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Supplementary Figure 1 | Full mode transmission matrix 24x24 mode transmission matrix for
experimental conditions described in manuscript. Each column (launched mode) is normalized with
respect to the strongest detected modal component.



Supplementary Note 1: Modal Notation and Conventional Vector Modes

Although the traditional waveguide definition for HE and EH modes refers to whether the
mode is more “TE-like” or more “TM-like” with respect to the longitudinal field components?, in
the fiber community it has also traditionally implied a choice of sines and cosines as azimuthal
basis functions instead of complex exponential functions?. The spin orbit interaction (SOI) is
theoretically nonzero in all fibers, but is trivially small in many standard fibers used for
telecommunications. In fibers where the SOl is non-negligible, such as those in3, it causes a lifting
of the degeneracy between HE;,;,, and EH,_,,, modes, but leaves the modal fields
unperturbed to a good approximation. Thus, the radial and azimuthal transverse electric field
components have nearly identical magnitudes, as shown in Supplementary Figure 2. In this
regime, conventionally called the “weakly guiding” regime, one can use the basis set of traditional
HE (EH) vector modes, and the basis set of spin-orbit aligned (anti-aligned) OAM modes
interchangeably, some apparent advantages of the OAM set, such as ease of free space excitation

and a spatially-independent polarization state, notwithstanding.
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Supplementary Figure 2 | Weak-SOI Electric Field Profiles Transverse electric field profiles for a fiber
similar to that shown in 3. Note that the electric field radial and azimuthal profiles are nearly identical in
magnitude, even though this mode is separated from its nearest neighbors in nes by ~107%.



However, in the regime of strong SOI described in this manuscript, the radial and azimuthal
electric field components begin to take on different relative magnitudes, causing the pseudo-
radial or pseudo-azimuthal polarization states of the mode profiles shown in Fig. 2 of the
manuscript. Two examples, simulated from the fiber under test in the manuscript, are shown in
Supplementary Figure 3. This change in relative magnitude of radial and azimuthal field
components indicates that the modes used in the weak guidance approximation, whether the
basis is HE/EH modes or spin orbit aligned/anti-aligned OAM modes, are no longer adequate to

describe these strong-SOl modes.
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Supplementary Figure 3 | Strong SOI Electric Field Profiles Transverse field distributions for (a) the J=6,
TT mode from the thin ring fiber described in the manuscript, and (b) the /=4, Tl mode. The obvious
difference in radial and azimuthal field components differentiates these modes from those in the “weak
guidance” approximation.



Supplementary Note 2: Derivation of Equations (2), (3a), and (3b)

To calculate the effects of the Spin Orbit Interaction according to Perturbation Theory?, we begin
with the scalar vector wave equations (Equations 32-19a and 32-19b from 2):
(V? + k*n?)P = §2§ (1)
(V2 + k*n?)¥Y + VY - V{[In(nH)]} = B?¥ (2)
Here P is the scalar solution with propagation constant, ﬁ W is the exact vector solution with
propagation constant, 3, and although no bolding is used, it is understood that all modes and all
Laplacians are vector in nature, although P is easily factorable into a vector and scalar part. We
introduce a scale parameter, €, assumed small, and expand the vector mode solution and
eigenvalue in order of ¢.
Y=0 4@ 4 2@@ 4 ... (3)
B2 =2 + 6'32(1) +62ﬁ2(2)+--- (4)
We also assume that the perturbation (vector) term in Supplementary Equation (2) is of order €.
Substituting Supplementary Equations (3) and (4) into (2), and balancing terms by order in €
yields:
No € (VZ + k?n?)P = p29 (5)
€ (V2 + k2n2)WW 4 V(T -, [In(m2)]} = p2 VT + gre® (6)
We now make the following assumptions:
(a) Radial mode order m=1 assumed for all modes.
(b) We use the scalar vortex beams as a basis for ¥:

&y = 65" PFy (r)e'Fuz (7)



Pyn = Z Cn,j €115 (8)

j
| is the mode’s vortex order and can be positive or negative, s denotes the sign of the
mode’s spin and can be either +1 or -1, and j is a dummy index for notational convenience,
running from 1-4 for |L|>0. In this notation, s depends on j. Since all OAM modes of a
given |/| are degenerate in the scalar picture, the scalar solution can be an arbitrary sum
of these modes, with weights c,; in Supplementary Equation (8). The second index, n,
represents the fact that there must still be 4 orthonormal modes. Supplementary
equation (8) is introduced only for notational convenience. Note that for a passive

waveguide, F;(r) is a real function.

Dot multiplying (S6) with é?‘”_k, and integrating over 2D space:
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Which simplifies to:

s ~ 1 % ~ 10
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Or
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When repeated for every possible k, Supplementary Equation (11) gives a series of equations

from which ¢; can be solved by taking the determinant of the equation system. This method also



2(1) and lifts the degeneracy among the 4 modes in Supplementary Equation (7). This

solves for 8
process is well-known®, and is not repeated here, but breaks the degenerate between spin-orbit

aligned and spin-orbit anti-aligned OAM modes.

If we assume that the first order correction to the wave function of a particular mode

from modes outside of its degenerate set of |/| is a sum of other fiber modes I' # [:

i = P 12
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Repeating the same procedure as above, and making some mathematical simplifications
according to the discussion in Supplementary Reference 2 between equations 32-21 and 32-22,
we find:

AL T ) P Teln?)1) _ (B el B

Cilpy = AL __ (13)
i Biiny — B Biin — B,

Where de is short-hand for the vector perturbation term (unrelated to the scale parameter, €).
Combining Supplementary Equations (12) and (13) with (8), and plugging in the known solutions
to (11), we can rewrite the vector solution to first order in € as:

<E|l’|_nr|d€|Ell|,n> .
Eﬁq - E|%|

Yn = 65 F,(r) + (14)
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By calculating the transition matrix elements in the right-hand term, we can identify which
scalar mode orders contribute to the exact solution. Assuming that the waveguide is

rotationally symmetric, using the identities:



1 | |
P=3(ate +57ei") (15a)

§ =5 (6e0 —57el0) (15b)
l

and evaluating the divergence and gradient operands in cylindrical coordinates, one finds:

<E|z'|,nr|d£|EIll'n>

o(fd(peiw(l’+s’—l—s) (16)
one[(M)]Fy ( 0Fu
xfrdrTT r— = S UFu ()

The azimuthal integral in Supplementary Equation (16) is zero unless the argument inside the

exponential is zero, since s, s’, , and I’ are integers. Thus, (16) can be reduced to:

<E|z'|.n'|df|’5lll'n>
(17)

one[(M]Fy ([ 0Fu
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Which is exactly Eqn. (2) in the manuscript, with the notational difference of the dummy mode

index, n, used here instead of the mode’s spin, s.
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