics of the qubit through the decay constant in Eq. (1), which can be obtained from measurements of
the transverse Pauli operators, o, and o,. Let o5* denote the estimated expected value of o; for i € {xz,y} after the qubit has
evolved for a time ¢ under control sequence p. In the limit of a large number of measurements, o$* is approximately Gaussian

i
distributed with mean p; = E[{0;(¢))] and variance var[oc™]. In terms of the estimated expected values, the estimated decay
constant is

1 1 _ -
XG) = —5 (oSt +052) = (55 + ) + (55 + 1)), (16)

where 6% = %™ — ;. Note that o$*, 1; and &5* on the right side of this expression depend implicitly on the time ¢. When

var[og™], var[op™'] < 1, we can expand this expression about 55, 55 ~ 0, yielding

S 1 My ~est Hz ~ est
X! (8) & =S In(u + pj) — () gyt~ ( e
g 2 AN GV AN T
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Since it is a linear combination of Gaussian distributed random variables, the decay constant is also Gaussian distributed with
mean and variance,

1 1 >
B (0] = - il +2) = o [ del e, S () + Ot (7)
2 2
es o €s Ha es
var[x;(t)] = (U% fﬂi) var[oy] + (H% n #5) var[oS]. (18)

7.2 Maximum likelihood estimate
Recall from the main text that after M >> 1 repetitions of a control sequence p with cycle time 7', the FF in Eq. is an
approximate frequency comb, enabling us to write the decay constant as

oo

E[X;S‘(MT)]z¥ > |Fy(kwn, T)*S (kw,).

k=—o0

Using the symmetry S(w) = S(—w), and the decay of the PSD and FF at high frequencies, we can truncate the sum above to a
finite number of harmonic frequencies,

E[Xest T Z ( 6k0)|Fp(kW}L,T)‘QS(kW}L)'

From the expected value above and the variance in Eq , the conditional probability of measuring xe“(M T') given the actual
values of the PSD, § = [S(0), ..., S(Kwy)]7, is

1 [ (T) — 3 S (258 ) By (o, TIPS )]
P ] = i P T -

The estimate of the PSD is based on the likelihood or conditional probability of measuring ¥ = [x$*'(MT), ..., xS(MT)|T
for a set of control sequences p = 1,..., P with P > K. Since the measurements of the decay constant are uncorrelated, the
likelihood follows from Eq. (I9),

P(x|S) = HP SY(MT)|S] = [(2m)" det =]~ % exp [;(x BS)"x (¢ - BS)|, (20)

where the P x P covariance matrix has elements X, ; = var[x5'(MT)] 6, , and the P x K reconstruction matrix B depends
on the FFs evaluated at the harmonic frequencies

M /2-6
B, = 7( 2k,0

)y (kn, T2,
Since the likelihood is Gaussian, the maximum likelihood estimate of the PSD is equivalent to the value of S that minimizes the
argument of the exponential in Eq. (20),

~ 1 - -

GMLE argmini(ffBS)TE*I(X'fBS). 21

s

The least squares estimate of the PSD originally used in Ref. [3]], given by S5 = B=1{, is recovered when 3 = I This implies
that all measurements of the decay constant contribute equally to the estimate. In contrast, the dependence of SME on the actual
variances in 3 ensures that measurements with more uncertainty contribute less to the estimate.

In the experiment, the PSD is reconstructed at the harmonics £ = 0,...,7 using the P = 11 control sequences depicted
in Fig. (@), all with cycle time 7' = 960ns. This differs from the implementation of Ref. [3]l, which uses CPMG control
sequences of varying cycle times. For each control sequence, the transverse Pauli components are measured to obtain o<, aff‘
and x3'(MT') from Eq. || The variances of x3*(MT), which comprise X, follow from Eq. with p, and p,, replaced
by the estimated values o and Ue“. In principle, the use of P = 11 control sequences would enable us to reconstruct the
PSDat K =11 harmomcs For the particular set of control sequences we used, however, the reconstruction matrix B becomes
ill-conditioned for K > 8, limiting the number of reconstructable harmonics.

Supplementary Note 8 Bispectrum estimation procedure

While this work is based on the non-Gaussian QNS protocol originally proposed in Ref. [4], the estimation procedure we
implemented contains several innovations aimed at generalizing the noise model and improving robustness in the presence of ex-
perimental error and numerical instability. First, the zero-mean, non-Gaussian noise model of Ref. [4] is insufficient to describe
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the square noise engineered in our quarton-qubit sensor, which is inherently nonzero mean. This complicates the estimation pro-
cedure, since both the bispectrum and the mean enter the qubit dynamics through the phase in Eq. (2). Estimating the bispectrum
requires that we disambiguate the phase contribution of the bispectrum from that of the mean, which we accomplish by first
estimating the noise mean and then isolating the dynamical contribution of the bispectrum in the non-Gaussian phase. A second
key difference is the “single-shot” nature of the current estimation procedure. In Ref. [4]], control sequences with non-zero filter
order were first used to estimate the bispectrum at “non-zero harmonics”, i.e., (kiwp, kawy, ) for which k1, ko # 0. This estimate
was combined with subsequent phase measurements to estimate the bispectrum at “zero harmonics”, i.e. (kiwp, kawp, ) for which
k1 = 0 and/or k2 = 0. In the RMLE estimate of the spectrum presented here, both the zeros and the non-zero harmonics are
estimated simultaneously, eliminating any compounding of error that can occur in the two-step procedure. The present work also
departs from Ref. [4] significantly in its use of a statistically motivated maximum likelihood estimation procedure. As discussed
in the main text, the least-squares estimate of Ref. [4] is susceptible to numerical instability and, additionally, does not take
measurement error into account.

In the remainder of this section, we fully detail our bispectrum estimation procedure. We begin by describing the prob-
ability distribution of the estimated “non-Gaussian” phase angle (,), which enables us to derive the likelihood function for
the probability of obtaining a particular set of phase data conditioned on the actual value of the bispectrum (Subsection [8.3).
From the likelihood, the task of reconstructing the bispectrum can be mapped into an RMLE problem, as shown Subsection [8.4]
The RMLE approach increases numerical stability, accounts for experimental error and allows us to deploy prior knowledge
of the bispectrum in the estimation procedure. Since regularization can introduce error into the estimate if it is too strong, in
Subsection we determine an appropriate regularization strength for our problem using the L-curve criterion.

8.1 Distribution of the non-Gaussian phase

The non-Gaussian phase of the qubit is determined from the estimated expected values of the transverse Pauli operators, o™ and
est

o, when the qubit has evolved under control sequence p for a time ¢. Recall from Sec. ISupplementary Note 7| that in the limit
of a large number of measurements, 5™ is approximately Gaussian distributed with mean p; = E[{c;(¢))] and variance var[c$™].

From the estimated expected values, the ordinary phase is determined by

est ~est
¢5'(t) = —tan™" <stl> =~ tan”! (w) , (22)
Ty oy + iy

where o5, p1; and 6§* = of* — p; depend implicitly on the time ¢. When var[o§"], var[o5] < 1, we can expand ¢35 about G5,

es -1 ( M= Hy ~ est Ha ~est
¢ (t) =~ —tan 1()—() o +(>U .
! iy e+ 1 petug) !

~est o L
g, ~ 0, yielding
As a linear combination of Gaussian distributed random variables, the phase is also Gaussian distributed with mean and variance

es — Ha 1 - - -
E[¢pt<t)] = —tan™! (#y) = F,(0,t)up — m /R2 did G, (&5, t) S2 (&) + O[], (23)
2 2
S| Hoy es| Mo es|
Var[¢pt(t)] = (M) var[o$"] + (M) var[o 1.

The second equality on the right-hand side of E[qﬁfj‘] follows from Eq. (2). Subtracting out the contribution of the noise mean
from the phase produces the non-Gaussian phase,

B) = 5(0) — Fp(0, Op, 24)
est

where £5' is the estimated noise mean described in Sec. [Supplementary Note 6| Using the asymptotic Gaussian distribution of
est

pSSt with mean pp and variance var[uSy], the non-Gaussian phase is similarly Gaussian with mean and variance
1
est _ - - - 5
Bl () = ~ 357 |, 46,0 5:(@) + o', ©5)
u 2 u 2
var[p®(t)] = | 24— ) var[oS] + (x > var[o®] + F,(0, )% var[uS]. 26
0 = (gt ) varlos®) (gt ) v+ By, varli) 20

Note that E["(¢)] depends to leading order on the bispectrum, unlike E[¢5"(#)] above.

8.2 Restriction to the principal domain

For any real, classical process, the bispectrum has three general symmetries: (1) So(wy,ws) = Sa(we, wy) (permutation symme-
try); (2) So(w1,ws) = So(—w1, —ws) (invariance under complex conjugation); (3) Sa(w1,ws) = So(—wi — wa,ws) (stationar-
ity). These symmetries define the 12 regions of the frequency plane depicted in Fig. 3c. If (w1, w2) € int(D3) is contained in the
interior of the principal domain, the symmetries imply

So (w1, wa) = Sz(wa,w1) = S2(—w2, w1 +wa) = Sa(—wi, w1 +wz) = S2(—w1 — wa,wi) = S2(—w1 — wa,wp) =

So(—w1, —wa) = Sa(—wa, —w1) = Sa(wa, —w1 — wa) = Sa(w1, —w1 — wa) = Sa(wr + wa, —w1) = So (w1 + w2, —wa).
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In other words, the bispectrum takes a value equivalent to Sa(ws,w2) in each of the 12 regions. This is summarized by the
multiplicity, m (w1, ws) = 12. For (w, w), which lies on the boundary of Ds,

SQ(Waw) = 52(7“]’ 7(‘]) = 52(72("]70‘}) = SQ(wa 72"‘)) = S2(2w7 7(.«)) = 52(7“‘}3 2w)7
implying m(w, w) = 6. For (w, 0), which also lies on the boundary of Ds,
Sa(w,0) = S2(0,w) = Sa(—w,0) = S2(0, —w) = S2(w, —w) = Sa(w, —w),

similarly implying m(w, 0) = 6. Note that (w;, w2) = (0, 0) is invariant under all of the symmetries, implying that m(0,0) = 1.

The symmetries and multiplicities simplify the expected value of the phase substantially. Recall that after M >> 1 repetitions
of control sequence p with cycle time 7', the frequency comb approximation enables us to write the expected phase as a discrete
sum depending on the bispectrum and the FF evaluated at the harmonic frequencies,

1 o . o M . .
W/R di3 Gp (&3, MT)52(@) ~ — g > Gplwnk, T)Sa(wik).

kez?

B[S (MT)] =

In terms of the multiplicities, we can rewrite the sum as

Bt (MT)] ~ — ok 3™ Gy (wonf, T)Sa(wnk) —

- 372 3,T2 ZG (wnk, wnk, T)Sa(wnk, wyk)

w;L%Eint(Dg) kezZ

M
——G((0,0,7)55(0,0)

_ ZG (wnk,0,T)Ss(wpk,0) — 3172

3'T2
kez

M pad - -,
=-7 > mwnk)Gy(wnk, T)S2(wik).
whEEDZ

Using S (wpk) = So(—wnk) and Gp(whk, T)* = Gp(—whE, T), and truncating the sum to a finite subset Ko, we obtain
Bl (MT)] % — 3 3 m Gp(wnk, T)]Sa(wnk). 27
keks

8.3 Likelihood function P({|S,)

Given the actual bispectrum in /C, Sy = [S2(wh k, )y ee, So(wp k ~)]T, the conditional probability of measuring <pe“ (MT) follows
from Egs. (23)-27).

2

1 |58 (MT) + 3 e m(enF)Re[Gy (wnf, T)]S2(wnk)
Ply "‘St(MT)|S2} = expq — 5 ST (28)
27 var[pest (MT)] var[pg (MT)]
Reconstructing the bispectrum requires measurements the non-Gaussian phase for a set of control sequences p = 1,..., P
with P > N, which we gather into the column vector g = [p$(MT), ..., @%‘(M T)]T. Because the non-Gaussian phase

measurements are uncorrelated, the likelihood or probability of obtaining ¢ given Syisa product of the conditional probabilities
for the complete set of control sequences,

P 1
_ H est MT |S2] _ [(271’) det 2} Eexp —%(g& ASQ)TZ ( —A§2) . 29)

Here, the P x P covariance matrix X is diagonal with elements X, , = var[¢§"(MT')] 0, 4, and the P x N reconstruction matrix
A depends on the filter functions evaluated at the harmonic frequencies,

(A)pn = — m(wnkn) Re[Gp(wnkn, T)]. (30)

M
3172
In the experiment, the likelihood in Eq. is determined by measuring the non-Gaussian phase for each of the P = 11
control sequences in Fig. (3)). Since we also rely on these sequences to estimate the PSD, both the bispectrum and the PSD can be
estimated W1th the the same set of transverse Pauli measurements. For each of the control sequences, gpe“(M T') was determined
from Eq. ( usmg measurements of o, & Z‘f’ft and ;5. The variances of the @3 (MT), which constitute the covariance matrix
3, are glven by Eq. with i, and p,, replaced by the estimated values 05, o ZS‘. The reconstruction matrix A is determined

from Eq. (30), with each FF evaluated on the set of harmonics K; depicted in Fig. 3(b).
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8.4 Regularized maximum likelihood estimation

For the Gaussian likelihood derived in the previous section, the maximum likelihood estimate (MLE) of the bispectrum is equiv-
alent to the value of S» that minimizes the exponent in Eq. ,

SMLE = argmm L (cp ASQ) -1 (4,5' — ASQ). (31)
S,

In the special case where 3 o< I, we recover the least-squares estimate used in Ref. [4] with solution S5 GLS — A~ 1 3. Even with
a nonuniform covariance matrix, Eq. 1) is a simple convex optimization problem admitting an analytic solutlon for S MLE
When A is ill-conditioned, however, the MLE suffers from numerical instability, which can introduce significant error into the
estimate of the bispectrum, despite the existence of an analytic solution. The problem can be made more stable by introducing a
regularization term or “regularizer” Q(gg), producing the regularized maximum likelihood estimate (RMLE) of the bispectrum,

- cALlAG _ Tw-1Ad _ 3 S,
GRMLE _ argmin |:2(A52 —@)TETHAS, - @)+ Q(5L)| - (32)
Sa

The regularizer imposes additional structure on the solution, making it more robust to numerical instability arising from A. It
also prevents overfitting, in which the estimated bispectrum is unduly influenced by errors in ¢ and is, thus, a poor predictor of
the qubit dynamics under more general control settings.

There are numerous methods of regularization for ill-conditioned and/or ill-posed problems. An approach particularly am-
menable to maximum likelihood estimation is Tikhonov regularization, Wthh employs an L2 regularizer Q(S) = [AS; \|2 with
strength controlled by the regularization parameter A > 0 [S5]. In Eq. (32), this regularizer has the effect of penalizing S, with
larger Lo-norms. To estimate the bispectrum, we consider a variation of lehonov regularization in which

& & 12

Q(S2) = |ADS: |, (33)

where D = diag (dy,- - ,dy) is the diagonal “smoothing matrix”. Note that the Tikhonov regularizer is recovered when
di = ... =dy = 1 (Fig.[5h) and the standard maximum likelihood estimate is recovered when A = 0. Using non-uniform

values for the diagonals enables us to incorporate prior information about the bispectrum. For example, if the magnitude of the
bispectrum is known to decay at the high-frequency border of X, we can make the corresponding harmonics in D large compared
to those of the interior (Fig.[5p). Such a smoothing matrix favors a solution with small magnitude at the border. The connection
between the smoothing matrix and prior knowledge of the bispectrum is more explicit in a Bayesian formulation of the estimation
problem in which the RMLE estimate in Eq. (32)) with the regularizer in Eq. (33) is equivalent to a posterior mean estimate in
which the prior distribution of the bispectrum is Gaussian and zero-mean with covariance matrix (2A2D?)~1, provided D is
full-rank. For any smoothing matrix, the regularized maximum likelihood estimate has the simple analytic solution,

SRMLE _ (ATS"1A +2)2D%) " (AT 1g). (34)

O d =1 Uniform smoothing matrix Non-uniform smoothing matrix

Supplementary Figure 5. Smoothing matrix D given a prior information. a, A smoothing matrix that assumes the least prior information about
the bispectrum. b, A smoothing matrix that assumes the bispectrum decays to zero at the border of an octant.

8.5 The L-curve criterion

Although it guards against numerical instability and overfitting to errors in the measured data, the regularizer can introduce its
own error into the estimate if A too large. A fundamental challenge in regularization is selecting a value of A that balances these
sources of error. While this problem is still an active area of research, one of the most widely used strategies for selecting A is the
L-curve criterion [S6]. A graphical technique, the L-curve criterion enables one to visualize the magnitude of the regularization
error in proportion to other errors in the estimate and choose A accordingly.
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An example of the L-curve
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Supplementary Figure 6. An example of the L-curve plot.

For a given ), the sources of error that contribute to the regularized maximum likelihood estimate in Eq. (34) are described
by the residual norm

P = [Jasene g sagees )" 65)
and the solution norm

0 =[], ]
The regularization parameter A enters both the residual norm and solution norm implicitly through SRMLE. The residual norm

increases as A grows, while the solution norm decreases. When E/(\) is too large relative to R()\), the estimate does not account
for the measured data due to error introduced by the regularization. Conversely, when E()) is too small relative to R(A), the
estimate is fits the measured data too closely, making it susceptible to overfitting and numerical error. The influence of A on the
error conributions is captured by the L-curve, a parametric plot of logR(\) vs. logFE/(\) as a function of A. A typical L-curve,
with its characteristic “L” shape, is shown in Fig. @ Note that as \ increases from left to right, logR(\) sharply decreases and
then plateaus, while logE/(\) is initially stable followed by a rapid increase. The corner of the L-curve, marks a point at which
the solution norm and residual norm are small simultaneously. The corner, thus, signifies the optimal value of A according to the
L-curve criterion.

Figure [7| shows L-curves generated by our experimental data for the two different smoothing matrices illustrated in Fig.
Bl For both the uniform and non-uniform smoothing matrices, the L-curves lack corners. Unlike the typical L-curve in Fig. [6]
logR(\) does not exhibit a sharp increase as A — 0. This indicates that, for the control sequences we have selected, the
reconstruction matrix A is sufficiently well conditioned to make regularization the dominant source of error [S7]. Consequently,
it is not optimal to utilize regularization in this setting and the reconstruction presented in the main text uses A = 0.

Note that this finding is contingent on both A and the particular regularizer we employ. Estimating the bispectrum at a greater
number of harmonics demands a larger A, which is more likely to be near singular and/or poorly conditioned. This scenario will
likely require some form of regularization. Additionally, the error introduced by regularization is reduced when prior knowledge
of the bispectrum (if available) is used to select the regularizer. For example, suppose a noise model or previous experiment
indicates that S, takes a value in the vicinity of §H, This information is captured by the regularizer

g\ 1

Q(S2) = (52 — S.)"(2A’D?)(S: — S,). (37)

[\]

This corresponds to a Gaussian prior distribution of S, with mean §u and covariance matrix (2A2D?)~1. In contrast, naively
employing Tikhonov regularization amounts to assuming a zero-mean prior distribution of So.
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The L-curve for the uniform smoothing matrix The L-curve for the non-uniform smoothing matrix
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Supplementary Figure 7. The L-curve plots for experimental data. a, The L-curve plot for the uniform smoothing matrix. b, The L-curve plot
for the non-uniform smoothing matrix.
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