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Supplementary Note 1: Three equivalent definitions of TI operations

In this section we review some useful properties of Time-translationally Invariant (TI) operations (See e.g. [L] for further
discussion). We can summarize these properties in the following theorem.

Theorem 1 Let € be a Completely Positive Trace-Preserving (CPTP) linear map with arbitrary input and output spaces with
Hamiltonians H;, and H,,, respectively. The following three properties are equivalent:

1. Invariance under time-translations: The map £ satisfies
Vt c R : g(e—iHi"tpineiHi"t) — e—iHou[frg(pin>eiHoutt , (])
for arbitrary input state py,.

2. Covariant Stinespring Dilation: The map £ can be implemented by coupling the input system to an auxiliary system A
with Hamiltonian H,, whose initial state |n)) is an eigenstate of H,, via an energy-conserving unitary U, such that

Epw) = Trar (Ulow ® ) {ulalU) @

where (i) A’ denotes the discarded output auxiliary system which is a closed system with Hamiltonian H -, (ii) the unitary
U is energy-conserving, i.e.

U(Hin®IA+Iin®HA) = (Hout®IA' +Iout®HA’)U7 (3)

where [, I, Ia and I/ are, the identity operators on the input and output systems, and input and output auxiliary
systems, respectively, and (iii) |7) is an eigenstate of Ha.

3. Completely incoherence-preserving: £ is completely incoherence-preserving, that is for any auxiliary system B with an
arbitrary Hamiltonian Hg, and any joint state pj, g of the input system (denoted by in) and the auxiliary system B, if pin g
is incoherent with respect to the total Hamiltonian H;, ® Ig + Iiy ® Hp, then the corresponding output state £ ® Zg (pin, B)
is also incoherent with respect to the Hamiltonian Hoy ® Ig + Ioy ® Hp, i.e.

Ping , Hn® g+ iy ® Hg) =0 = [€ @ Zg(pin,B) » Hou @ I + Iowe ® Hg] = 0. €]

Remark. As we explain later, to check whether a quantum operation is completely-incoherence preserving or not, one only
needs to consider this condition for a system B whose dimension is equal to d;,, the dimension of the input of £. Also, one

only needs to check this condition for one initial state, namely the maximally entangled state |¥)i, g = \/% Zle |i7), with the
Hamiltonian of B equal to Hg = —H, where the transpose is defined with respect to the basis {|i)}.

The notion of completely incoherence-preserving operations can be compared with the notion of incoherence-preserving
operations, also known as maximally incoherent operations. These are operations which map incoherent state of the input
system S to incoherent states of the output system [2]]. It turns out this set is strictly larger than the set of completely incoherence-
preserving operations, i.e. there are operations which are incoherence-preserving, but not completely incoherence-preserving.
For instance, any unitary transformation which permutes energy eigenstates with different energies, is an incoherence-preserving
but not completely incoherence-preserving operation (The relation between the two sets in analogous to the relation between
positive operations and completely positive operations).

Covariant Stinespring Dilation theorem (Equivalence of statements (1) and (2) in theorem

Equivalence of properties (1) and (2), i.e. Invariance Under Time-Translation and Covariant Stinespring Dilation is proven
before, e.g. in [1]]. In fact, theorem 25 of [[1] establishes this equivalence for a general symmetry group. For completeness, we
present the proof in the case of time-translation symmetry.

First, it is straightforward to see that the existence of Covariant Stinespring Dilation implies Time-translation symmetry
(Intuitively, covariant Stinespring dilation provides a method for implementing the quantum operation. Since each step in this
method respects the time-translation symmetry, the composition should also respect the symmetry).

To prove statement (1) implies statement (2), we use a result of [3], which shows the Kraus representation of TI operations
can be written in a special canonical form. According to this lemma, by exploiting the unitary freedom in defining the Kraus



operators of a general quantum operation [4], we can write any TI operation &ty , in the form

En(o) =Y KmmoKly,) - (5)

E,x

where, in addition to the normalization condition oK (T 5 O‘)K (B,a) = Louts Kraus operators satisfy the condition

€7iH°th(E7a)€iHi"t — efiEtK(E,a) . (6)

For completeness, we present the proof of this result, originally proven in [3]: Consider an arbitrary Kraus decomposition
En() = >0, Ku( VKT ),» with linearly independent Kraus operators {K,},. Then, invariance under time translation implies

for arbitrary ¢ € R, the set {e’iH°“‘tI~( etHnt} also defines a valid Kraus representation of &r. But, two sets of linearly
independent Kraus operators describe the same quantum operation, if and only if they are related via a unitary, i.e. there exists a
unitary transformation V' (¢) such that, e~ "o K et =57 V0 () K -

This equation together with the fact that {K,,} are linearly mdependent implies that V(¢1)V (t2) = V(¢1 + t2) (indeed, it
implies that the unitary V'(¢) is itself a representation of the time-translation symmetry).

We conclude that there exists a unitary S which simultaneously diagonalizes all unitaries V' (¢) for all ¢ € R and decom-
poses this representation to irreducible 1-dimensional representation, as SV (¢)ST = 2 (B e ‘EHE, a)(E, al, where a is a
multiplicity index. Define the new Kraus operators

Kgao = Z S0yl (7N
nw
which implies
Ku= 3~ Stpaulwe - (®)
(E7a)
The unitarity of S guarantees that >, , K(J[E_Q)K(E,a) =Y, K} K, = L. Furthermore,
GiiHou[tK(E@)eiHi"t _ Z S(E,a),u, efiHm.ltf(lLeiH;nt (9)
o
=D Swayn Y Vi 0K, (10)
Iz W
= ZS(EM,M ZVNM Z S(er a0, K (w0 (11)
/ E' a’)
Z K(E/ a’) ZSEO‘ )S(E’,a’),p/ (12)
(E',a’)
> Kerane ' 0p, 500 13)
(E")
= Kp.ae ™, (14)

where, we have used Supplementary Eq.(7) to get the first line, and Supplementary Eq.(8) to get the third line.
Next, we use this result to construct an energy-conserving unitary which implements . Define the operator

W= Kga®|E a)n, (15)
(E.a)

where {|E, )} is an arbitrary set of orthogonal states of system A’, and |n) is an arbitrary state of A. Then, one can easily see
that:

e Using the fact that ZE’Q K(TE G)K(E’a) = Iin, we find W is an isometry, i.e.

WIW = Iy @ [n)(n]a , (16)



e Isometry W is an Stinespring dilation of &y, i.e.
Enp) = Tear(Wp @ |n) (nla]W) . (17

e Suppose we define H,, the Hamiltonian of A, to be a Hermitian operator with state |) as its eigenvector with eigenvalue
zero, such that Ha|n) = 0, and Hs as a Hermitian operator with eigenvectors |E, o), such that Ha/|E, ) = —E|E, o),

then
(e—iHou[t ® e—iHA/t)W(ez'Hint ® eiHAt> _ Z e—iH(,u,tK(E’a)eiH;“t ® e—iHA/t|E, a> <n|eiHAt (18)
(k,00)
= e K (o) @ |E, o) (e’ (19)
(k,00)
=W, (20)

where to get the second line we have used Supplementary Eq.(6). Equivalently, this implies
(ef’iHou[t ® efiHA/t)W _ W(eiHint ® eiHAt) . (21)
Taking the derivative with respect to ¢ this implies,

W (Hin @ In + Iin @ Hp) = (Hou @ Iar + Iow @ Har)W . (22)

It can be easily shown that the isometry W can always be extended to a unitary which is also energy-conserving (See [LL]).
This completes the proof that (1) implies (2).

Completely Incoherence-Preserving operations (Equivalence of statements (1) and (3) in theorem )

The fact that any TI operation is completely incoherence-preserving, follows immediately from the covariance condition in
Supplementary Eq.(I). In the following we prove any completely incoherence-preserving operation is TI. To prove this we
consider an auxiliary system with dimension equal to the input space of £, and with the Hamiltonian Hg = —H., where T
denotes transpose in an orthonormal basis {|¢) }. Then, consider maximally entangled state

1
din

|¥)inp = |i1) , (23)

i=1

where dj, is the dimension of the input space of £.
It can be easily seen that this state is incoherent with respect to the total Hamiltonian

Hy = Hyy ® I + Ijy ® Hp = Hyy @ In — Ly @ H} (24)

This can be seen, for instance, by noting that
T T 1 din
eilHlmt|\I’>in,B — (esz;nt ® GZHi“t)|\IJ>in,B — (esz;nt ® BZH‘" t) y Z |ii>in,B _ (elHinteleint ® I)‘\Il>in,B — |\I/>in,B ) (25)
vV &in ;g

where we have used the fact that for any operator X, (I ® X) Zle ii) = (XT ®1) Zle i1).
Therefore, since state | U);, p is incoherent and the quantum operation £ is, by assumption, completely incoherence-preserving,
then state £ ® Zg (| V) (U |in,p) is also incoherent, i.e.

[Hou ® Ig + Lo ® Hg , € R Zg(|V)(¥]in)] =0, (26)

where 7y is the identity operation on system B. This implies

[e—iHomt ® e—z’HBt]g ®IB(|\I/><\I’|in,B)[eiHmt ® eiHBt] _ [e—iH(,mt ® eiHift]g ®IB(|\IJ> <\I’|in,B)[eiH“mt ® e—iHift] (278.)
=E @ Tp(|¥)(¥|insp) , (27b)



for all ¢ € R. Recall that Zp is the identity operation on system B, and therefore, the left-hand side can be written as

e ot @ I]€ @ T ([Tin @ €~ ][ W) (W]jn [ Tin @ €] [t @ Ii] . (28)

Then, using the fact that Hy = —HZL and the identity (I ® X) Zle
of Supplementary Eq.(27) can be rewritten as

i) = (XT @ 1) Zle |ii), we find that the left-hand side

[e= ot @ [1€ @ ([t @ IN|U)(P]inple” !t @ 1) [ @ 1] = & @ T (|U)(Vinp) , (29)
where we have defined the quantum operation &; to be the time-translated version of £, i.e.
E(o) = e_iH“‘tS(eiHi“toe_iHi"t)eiH"“‘t . (30)
Then, Supplementary Eq.(27) can be rewritten as
VieR: & @Zg(|U)(Vling) =E QZg(|U)(Vinp) . (31)

In other words, the Choi matrix of quantum operations &; is independent of ¢. It is well-known that the Choi matrix uniquely
determines the quantum operation. This immediately implies that

VieR: &=E¢, (32)

which means £ is a TI operation. This completes the proof.

General symmetries: Completely symmetry-preserving operations

In this paper, we study the notion of coherence as asymmetry with respect to time-translation symmetry. This is a specific
type of asymmetry. The resource theory of asymmetry studies asymmetry with respect to am arbitrary symmetry group G. In
this recourse theory, one studies the consequences of restriction to quantum operations which satisfy the following covariance
condition

Vg e G: Us(g)(E()UL(g) = EUAD)()UL(9)) (33)

where £ be a quantum operation from the input system A to the output system B with the unitary representation G 3 g — Uap(9g)
on the input A and output B.

Any operation £ which satisfies this condition is called a covariant or symmetric operation. This definition is a natural
generalization of the notion of TI operations.

Similarly, we can define a generalization of the notion of completely incoherence-preserving operations: Let C be an arbitrary
auxiliary system with arbitrary representation of symmetry, G > g — Uc(g). We say quantum operation £ from A to B is a
completely symmetry-preserving (with respect to group (), if for all such auxiliary systems, and for all symmetric input states
PAC, it holds that

Vg € G: [pAC»UA(g) X Uc(g)] =0, = Vg e G: [5 ®IC(/)AC)7 UB(g) X Uc(g)} =0, (34)

where Z¢ is the identity quantum operation on system C. This condition means that any symmetric input state of systems A and
C is mapped to a symmetric state of systems B and C.

Proposition An operation is completely symmetry-preserving if and only if it is covariant.

Proof. Obviously any covariant operation is non-asymmetry-generating. To see the other direction, suppose the auxiliary system
C has dimension equal to the dimension of the input system A, and the representation of symmetry on C is the complex conjugate
of the representation of symmetry on A, i.e. Vg € G : Uc(g) = Ua(g). Consider the singlet state

1
(W) ac = > id)ac - (35)

This state is invariant under the action of symmetry, i.e.

[Ua(9) @ Uc(9)]|®)ac = [Ua(9) @ Ua(9)]|¥)ac = [¥)ac - (36)



Now for the initial state |¥) oc, suppose we act on system A with quantum operation £ and obtain state
opc = € @ Lc(|¥)(¥]ac) -
Then, the fact that £ is non-asymmetry-generating, implies ogc does not break the symmetry, i.e.

Vg€ G: [Us(g) ® Uclg)losclUs(g) ® Ul(g)] = obe -

This implies
VgeG: ERLe(|)(¥ac) = [Us(g) @ Uc(9)l€ ® Te(|¥)(¥]ac) Uik (9) ® Ul(9)]
= [Us(9) ® Ic|€ ® Ze([Ia © Uc(9)]| %) (¥|aclla © UL(9))) Ui (9) © Ic]
= [Us(g) ® IcJ€ ® Ze([U(9) ® I )W ac[Ua(9) @ 1)) (U (9) @ Ic]

Eg @ Ic(|W)(¥]ac)

where we have defined the map &, to be the rotated the version of &£, such that
E4(p) = Us(9)E(UL(9)pU(9))Ug (9)

for all p. But, because |¥)sc is a maximally entangled state, this implies that

VgeG: & =E.

which implies £ is a covariant map.

(37

(38)

(39)
(40)
(41)
(42)

(43)

(44)



Supplementary Note 2: Purity of Coherence

In this paper we introduce a new measure of asymmetry, which we call it Purity of Coherence. The purity of coherence, with
respect to the eigenbasis of an observable H, is defined by

Py(p) = Tr(Hp*Hp™ ') — Tr(pH?) (45)
if sup(HpH) C sup(p), and Py (p) = oo otherwise (Note that sup(HpH) = sup(Hp*H)).
Equivalently,
Pr(p) = fu(p) = fu(D(p)) , (46)
where for any state o
fu(o) =Tr(Ho*Ho™ '), 47)
and
e Ht, _iH
_ — T o —iHt  _iHt
= zn:Pinn = lim T /0 dt e H petHt (48)

is the map that dephases p in the eigen-basis of H = ) E,, P, (also known as the resource-destroying map [3]]).
Using the spectral decomposition of state p, as p = > p;[1;) (1], we can rewrite the formula for the purity of coherence as

Py (p) = Zp’“p P | H ) (49)

gk J

Properties of purity of coherence

The important properties of purity of coherence, such as monotonicity under TI operations and convexity, follow from the
properties of the function

Qa(pllo) = Tr(p*o ™), (50)

if sup(p) C sup(c), and Q,(p||c) = oo otherwise. As we will discuss later, the logarithm of this function is the Petz-Rényi
relative entropy for o = 2.
In particular, this function satisfies the following properties (See [6] for further discussions and proofs of these properties):

e Unitary invariance: It is invariant under any unitary transformation U, i.e. Q5 (UpUT|[UcU") = Q,(p| o).

e Joint convexity: Forany 0 < p < 1:

pT(prllon) + (1 - D)Tr(pallo) = G ([pm (-]

lpor + (1 p)aﬂ) (51)

¢ Information-processing inequality: For any completely positive trace-preserving map &,

Qx(E(P)[IE(0)) < Qa(pllor) - (52)

This follows from the Stinespring dilation theorem, together with unitary invariance and joint convexity.

Using these properties, it can be easily seen that for any time ¢ € R, the function B(p) = Q,(p|le ™" pe'*) is monotone
under any TI operation Ery:

B(p) = Qa(plle™" pe™™) > Qy(En(p)||En(e ™" pe™T)) (53)

= Qx(Enlp)lle” ™ En(p)e™™) (54

= B(&n(p)) , (55)



where the inequality follows from the information processing inequality for Q,, and the second line follows from the fact that
&y is a TT operation.
The connection between this function and the purity of coherence follows from the fact that for small At,

@2 (plle—iAtheiAtH) _ Tr(p2(e—iAtheiAtH)—1) (56)
— Tr(pzeiiAthileiAtH) (57)

1+ A Tr(p?Hp 1 H) — APTe(p? H?p~1) /2 — AP Tr(p?p L H?) /2 + O(At?)
=14+ At?Py(p) + O(AtY) . (58)

In other words, Py (p) is 2 time the second derivative of function Q,( pHe tH peitH) with respect to the parameter ¢, at t = 0.

Then, it follows from the joint convexity of @, in Supplementary Eq , and information processing inequality in Supple-
mentary Eq.(52), that function Py is

e Convex: For any 0 < p < 1, and any pair of states p1, p2 :
pPr(p1) + (1 = p)Pr(p2) = Pu(lppr + (1 = p)p2]) - (59)
e Monotone: For any TI operation &y

Pr(&n(p)) < Pu(p). (60)

Furthermore, it turns out that the purity of coherence has the following useful properties:

e Additive: For a composite non-interacting system with the total Hamiltonian Hy, = H; ® Is + I} ® Hs, the purity of
coherence is additive for uncorrelated states, i.e. Fi,, (p1 ® p2) = Pu,(p1) + Pm,(p2). This follows from the fact that

Qz(p1 ® pallor ® 02) = Qq(pr1llor) + Qz(p2llo2).

e Faithful: It is non-negative, and is zero if, and only if, state is incoherent, i.e. diagonal in the energy eigenbasis.

To see this consider the spectral decomposition of state p as p = >, p;|1;)(1;]. Then, we obtain the formula

Py (p) = Zpkp B el HI) P ©61a)
gk J

- Zp"%’ (0 + )] el ) (61b)
gk J

= Z (b + p)| (0 I 2 ©10)

where to get the third line we have used the fact that (p; + py)| (¢ |H|;)|? is symmetric with respect to & and j.
The immediately implies that Py (p) > 0. Furthermore, since all the terms in the summation are non-negative, the
sum will be zero iff all the individual terms are zero. That is (p; — px)?|(vk|H|¢;)|> = 0 for all 4, k, or equivalently
(pj — pr)(Yr|H ;) = 0. Multiplying both sides in |5) (5], i j is implies [p, H] = 0 and
completes the proof.

Connection with Petz-Rényi relative entropy

Similar to QFI, function Pp(p) also determines how fast state p becomes distinguishable from its time evolved version
e~ "t petHt and is closely related to the Petz-Rényi relative entropies. For o € (0, 1) U (1, 2] The Petz-Rényi relative entropy

for is defined as

Da(pllo) =
D, (pllo) = oo, otherwise (63)

1
— log Tr(p®o ™), supp(p) C supp(o),ora € (0,1) (62)

Note that the in the special case of a = 2, we have Do (p||o) = log Q5 (pl|o).



10

The relative Rényi entropy can be interpreted as a measure of distinguishability of states. In particular, it is non-negative and
D, (p||o) is zero if and only if p = o. Furthermore, it satisfies information processing inequality for « € [0,2]/{1} [6} [7]], that
is for any CPTP map &, it holds that D, (p|lo) > Do (E(p)||E(0)) .

It can be easily seen that for small time At,

Dy (plle A petatiy — %AtQ [Tr(p®Hp'~*H) — Tr(pH?)] + O(At*) . (64)
o_

Then, using the arguments we used in the case of the purity of coherence, we can see that all functions in the family
Tr(p*Hp'~“H) — Tr(pH?) , l<a<?2 (65)

satisfy all the essential properties of the purity of coherence, such as monotonicity under TI operations, additivity, and convexity.

The reason that in this paper we focus on the case of a = 2, is that for higher values of «,, monotonicity under TI operations,
which follows from the monotonicity of Petz-Rényi relative entropy under data processing, does not hold. On the other hand,
for lower values of a, as a mixed state p converges to a pure state, function Tr(p® H p' = H) — Tr(pH?), has slower divergence.
Therefore, to see the unreachability of pure coherent states, a = 2 is the optimal choice.

Stochastic state conversions under TI operations (Proof of Eq.5 in the paper)

Suppose there exists a TI operation which transforms n copies of a system with state p; and Hamiltonian H; to a single copy
of a system with state p2 and Hamiltonian H5, with probability of success p > 0.

First, assume the transformation is deterministic, i.e. the probability of success p is equal to one. Then, the monotonicity of
the purity of coherence under TI operations implies the purity of coherence at the output is less than or equal to the purity of
coherence at the input. Using the additivity of purity of coherence, we find the purity of coherence at the input is n X Py, (p1).
Therefore, we conclude

PHz(pQ)
> _—2el 66
"2 B (1) (60)

Next, consider the case where the transformation is stochastic, i.e p < 1. This means that there exists a completely positive TI
map &, which is not necessarily trace-preserving, such that

E(PF™) = pp2 - (67)

Then, define

F()=10)(0] @ E(-) + [1 = Tr(ENI(1) (1] © Tincon) » (68)

where oincon i an incoherent state (e.g. the totally mixed state), {|0),|1)} are orthonormal states of a register qubit with
Hamiltonian zero. In other words, the Hamiltonian of the output is I ® Hs, where I is the identity operator on the register.

It can be easily shown that map F is (i) trace-preserving and completely positive, (ii) it is a TI operation, and (iii) implements
the transformation

]_—(p(lX)n) = p|0><0| ® p2 + (1 - p)(|1><1‘ ® Uincoh) . (69)
Using definition P (p) = Tr(Hp*Hp~') — Tr(pH?), it can be easily shown that the purity of coherence of this output state is

PP, (p2) + (1 — p) P, (Gincon) = p X P, (p2) , (70)

Since F is a TI operation, the purity of coherence of its output is less than or equal to the purity of coherence of its input p?",

which is equal to n X Pp, (p1). We conclude that

anXPL(M) (1)

Pu,(p1)

Thus, to generate a single copy of a pure state p, which contains coherence, we need n = co or Py, (p1) = oo.
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States with infinite purity of coherence

The definition of the purity of coherence immediately implies that for any pure state which is not an eigenstate of Hamiltonian
the purity of coherence is infinite. As we saw above, this unboundedness, reflects the fact that given any finite copies of a
generic mixed state (with full-rank density operator) it is impossible to create a single copy such pure states using TI operations.
More generally,

Lemma 1 For a bounded Hamiltonian H (i.e. |H|/s < 00) the purity of coherence P (p) < oo if and only if [II,, H] = 0,
where 11, is the projector to the support of p. In particular, the purity of coherence is bounded for states with full rank.

Proof. For a bounded Hamiltonian H, Py (p) = oo if, and only if, the operator H p? H has support outside the support of p. The
support of operator H p? H, is equal to the support of operator HII oH. Therefore, P (p) < oo if, and only if Q ,HII,HQ, = 0,
where (), = I —II, is the projector to the kernel of p. The last equality holds only iff Q,HII, = 0, which means [H,II,] = 0.
We conclude that Py (p) = oo, if and only if [H,II,] # 0.

O

The following proposition follows immediately from this lemma together with the monotonicity of the purity of coherence
under TI operations.

Remark. Let Hj, and H,, be the Hamiltonians of the input and output systems, respectively. Suppose under a TI operation the
input state p is transformed to the output state o. Let 11, and II,, be the projectors to the supports of p and o, respectively. If
[pr Hin] = 0 then [Haa Hout] =0.

In the following, we present an interpretation and a different proof of this result in terms of the notion of unambiguous state
discrimination [8]], which clarifies the physical relevance of condition [H,TI,] = 0.

Recall that two density operators can be unambiguously discriminated with a non-zero probability iff their supports are not
identical [8]. The support of state e =% peflt is e =] ¢*H* which is equal to II, for all ¢ € R, if and only if [H,II,] = 0.
Therefore, we conclude that there exists ¢ € R such that two states e ~*/"* pe?/’* and p can be unambiguously discriminated with
a non-zero probability, iff [H,II,,] # 0.

Next, we note that if the probability of unambiguous discrimination of two states p; and po is zero, then this probability
remains zero under any completely positive trace preserving map &, i.e. two states 01 = £(p1) and o9 = E(p2) will also have
the same support. This immediately implies that if the probability of unambiguous discrimination of p and e~ % pe*#* is zero,
then for any TI operation £y, the probability of unambiguous discrimination of the two states ¢ = Ety(p) and

5T1<e—1',Htpeth) — e—i,HthI(p)eth _ e—tho_ev',Ht (72)

should also be zero. We conclude that if [II,, H| = 0, and o = Eri(p) for a TI operation Ery, then [I1,, H] = 0.

Purity of coherence is lower-bounded by Quantum Fisher Information

In this section we show that the purity of coherence is lower-bounded by the Quantum Fisher Information (QFI). That is for
any state p, and Hamiltonian H, Py (p) > Fu(p) .
For state p with the spectral decomposition p = . p;|1;)(¢;|, the QFL is given by

(pk —pz)2 2
F = ~_ H 3
H(p) =2 %l ot [{YrlH o], (73)

Recall form Supplementary Eq[61]that the purity of coherence can be rewritten as

Gk J k,l

2 0
Pu(p) =) kTpJ [k H ;) > = (pk — p1)* X ]);TJ;?K%JHW)IQ : (74)

Using the arithmetic-geometric mean inequality applied to pj and p;, we have

Pt P 2

> . (75)
2pipk i+ D1
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This implies that

Pu(o) = 3 ok — p0? B2 gy ) P > > -
k,l

¥ 2pipx;

pl|<wk\H|wl>l2 = Fr(p), (76)

where in the last step we have used Supplementary Eq for QFL Therefore, the inequality Py (p) > Fr(p) basically follows
from arithmetic-geometric mean inequality [24].
Note that the arithmetic-geometric mean inequality holds as equality only if p;, = p;. This means that, if (pr, — p;) (V| H |¢1)
is non-zero for some I, k, then Py (p) > Fp(p). Equivalently, this means that Py (p) = F(p), only if
(pk — pu) (Y| H|) =0 : VK, L. (77)

Multiplying both sides in |¢y) (¢;| and summing over [, k, this equation is equivalent to

> okl W H Y [0 (Wil =Y 1) (e H Y pultbn) (@], (78)

which is equivalent to pH = H p. Le. the equality holds iff p is incoherent, in which case both quantities Fy(p) and Py (p) are
zero.

Purity of coherence for Qubits

Consider a general qubit state p with the spectral decomposition

p=pl) (] + (1 = )l ) (¢ (79)
where ()[1)) = 0. Then,
1 vt
= 1N+ T (30)
and
p* = p?|) (W] + (1 — p)* [ ) (] 81
This implies
2
Tr(p*Hp~ " H) = pTe(H ) (| H ) (1]) + p_ pTr(H\¢> (Y[ H ) () (82)
. 2
+ SRty 0 1) ) + (0= p) () ) 53)
Using the fact that
Te(H|¢) (G| H [ ) (0 ]) = Vi () = Va (o), (84)
we find
2 N2
o) = (7 + L) v) +plfwllo) P + (- plfu 1P 5)
Then, we find
_ 277 —1 2y _ i (1-p)?
Palp) = Te(p*Hp™ H) = Te(pH?) = ({7 4+ 1) < V(y) (86)
0= vy (87)



Next, using the formula for Quantum Fisher information for the family of states e~ pe?* with parameter ¢,

(pi —p;j)? 2
= 2 _— i i .
Fy(p) E] e |(2i| Hs|j)]

where >, p;|1:) (14| is the spectral decomposition of p. Applying this to p = p[t)(¥| + (1 — p)[p*) (¥, we find

Fri(p) = 4(1 = 2p)* x Vg ().

Therefore,

Py (p) = 417%[(—[))]?)

Finally, note that
1-Tr(p*) =1—[p* + (1 —p)*] = 2p — 2p* = 2p(1 — p).
Therefore,

Fr(p)

Py (p) = M —Tr(p?)]

Purity of coherence for states close to the totally mixed state

Any general state p whose trace distance from the totally mixed state is ||p — I /d||; = € > 0 can be written as
1
==+eA
p=gted,

where A is a Hermitian operator with Tr(A) = 0 and || A||; = 1.
In the following we calculate Py (p) and Fi(p) in the limit of € < 1.
First, recall that

Py(p) =Tr(Hp’Hp™') — Tr(pH?) .

For p = £ + €A we find
Tr(pH?) = éTr(Hz) + €Tr(H?A)
Then,
20 —1 r 2 2 4211771 -1
Tr(Hp“Hp ):Tr(H[ﬁ—l-geA%—e A ]H[g—FeA] )
B I 2 ) 1
—alTr(H[d2 + deA—i—e A ]HI—FedA)

= dTr(H[% + geA + @ A?|H[I — edA + (edA)* + O(€*)))

1 2 I
= ~Tr(H?) + dTe(H[SeA|HT) + dTe(H]| 5] H|—ed A])

4 dTr(H[%eA]H[—edA] )+ dTe(H[ A2 HT) + dTr(H[d—IQ]H[(edA)QD + o)

= %Tr(HZ) + €Tr(H?A) + d26*[Tr(H? A?) — Tr(HAHA)] + O(€%) .

13

(88)

(89)

(90)

oD

92)

93)

(94)

(95)

(96)
o7
(98)
99)
(100)

(101)
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Therefore
Py(p) = Tr(Hp*Hp™') — Tr(pH?) = 22d[Tr(H?A?) — 2Te(HAHA)] + O(€2). (102)

Next, we calculate Quantum Fisher Information for this state. Recall the formula

_ (pi —p)?,, \2
Fy(p) =2 E Tpitp [(Vi| Hs|v;)] - (103)
ag

Let A =), a,|i)(i| be the spectral decomposition of A. Then,

I L.,
= ted= Zi:(eaz- + i) il - (104)
This implies
€%(a; — aj)?
F, =2y ——" 97 __|G|H|j)*. 105
Expanding this we find
2
— d 2 N H -\ |2 1
ezl—i-eda—i—a] 7311 1)] (106)
deQZ i —a;)?| G H )| + O(e®) (107)
= de? Z a? + a? — 2a;a;)|(i| H|j)|* + O(e®) (108)
4,J
= 2de*Tr(A*H?) — 2de’*Tr(HAH A) + O(€%) (109)
= 2de*[Tr(A’H?) — Tr(HAHA)] + O(€%) . (110)

Comparing this with Py (p) = €22d[Tr(H?A?) — 2Tr(HAH A)] + O(e?) we find

Pr(p)
Fr(p)

Finally, recall that for any pair of states o, and o9, it holds that

— 140 . (111)

lor = o2]l1 < 24/1 = Fid(o1,02) , (112)
where Fid(o1, 02) = ||\/o11/02|2, and 1 — Fid(07y, 02) is called the infidelity of o1 and o.

Combining this with Supplementary Eq{I 11} we conclude that if the infidelity of state p and the maximally mixed state I/d is
0, then

=1+0(V9). (113)
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Supplementary Note 3: Purity of coherence for a mixed state close to a pure state

In this section we find a useful bound on the purity of coherence for mixed states which are close to a pure state. This bound
will be used later to study coherence distillation.

Lemma 2 Let ppax = ||o||o be the largest eigenvalue of o and |®) be the corresponding eigenvector. Then,

2
Pi(0) > Vi (®) x (%_1). (114)

Proof. Recall that for any state p with the spectral decomposition p = >~ ¢;[¢;)(¢;|, purity of coherence is given by

Py (p) :quq Do I (115)

ik
Consider the spectral decomposition of o, i.e.
0 = Pnax| PN (P + Y pjl0b5) (W5 (116)
J

where pmax = ||0|| o is the largest eigenvalue of o, |®) is the corresponding eigenvector, and {p, }; are the rest of the eigenvalues,
and {|¢)1-)} are the corresponding eigenvectors. Then, using the general formula for purity of coherence, in Supplementary
Eq.(115), and using the fact that for any pair of j and & the sum of two terms

2 2 2 2 2
P —Pj | Pj Pk 1 L2 (p—pr) 1 142
+ Ui |H )" = ————(pj + pe)[{(¢r [H|Y;)]" >0, (117)
( py o Wi [HIY;)| ST (pj ) {r [H 95|
is non-negative, we find
2 2 2
pl—p
> Phas ) (@[ Hwi) (118)

'max
J

where in the summation we have dropped all the terms which do not involve |®). Then, we find

)> Z (P 25 ) Py |y (119)

> Z p‘““ — [Pmas + p3]) (@] H| ) (120)

= Z pmax — 1) [(®|H[3;)[> (121)

> <1fﬁ —1) Y I(@lH]u) P (122)
p2 ]

= (1_7pmax — 1)V (D), (123)

where to get the third inequality we have used the fact that pmax + p; < 1, to get the fourth inequality we have used the fact that
P; < 1 — pmax, and to get the last equality we have used

Z| (@|Hly5)|* = (|H( ZWJ (W5 | + @) (@) H|P) — (®H(|)(®) H|P) (124)

= <c1>|H2|<1>> — (D|H|®)* =V (®) . (125)
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This completes the proof of lemma. O

This lemma has the following corollary.

Corollary 1 Let § = 1 — (U|o| V) be the infidelity of pure state U and state 0. Let pyax be the largest eigenvalue of o, and
® be the corresponding eigenvector. Then, the fidelity of ¥ and ® is lower bounded by [(¥|®)|? > 1 — 24, and pp,x satisfies
Pmax > 1 — 6. Furthermore,

1—-6)2
Prr(a) = Vir(@) x (120 ), (126
Fp(o) > Vi (®) x 4(1 —26)2. (127)
Assuming the infideliy 6 < 1/2, this means that
1
Py (o) > Vi (@) x (5 -1), (128)
(129)
Proof. Let

0 = Prax @) (@] + Y pjl0 ) (5], (130)

J
be the eigen-decomposition of o, where py.y is the largest eigenvalue and |®) is the corresponding eigenvector. The fact that
(U|o|¥) =1— 4§ implies that

1= 6= (V]o]P) = pmax [(TIR)* + Y ps(T]eo5)]* - (131)

J

Since |[(¥|®)|? + > ; |<\If|wj> |2 = 1, we can interpret this sum as the average of eigenvalues of o, weighted by the probability
distribution defined by {|(¥|®)[?, [(¥|¢;-)|?}. This average is less than or equal to the maximum eigenvalue, poay. i.€.

1_5:pmax|<q/|¢)>|2+ij|<lp|¢j>|2 < Pmax (132)
J

as claimed in the statement of the corollary.
Next, note that

Dol <D py x Y KP)1* = (1= pma) (1= [([®)]7) (133)
j j k

where we have used the facts that pmax + >, p; = Tr(0) = 1, and the fact that [(¥|®)|* + 3= [(¥[y;)[* = 1, because
{|®),[¥;")} is an orthonormal basis.

Therefore,
1- 6= (T|o|D) (134)
= Pmax (U[@)2 + > pj[(T[ep)]? (135)
J
< Prnax | (T @) + (1 — pmax) (1 — [(T|@) %) (136)
< Prmax (P @)[* + 6 x (1= [(¥|D)[?) (137)

where to get the third line we have used Supplementary Eq.(I33) and to get the fourth line we have used E.(I32)), which implies
0 > 1- Pmax-
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This implies

1—20
(T]®))? > ——— >1-20, (138)
Pmax — 0
as claimed in the statement of the corollary.
Next, to prove the lower bound on the purity of coherence in Supplementary Eq[T126] we use the lower bound in lemma [2]
together with Supplementary Eq. [T32] This implies

2
Py(0) > Vi (@) x [ﬂ% -1 (139)
_5\2
> V(@) x [ 55) _. (139b)

This proves Supplementary Eq[T26]in the corollary|[T}
Next, we prove Supplementary Eq{127] i.e. the lower bound on QFI. Using the spectral decomposition o = pyax|P)(P| +
2D 1h5) (| , the formula for QFI in Supplementary Eq can be rewritten as

(pmax _pj)2 1\ (2 (pk _pj)2 1L 1|2
F =4 —— |(®|H|y; +2 _— Hly; (140a)
) =4 30 BB o+ 2 30 BB )
(pmax_pj)2 1y\)2
>4 —= " |(D|H|y; 140b
> 4y P BF gy (1400)
>4 (pmax — ) HRIH |G, (140c)
J

where to get the second line we ignore all the terms which do not contain pyax, and to get the third line we have used p;j+pmax < 1.
Also, using p; + pmax < 1, or equivalently, p; < 1 — ppay, we have

pmax_pjZzpmax_122(1_6)_1:1_25a (141)

where the second inequality follows from Supplementary Eq[132]
Combining this with Supplementary Eq[T40} we find

Fu(o) 24 (pmax — p3)* (@[ H[))|? (142)
J
> 4(1—-20) > [(@Hl;) [ (143)
J
=4(1 —26)% x Vg (®) . (144)
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Supplementary Note 4: QFI and purity of coherence in the iid regime (Proof of Eq. 10 and Eq. 11 in the paper)

Theorem 2 Consider m non-interacting systems, each with Hamiltonian H, and with the total Hamiltonian Hy, = Z:’;l H®.
Let 0., be their joint state. Suppose the fidelity of this state with state |#)©™ is (¢|®" 7, |P)®™ = 1 — €y, where |@) is a pure

state with positive energy variance, i.e. Viz(¢) > 0. Then, for sufficiently large m, e.g. m > 70% and sufficiently small
H

€m, €.8. € < 1073, the QFI of state o,,, and its purity of coherence, relative to the total Hamiltonian Hy are lower bounded by

Fro(om) 24 xcxmx Fu(¢), (145a)

1
Ph,(om) =2 cxmx Fy(¢) x —, (145b)

€ m

where c is a positive constant, e.g. ¢ = 1072,

Proof. We use corollary (1} According to this result, the fact that (¢|®™,,|¢)®™ = 1 — ¢,,, implies that
(%™ Om)]* > 1 — 26, , (146)
where |©,,) is the eigenvector of o, with the largest eigenvalue. Furthermore, the corollary implies that

(1 —€y)?

PH[O[(Jm) Z VH{ol(|6m>) X ( - ]') ) (147)

Assuming ¢, < 1073, this implies

Pr(0m) > Vi (|0m)) x ei % (0.997) . (148)

m

Next, we use the following lemma which is a lower bound on the energy variance of pure states which are close to an iid pure
state (This lemma is proven in Sec[3).

Lemma 3 Consider m copies of a system with Hamiltonian H and pure state ¢ with positive energy variance, i.e. Vg (¢) >
3 2
0. Assume m is sufficiently large, e.g. m > 70%. Consider state |©,,) whose fidelity with state |¢)®™ satisfies
H
[(Om|)®™|? > 1 — 2.5 x 1073, Then, the energy variance of |©,,) is lower bounded by

Vi, (|9m)) > C xm x Vi (e) , (149)
where C' is a positive constant, e.g. C' = 0.05.

To apply this lemma, we first note that for ¢, < 1073,

(®™0)> >1—26, >1-2x1072>1-25x%x1073, (150)

where we have used Supplementary Eq Therefore, if m > 70%, then we can apply the lemma, which implies
H

Vi, (

O,m)) > C x m x Vir(6) (151)
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where C is a positive constant, e.g. C' = 0.05. Putting this into Supplementary Eq[T48] we find

1
Py (0m) = Vi (18m) x — x 0.997 (152)
€m
1
> O xmx Vig(¢) x — x 0.997 (153)
O x0997 m Fy(9) (154
- 4 €m
> ¢ X M ) (155)
€m

where ¢ > 1072, Here, to get the third line we have used Fy(¢) = 4V (¢). This proves the lower bound Py, (0,,) >

1072 x m , stated in theorem The lower bound on QFI in this theorem can also be proven in a similar way by combining

lemma [3] above and the lower bound on fidelity in corollary[I] In particular, using this corollary we have
FH[()[(Um) Z VHI()[(|9m>) X 4(]‘ - 26m)2 ) (156)

which together with Supplementary Eq implies

Fr, (0m) > C xm x V() x 4(1 — 2¢,,)? (157)
=Cxmx Fg(¢) x (1 —2¢,)? (158)
>4cxm x Fy (o), (159)

where ¢ > 1072 (Note that €, < 1073, and therefore (1 — 2¢,,)? > 0.996, and C > 0.05) . Therefore, to complete the proof
of theorem 2] we only need to prove lemma [3]

Proof of lemma 3](A lower bound on the energy variance of pure states which are close to an iid pure state)

Let

Hy = iH("’) = Z Ellg (160)
i=

Eespec(Hu)

be the spectral decomposition of Hamiltonian H,y, where spec(H,y) is the set of eigenvalues, and IIg is the projector to the
subspace with eigenvalue E. Let

pm(E) = (¢|®"E|p)®™ , (161)

be, respectively, the energy distributions of states |¢)®™ and |©,,), relative to Hamiltonian H,.

Note that p,,, i.e. the energy distribution for state |#)®™, corresponds to the distribution of sum of m independent and
identically distributed random variables, each with non-zero variance Vi (¢). Therefore, the variance of the distribution p,,, is
m X Vi (¢). On the other hand, the variance of distribution g, is equal to Vi, (|©:,)). Next, we argue that the assumption
[(©,1]0)®™|? > 1 —2.5 x 1072 in the statement of lemma implies an upper bound on the total variation distance of p,,, and ¢,,,
and then use this to find a lower bound on the variance of distribution g¢,,, or equivalently, a lower bound on Vi (|©,,)).

The total variation distance between p,,, and g, is upper bounded by

1

v (Pmam) =5 Y [ (E) = am(B)] (163)
E€spec(Hior)
1
< 5 ||l = 1Om) @l (164)
= V1-[{Onl6)om?, (165)

where to get the second line we have used the monotonicity of /; —norm under CPTP maps, and the fact that measurement in the
energy basis is a CPTP map. The equality in the third line holds for any general pair of normalized pure states. This implies that
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if |(0,,]0)®™|% > 1 —(0.05)2 =1 —2.5 x 1073, then
drv (Pm, gm) < 0.05. (166)
Next, we use the following lemma proven at the end of this section, using Berry-Esséen’s theorem.

Lemma 4 Let X1, --- , X5y be M independent identically distributed random variables, each with variance ag( > 0 and bounded

third moment ¢ = E(X?) < oo. Let Zy; = ﬁ Zgl X;. Suppose M is sufficiently large, e.g. M > 70:76‘5‘2. Then, any

X
random variable Y}, whose total variation distance from Z), is sufficiently small, e.g. drv(Zas, Yar) < 0.05, has variance 032,M
which is lower bounded by

oy, > C xo%, (167)
where C'is a positive constant, e.g. C' = 0.05.

To apply the lemma, we assume X is the random variable which takes values in the set of eigenvalues of H, with the
distribution defined by the weight of state [¢) in the energy eigen-subspaces of H. This means that the distribution of the
random variable Z,,, = Zl";l X; = +/mZ,, is given by p,, and its variance is m X Vg (o).

Now suppose the energy distribution of state |©,,) is described by the random variable Y,,, which has distribution ¢,,,. This
means that its variance is equal to

0% = Vi, (|0m)) . (168)
Define
Y = T% . (169)
LemmaE]implies that if drv(pm, ¢m) < 0.05, then
oy >Co% =CVu(9), (170)
which in turn implies
Vi, (|0m) = 0% =m x oy, > Cmoy = CmVi(9) . (171)

This proves lemma 3] Therefore, to complete the proof of lemma [3]and theorem 2] we only need to prove lemma 4]

Proof of lemma 4]

Without loss of generality we assume the expectation of the random variable X is zero, i.e. E(X) = 0 (Otherwise, we can
always add a constant to the random variable and make its expectation zero).

Let pyps and gps be, respectively, the probability distributions associated to the random variables Z; = ﬁ Z1Ai1 X; and
Y. To simplify the notation, we assume they have discrete supports. Suppose their total variation distance is 9, i.e.

1
5 2 pa(y) —an(y)| =3 (172)
Y

It follows that for any set S,

> au) = puly) -4 (173)

yeS yeS
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In particular, for both sets Sy = {y:y > ox}and S_ ={y:y < —ox}, we have

doauy) = > puly) =4, (174a)
yeSy yeSy
S au) > > puly) 9. (174b)
yeS_ yeS_
Let
pva =E(Yar) =Y au®)y, (175)
)

be the expectation of the random variable Y},. Then, the variance of this random variable is

o = > au W)y — pvy,)’ (176)
Y
> o — i)+ D an @)y — i) (177
yeS4 yeS_

where the bound follows from the fact that all the terms in the summation are non-negative. Given that the sets Sy = {y : y >
ox}and S_ = {y:y < —ox} are separated by, at least, 2 X ox, we can easily see that for any value of py,,, at least, one of
the followings holds:

Vye Sy ‘y_IJ’YI\/[| >0X,

or
VyeS_: \Z/—/«LYAH >0x .
Therefore,
T = Y W)Y = pva)® + Y an W)Y — piv,)? (178)
yeSL yeS_
> 0% X min{ Z am (y) , Z qM(y)} . (179)
yeESL yeS_

Combining this with Eqs we find

oy, > 0% xmin{ Z pm(y), Z pM(y)}—ai X 0. (180)
yeS4 yeS_
Next, we find a lower bound on }°, 5. pa(y), and }° o5 par(y). Recall that pyy is the distribution of the random variable

Iy = ﬁ Zf\il X,;. For sufficiently large M, this distribution converges to the Gaussian distribution, and we can use
Berry-Esséen’s theorem to find lower bounds on the tails of this distribution.

Berry-Esséen’s theorem [9,[10]: Let X1, - - - X be independent and identically distributed random variables, with means 0, i.e.

E(X;) = 0 and variance 0% = E(X?) > 0, and finite third moment £ = E(X?) < co. Let Wy, = % M. X;. Then, for
oXx

any a € R, the probability that W, < a, denoted by P(W); < a), satisfies

€]
o3V

where N is the random variable with the standard Normal distribution, i.e. with mean zero and variance one, P(N < a) is the
corresponding cumulative distribution, and ¢ is an order one positive constant (E.g. we can choose ¢ = 1/2).

P(Wuy <a)—P(N <a)| <c

(181)



Recall that py, is the distribution associated to the random variable

M
1
ZM:7 XL:O'XXWM,
Vit 2
which means

Yoo = Y puly) =P(Zu < —ox) =P(Wy < —1)

yeS_ y<—ox
and
ST om@) = Y puy) =P(Zu > ox) =P(War > 1) .
yeSL y>ox

Then, applying Berry-Esséen theorem, we find

‘ZPM N<—1)‘ ‘( > pM(l/))—P(N<—1)’<C 4

yeS_ y<—ox X

and

|5 ) 20> 1] = (X ) P> ] <oKL

yeS4 y>ox

Given that for the normal distribution N with mean zero and variance one, P(N > 1) = P(N < —1) > 0.16, we find

S opuly) = ) pM(y>zo.16—c03|5| :

yeS_ y<—ox XV M
€]

S )= 3 ) 2016 el

yeSL y>ox Ox M

Now assume M is sufficiently large, e.g.

70 x |¢]?

6
Ox

M >

Since ¢ = 1/2, this guarantees that ¢ x s‘f/‘ﬁ < 0.06. Putting this in Supplementary Eq.(187), we find
Tx

dopmy)= Y pu) =01 ,and Y puly)= Y puly) >0.1.

yeS_ y<—ox yeSy y>ox

Putting this back into Supplementary Eq.(T80), we find

ot = ok xmin{ 3" puy). 3 puly)} - 0%

yeS, yeS_

> 0% x 0.1 —0%6.
Assuming the total variation distance § = %Zy Ipar(y) — g (y)| < 0.05, we find
oy,, > 0.05 x o%.

This proves lemma ] and completes the proof of lemma[3]and theorem 2}
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(188)

(189)
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Supplementary Note 5: Extension of the main theorem: Finite helper systems do not help

It turns out that our no-go theorem on coherence distillation can be extended to the case where one is allowed to use a finite
helper system at the input to implement the transformation

PO @ x Thoa p®@IRN], (193)

where Y is the state of the helper system, in a finite-dimensional Hilbert space with a bounded Hamiltonian. The helper system
can be in a pure state, in which case the purity of coherence of the input can be oo, even for finite n. Therefore, in this case it
is not clear that how we can put a restriction on the output based on the purity of coherence of the input. Nevertheless, we can
overcome this issue, and prove an extension of our no-go theorem, which implies distillable coherence remains zero for states
with bounded purity of coherence, even if one allows a finite helper system at the input. This result follows from the following
lemma together with an argument similar to the one which proved our no-go theorem.

Lemma 5 Suppose there exists a TI operation &, which transforms n copies of system with state p and Hamiltonian A and a
helper system in state x and Hamiltonian Hyep, to m copies of a system with Hamiltonian H and state + with error €, in trace
distance, such that

leato® @20 = v <en. (194)

Then, there exists a pure state |©,,) (namely the eigenstate of &, (p®" ® x) with the largest eigenvalue) whose overlap with the
desired state 1™ is

(On]¥)®™? > 1 — 4ey, (195)

and satisfies
1 1
enPr(p) + 2(dy = 1) ~ Vi, (x) 2 Vi, (10n)) x (1 - en)? —€n), (196)

where d, is the dimension of the Hilbert space of the helper system, and Hyo, = >~ | H (1) is the sum of the Hamiltonians of
the output systems.

Suppose in the limit n goes to oo, error ¢, goes to zero. If Py (p) is bounded, then the left-hand side of the above bound
vanishes, which implies

lim Vi (100)) = 0. (197)

n—oo N

Recall that [©,,) is the eigenvector of the output state £, (p®" ® x). But, applying lemma|[3| we know that for sufficiently large
m and sufficiently small ¢,,,

Vi, (10n)) 2 C xm x V() , (198)

where C is a positive constant, e.g. C' = 0.05. Combining this with Supplementary Eq[I97] we conclude that

Vi (¥) x lim = =0. (199)
n—oo N
Therefore, assuming Py (p) is bounded and Vg (1)) > 0, then to have a vanishing error €,, — 0, we also need to have a vanishing
rate. In conclusion, the distillable coherence of states with finite purity of coherence remains zero, even at the presence of
finite-dimensional helper systems.

Proof of lemma

In general, at the presence of the helper state, the purity of coherence of the input can be oo for a finite n, in which case we
cannot put any constraint on the output based on its purity of coherence. To rectify this issue we use the following trick, which
can be used more generally when one deals with the purity of coherence for pure states: assume instead of using the helper state
in the pure state , we use 7, a noisy version of x obtained by mixing x with the totally mixed state, with a ratio such that
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the trace distance between x and 7, is exactly €,. Now suppose in the process p®™ ® x LN @™, we use T, instead of y.
Then, we introduce an additional error in the process. Using the fact that the trace distance satisfies the triangle inequality, and
is non-increasing under CPTP maps, this additional error can be bounded by ¢,,. Therefore, the total error at the output will be
bounded by 2¢,,. To summarize, if

|ente @ x) —vem|| <en (200)
then,

In this transformation, the purity of coherence for the input is nPg(p) + P, (7y). Later, we show that Pp,,, (7, ) is upper
bounded by

Enlp®m @ Ty) — ¢®mH1 < 2, . (201)

2(dy — 1)

PHhelp (TX) S
€n

Vit (X) 5 (202)

where d, is the dimension of the Hilbert space of x. Therefore, the total purity of coherence for the input p®™ ® 7, is upper
bounded by

2<dx — 1)

€n

nPH(p) + VHhelp (X) : (203)

Next, we focus on the purity of coherence of the output, and use corollary |1} which provides a lower bound on the purity of
coherence for mixed states close to pure states. Let o = &£, (p®" ®@7,) be the actual output state. By assumption, [|)®™ —¢||; <
2€,. Using the standard relation between the trace distance and fidelity [11]], ||1/)®m —oll1 < 2¢, implies that the infidelity
1 — (4|®™a|h)®™ < ¢,. Then, according to the corollary [1| there exists a pure state |©,,) (namely the eigenvector of o with
the largest eigenvalue) which satisfies both inequalities

(O |0)E™)? > 1 — 26, , (204)
and
(1—¢€,)?
Pr1o(0) 2 Vi (|On)) x (——— = 1), (205)
n
where Hy; = 27;1 H® is the sum of the Hamiltonians of the output systems.
Therefore, using the monotonicity of the purity of coherence, we conclude
1—e,)? 2(d, — 1
Vina (02 x (L2 1) < Py () < () + 22D v 0 206
or, equivalently,
1 1 9
enPr (p) + 2(dx -1) gVHhelp(X) > ﬁVHm(|9n>) x (1 =€) —€n) - (207)

To complete the proof, in the following we prove Supplementary Eq.(202)): Let 7, be the state obtained by mixing the pure state
x and the totally mixed state I/ d., such that the trace distance between 7,, and  is €. Then,

o= (= PR+ 555 = - (208)

Recall that for any Hamiltonian [ and state p with spectral decomposition p = >, p;|¢;)(¢;], we have Py(p) =

2ok

. pQ’“p;Lp‘szﬂH |41)|? . Therefore, for any j and k& whose corresponding eigenvalues are equal, the corresponding term

)



p

(1 _ 2)2 — (%)2
2 2(d,—1) Z || Hetp |100) |?

€
2(dx—1) IRITESY

MVH_ (x) .

PHhelp (TX) <

<

This proves Supplementary Eq.(202) and completes the proof of the lemma.

@ |(xx| H|1)|* does not contribute in the summation. Using this for state 7, in Supplementary Eq. li we find

25

(209)

(210)
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Supplementary Note 6: Mixed states with distillable coherence

In this section we study examples of mixed states for which the distillable coherence is non-zero.
First, we consider states in the form

p=plY)(¥|+ (1 -p)o, (211)

where 0 < p < 1. We assume the support of ¢ is limited to a proper subspace of the Hilbert space, and the pure state 1) does not
belong to this subspace.

Consider the subspace spanned by all the energy levels {|E;) : (F;|c|E;) > 0}, i.e. energy levels in which ¢ has a non-zero
probability. Let P, be the projector to this subspace, and P;- = I — P, be the projector to the orthogonal subspace. This means
that

[P, H]=0, and, Pjo=o0P}=0. (212)

Then, the two-outcome projective measurement { P;-, P, } is a TI operation. By performing this TI operation on the input
state p, we project the system to the pure state

9 = 13)
VA(UIPE[Y)
with probability
Tr(pPy ) = p x (Y|P |9) - (214)

From results of [3}112-14]] we know that coEies of state WZ) can be tra~nsform~ed to cppies gf any other pure state ¢.on, Which has
the same period, with the optimal rate Vi (¢) / Vi (¢con), Where Vi (1) = (| H2|v) — (1| H|1b)? | is the energy variance.
It follows that using this strategy, we obtain copies of state ¢, from states p with the rate

_ L Vi ()
R =p x (Y|P;[) x Vo (o) (215)

In the special case where ¢ is incoherent, i.e. [0, H] = 0, it turns out that this rate can be written nicely in terms of the function
Qu(p) = Tr(HpHTL,) (216)

where Hj = I —1II, is the projector to the kernel of p. As we show later, Q@ (p) is closely related to Petz-Rényi relative
entropies. Also, note that for any pure state ¢, this function is equal to energy variance, i.e. Qg (¢) = Vi (¢). In the following,
we show that if o is incoherent, then for state p = p|y) (1| + (1 — p)o,

Qu(p) =p x (WY|PFl) x Vi (i), 217)

and therefore, the above rate R can be rewritten as

R=px (| Py |y) V‘;’gﬁ) (218)
-
-
To see Supplementary Eq[2T7] note that if o is incoherent, then it can be diagonalized in the energy eigenbasis, as
o= alE)(E], (221)

i€S

where the summation is over all energy eigenstates with non-zero probability, i.e. ¢; > 0. Then, the support of p = p|v) (Y| +
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(1 — p)o is the subspace spanned by {|E;) : i € S} U {|¢)}. Since,

Py =Y |E)E|. (222)

i€S

and P+ = [ —P,, the subspace spanned by {|E;) : i € S}U{|1)} is equal to the subspace spanned by {|E;) : i € STU{P+|t)}.
Therefore, the projector to the support of p is

I, = Pr + [){0] (223)
and the projector to its kernel is
I, =1 -1, =Py~ [){]. (224)
Note that
I, =PI Py (225)
Using this formula we have
Qu(p) = Te(HpHILY) = Tr( Hlp|) (v + (1 — p)o] H[PF L P (226)
= oTr( H) ([ HIPA T PA) + (1= p)Tr( B[P T ) (227)
— pTr(HPHz/) w|PlHHl) (228)
= p X (WP ) x Tr( HG) (G| HILE ) (229)
= px (WP ) x Te( HIGWGIHIPF — 10)(0])) (230)
=p x (V1P [9) x Va(¥) , (231)

where to get the second line we have used the fact that [H, o] = 0, to get the third line we have used the fact that P;-0 = o P+ =
0, to get the fourth line we have used the definition 1)) = P;-|¢))/+/ (1| P |1)), to get the fifth line we have used Supplementary
Eq[224] and to get the last line we have the facts that P~ commutes with H, and P;-|+)) = |+)). This proves Supplementary

Eqi217

It is worth noting that function Qg (p) can be obtained from Petz-Rényi relative entropies, in the same way we derived the
purity of coherence: For a = 0, the Petz-Rényi relative entropy can be defined by taking the limit o — 0 of

Dy (pllo) = ! — log Tr(p®o' ™), (232)
which yields
Dy (pllo) = —log Tr(Il,0) . (233)
Choosing o = e~ 1At petHAL for small At, we find
Do(pllo) = (At)? x [Tr(pH?) — Tr(HpHTL,)] + O(At*) = (At)? x Qu(p) + O(AtY). (234)
In other words,
Qu(p) = 3 Dy(plle 5t pet1o)| @39)
2 di2 t=0

Then, following the same arguments we used in the case of the purity of coherence, one can easily show that Qg (p) is additive
and monotone under TI operations. Furthermore, Q i (p) is zero, iff [I1,,, H] = 0, i.e. iff the purity of coherence of p is bounded.
To see this note that Qz (p) > 0, iff HpH has support in the kernel of p. On the other hand, Py (p) = Tr(Hp?Hp~!) —
Tr(H?p) = oo, iff Hp?H has support in the kernel of p. Because the support of HpH is equal to the support of Hp?H, then
these two conditions are equivalent.
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Generalization of the above example

The previous example can be generalized extensively. Specifically, suppose the Hilbert space H of the system with Hamilto-
nian H and state p can be decomposed to

H = @qure ® le?ixed , (236)
o

such that
(i) Hamiltonian H is block-diagonal with respect to the subspaces {H}\" @ H*} | i.e.

Vu: [HI,]=0, (237)

where I, is the projector to the subspace H5"™ ® Hﬁ‘i’”d.

(ii) Furthermore, the operator II,, HII,, does not introduce interactions between subsystems ngre and Hgixed (i.e. it can be
written as the sum of two terms, each acting non-trivially on, at most, one of Hﬁli’“”d and ’H,’lure).

(iii) The reduced (unnormalized) state of H},", defined by

|9) (W] = Trggmnea (LIl ) (238)
is a pure state, and the reduced (unnormalized) state of ’Hﬁ‘i’“’d, defined by
T = Trygwe (11, pI1,) (239)

is a mixed state. Note that we can always choose ;" or H™*¢ to be one-dimensional subsystems. For one-dimensional
subsystems, the unnormalized reduced state is both pure and mixed.

Suppose for a subspace corresponding to label 1.*, the reduced state of the subsystems H],.", i.e. state [t~ ) (1), |, contains
coherence, i.e. does not commute with the Hamiltonian induced on Hfﬁre. Then, by performing the projective measurement
corresponding to projectors {II,, },, which is a TI operation, and discarding the subsystem ”Hzﬂ"ed, we obtain the (unnormalized)
pure state [« ) (1),,+

. Then, because this pure state contains coherence, we can use it to distill coherence. Therefore, in this
case the distillable coherence for state p is non-zero.

The question of classifying all states with non-zero distillable coherence remains open. In particular, it is not clear if the above
family of states includes all states with non-zero distillable coherence.
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Supplementary Note 7: Sub-linear distillation with a measure-and-prepare TI process (Proof of Eq. 14 in the paper)

In this section we study a coherence distillation process which works based on a measure-and-prepare TI process.

Covariant estimators

Consider the following parameter estimation problem: Suppose we are given n copies of state e ~*H¢pett where t € [0, 7)
is unknown, and 7 is the period. By performing a measurement on these systems we can find an estimate ¢.y € [0, 7) of ¢, with
probability density p(tes|t). This estimator can be described by the POVM

{Mt dtest : test S [077—)} 9

est

such that
Pltest|t) = Tr(My, (e HEpetHt)®my | (240)
Given any such POVM, we can construct a new POVM defined by

Y 1 T 3 —i1Hs\®n
My = — [ ds ()" Myyps(e7H)" (241)
0

where tey + s is mod 7. This POVM describes the estimator which first shifts the received state state by (e‘iH S)®”, where s is
chosen uniformly at random, then apply the original estimator, and at the end, cancels the shift s at the output.
Such estimators are guaranteed to be invariant under time-translations in the following sense

(eHMYENL (e YO = M, Ve € [0,7), (242)

where t.y; + 7 is mod 7. The probability density of outcome % for this POVM, i.e.

Ptest|t) = Tr(M, (e~ pettt)®n) | (243)
satisfies
Dtest|t) = % /OT ds p(test + S|t + ) (244)
and is invariant under time translations, i.e.
Ptesilt) = Pltest + |t +7) :Vr € [0,7). (245)

Therefore, the Mean Squared Error (MSE) of the new estimator is independent of ¢, and is equal to

<6t2> :/ dtestp( est|t ( est>2

0

T 1 T
/ dtes — / ds pltes + 8|t + 8)(t — tes))? (246)
0 0

_ /ds/ dr p(rlt +5)(t — 7+ 5)? (247)

:f/ ds [/ dr p(rls)(s = 7)?] | (248)
T Jo 0
which is the average of MSE for the original estimator.

In the following we always assume that the estimator satisfies the covariance condition in Supplementary Eq[242] or equiv-
alently, otherwise, if an estimator does not satisfy this condition we can always construct a new estimator which satisfies
this condition. Then, the MSE for the new estimator is independent of the parameter ¢, and is equal to the average MSE for the
original estimator.
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A TI measure-and-prepare channel

Next, suppose after estimating ¢ we prepare m copies of state e ~*/*=|#). Overall this process implements the state transfor-
mation

) ) T . ) ®@m
(e pet e — / les p(teslt) (7 16) (Ble%) (249)
0
and is described by the TI quantum channel £ry, defined by
T . . ®m
En(o) = / dles Tr(oMy,,) (71| g) (e 0= (250)
0

The fact that this channel is TI follows immediately from the covariance condition for POVM in Supplementary Eq[242]
Applying this TI channel to input p®™, we obtain

T . . Qm
En(p®") = / Al Tr(p®" M) (et o) gle™=) ", @s1)
0

. ®m T )
¢> <¢‘61Htm) = / dtesl p(test|t = 0) (672Ht°5‘
0

where
Ptest|t = 0) = Tr(My, p®") . (252)

The fidelity of this state with |¢)®™ is

(@*mEn(p™")]9)*™ = / dteq p(teslt = 0) [ (@l |g) ™. (253)
0
To bound this fidelity, we use the fact that
[(le™ T Ig)*™ > 1 = r¥m x Vi (9) (254)
which is proven at the end of this section. Using this bound, we find
(@ En(p™M)|0)*™ = / dies; P(les|t = 0) [(gle™"~|g)[*™ (255)
0
> / dtest p(test|t = 0) X [1 — tZym x Vg (¢)] (256)
0
=1—m x Vi(¢) x (6t*) (257)

where (§t2) = fOT dtest D(test|t)(t — test)? is the MSE of the estimator and is independent of ¢ (Recall that we have assumed the
estimator is invariant under time translations).
Let

en =1 — (0™ En(p®")|0)*™ (258)

be the infidelity between state |¢)®™ and Ery(p®™). Then, the above result means that

m 1
_> 259
€n  Vu(p) x (5t2) (259)
Diving both sides by n, we find
r(n) 1
>
e = V(o) xn x (3’ (260)
where r(n) = m(n)/n is the yield. Finally, using Frr(¢) = 4 x Vi (¢), we find
r(n) 4 (261)

€n  Fp(d) xn x (6t2)
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The MSE (§t2) for any reasonable estimator scales as 1/n. Therefore, as n goes to infinity, the above lower bound remains
a positive non-zero constant. In particular, as shown in [[15} [16]], there exists an estimator, based on the Maximum Likelihood
(ML) estimator, which achieves MSE equal to

+o(dy, (262)

2y _
o) = nFp(p) n

i.e. saturates the Quantum Cramér-Rao bound [[15} 17, [18]. Using this estimator we obtain

") Fulp

€n FH(¢

which is the lower bound on maximum achievable yield in Eq. 13 of the main paper. To complete the proof, we need to prove
the bound in Supplementary Eq[254] which is presented in the following section.

It is worth noting that if the Hamiltonian H is bounded and m is fixed, then the above bound is tight, up to corrections of
o(1/n). In other words, the measure-and-prepare TI process working based on the ML estimator transforms input p®” to an
output state whose infidelity with |¢)®™ is equal to

~

x [1=o(1)], (263)

N

en = mVir(6) x (612) + 0(%) - % < m 4 0(%) . (264)

To see this note that for ML estimator (as well as any other reasonable estimator) the second movement (§t2) scales as 1/n, and
the higher moments scales as o(1/n). Hence, assuming the Hamiltonian H is bounded and m is fixed, the Supplementary Eq-
holds as equality, up to correction of order o(1/n), i.e. €, = mVi(®) x (6t*) + o(L) (This can be seen by Taylor expanding
|(p|etHtet|@)|>™ in powers of tey). The second equality in Eq. follows from the fact that ML estimator asymptotically
achieves the Quantum Cramér-Rao bound, up to corrections of order o(1/n).

Proof of Supplementary Eq

In the following, we show that for any Hamiltonian G, state |n), and r € R,
[l |m)* = 1= r*Va(n) , (265)
where V() = (n|G?|n) — (n|G|n)?. To see this note that
\<nle’G’“ln =1+ / dsy / d82 77|elc"52|n>\2 (266)
>14 7 % min | le ZGS2|n>\2- (267)
2 " sy€0,5] ds3

Then, we note that

d iGs d —iGs iGs
75 (ke m|* = = = Te(jm)(nle™**[m)(n]e"™) (268)
= —iTe(|n) (nl |G, e ) (n]e"%*] (269)
= —iTr( ) (1], G|~ ) (m] ") @70)
Therefore,
d2 : . d —1Gs 1G's
5 mle S = —i==Te([In) (nl, G| e~ ) (n]e") @71

= Te([In)(nl, G| [ In) (], G| ) @)
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Therefore,
d iG 2 iG iG
5l mle ) 2] = [1e( () (o], G e [l G| ) @73)
2
< |1 ol 6] )| @74)
=2Va(n), (275)
where the bound follows from Cauchy-Schwartz inequality. This means that
: d2 1Gso
in | rle€ )| = —2Va() 276)

m -
s2€[0,s] dS%

Putting this back into Supplementary Eq[267] we find Supplementary Eq[263|.

Now consider m copies of a system with state |¢) and Hamiltonian H, i.e. a composite system with the joint state |n) =
|¢>®m, and the total Hamiltonian H, = ZZ’; H (1) Then, the total energy variance with respect to the total Hamiltonian H
is m x V(o). Therefore, we conclude that

(| @ e om| gy O 2 = [(g]e"|g) 7™ > 1 — rPm x Vi (¢) 77)

which proves Supplementary Eq[254]
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Supplementary Note 8: Purity of coherence of the output of Measure-and-Prepare TI channels is upper bounded by QFI of the input

Recall that a quantum channel is called a Measure-and-Prepare channel if it can be written as

Ewp(p) = > Tr(Myp)os (278)
reX

where {M, : x € X} isaPOVM and {0, : € X'} is a set of density operators [[11]. Furthermore, assuming the input Hilbert
space is finite-dimensional, the set of outcomes X’ can be chosen to have finite elements [L1]]. It turns out that a quantum channel
is Measure-and-Prepare if, and only if, it is entanglement-breaking.

In this section we prove that for any TI Measure-and-Prepare process Etpmp, and any input p it holds that

Py, (Erme(p)) < Fu,(p) < Pu,(p) (279)

where H;, and H,, are, respectively, the input and output Hamiltonians. We have shown the inequality Fy, (p) < P, (p)
before. In the following we prove Py, (Ermp(p)) < Fu, (p)-
Define the channels

5meas(') — Z TI'(MI)|IE><5E| (280)
rzeX
and
Eorep (1) = Y Tr(|z) (2] )os , (281)
reX

where {|z)}, is a set of orthonormal states. Then, for any input state p, we have

0= gMP(p) = gprep © gmeas(p) = Z Tr(wa)O'm . (282)
rzeX
For arbitrary time ¢, define
p(t) = e~ tHint peiHint (283)
wel () = Emeas(p(t)) = Z pe(@)|z) (2|, (284)
TEX
O'(t) = ¢~ Hout getHout — 5MP»TI(p(t)) = Sprep(wcl(t)) R (285)
where
pi(w) = Te(Mp(t)) . (286)
To summarize, we have
Vi p(t) Mewuement () ROy (287)
In the following, we show that
Fp,(p) 2 I1—o > Pp,,(0) , (288)

where I;—g is the classical Fisher information for the family of distribution p;, corresponding to parameter ¢, at £ = 0. We note
that the bound I;—y > Pp,, (o) also follows from the general result of [19]. The bound Fj, (p) > I is a consequence of the
monotonicity of QFI under data processing. Here, for completeness, we prove this directly using the relation between QFI and
the fidelity.

Before presenting the proof, we note that if the input Hilbert space is finite-dimensional and the Hamiltonian is bounded,
then the output probabilities p;(x) are analytic functions of ¢. Furthermore, without loss of generality we can assume for any
outcome x € X, outcome probability p;(x) is non-zero for some ¢; otherwise, we can combine all the POVM elements with
zero probability with a POVM element with non-zero probability, without changing the action of the channel Erpyp on the
input state p. Moreover, we assume for all outcomes x € X, the corresponding probabilities p;(z) are non-zero at t = 0;
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if this is not the case, then we can shift the point ¢ = 0 by a properly chosen s € R, or equivalently, we can replace the
input p with its translated version, namely state p(s) = e~ % peiflns where s € R is chosen such that the probabilities
ps(z) = Tr(Myp(s)) > 0 for all outcomes z € X’ (Since all the probabilities {p,(x) : z € X'} are non-zero analytic functions
of s, and X is a finite set, there always exists s € R, which satisfies this property). Then, the following argument proves
that Ppy,, (Erpmp (e Hous petHous)) < Fy (e~ Hins peiflns) which immediately implies Py, (Srmp(p)) < Fr,, (p). Therefore,
without loss of generality, in the following we assume

p(z) = pr—o(x) = Tr(Myp) >0, Vz € X . (289)

Recall that the fidelity between two states p; and ps is defined as[25]], Fid(p1, p2) = ||v/p1+/p2]|3 . Then, QFI is equal to
2

d -
Fi,(p) = ~4-5/Fid(p.p(0) | (290)

t=0

Note that the first derivative vanishes at ¢ = 0.
Recall that fidelity is monotone under CPTP maps, i.e. for any quantum channel &£,

Fid(€(p1), €(p2)) = Fid(p1, p2) - (291)

It follows that for any quantum channel &,

d? -
Fia(p) = 0 VRl p0) | > -4 Fd(E (). 2t0))
We apply this to channel Epe,s. For this channel we have,

\/Fid(gmeaS(P)vgmeaS(P(t>)) = Z Vp(@)pi(z) - (293)

reX

(292)

t=0

Let pi(z) = %pt(x) and py(z) = j%pt(ac) be, respectively, the first and second derivatives of p;(x) with respect to time ¢.
Then,

) : d?
O Fid( ) Eme(e T pe ) = 55 o) (294)

zeX
= 2 (53 Vilom @) (295)
reX
103 p(x)pt(z)[pt(x)r”z) (296)
TeX
= S VIR @) 4 5 S V@@ ) )
reX xEX

Att = 0, we find

‘|' Z\/ )P (x -1/

d? . . )
ﬁ \/Fld(gmeas(p)v 5meas(6_1HtpelHt))

t=0

t=0 4
TEX weX
(298)
1 p%(x)’ Iy ‘
_ 1 1 299
4= p(z) le=0 + 2 g;(pt(x) t=0 259
1 pi(2)
_ 1 300
4 p(x) lt=0" (300)
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where in the last step we have used the fact that ) _ . p;(x) = 1 for all £, and therefore ), ps(x) = 0 . We conclude that

& —
Fi(p) = ~4-35 \/Fid(p, =ittt peifit) . 301)
& —
_ 1 —iHt HpiHt
>4 \/ Fid(Emeas (), Emeas (e~ Mpet 1)) | (302)
2
= a0
zeEX p(x) t=0

The quantity in the last line is in fact I;—g, the (classical) Fisher information associated to parameter ¢, for the family of
probability distributions p;, at ¢ = 0. The above calculation basically shows that the classical Fisher information at the output of
Emeas 1 upper bound by the Quantum Fisher information at the input. To summarize, we explicitly checked that

_ - Pilx)
FHin(p) > It:o = erX p(az)

(304)

t=0

Next, we prove the bound I;—¢ > Py, (o) (See also [19]). First, recall the connection between the purity of coherence and
Petz-Rényi relative entropy. In particular, using Supplementary Eq the purity of coherence of o = Eyp.11(p) is given by

Pi(0) = 2 L[a(olo®)] _ = s L a(otwe)] . (305
where
Qx(p1llp2) =Tr(pip; "), (306)
is monotone under CPTP maps, i.e. for any CPTP map &, we have
Q2(E(p1)[1€(p2)) < Qa(prllp2) - (307)

Recall that 0(t) = Eprep(wei(t)). Applying Supplementary Eq to channel &yrep, and the input states we(t) and wei (0), we find

Q7)) = Qo (o ®)l17(0)) = Qi (Epep (et (D)€ (ca (0))) < Qafwar(®)]jwa(0)) , (308)
Taking the second derivative of both sides, and using the fact that the first derivatives vanish, we find
1d*
Pi(0) < 525 Qa(wa®llea ()] _ - (309)
Next, we note that for state we (),
2
x
Qa0 la(0) = 3 2 310
TEX p(x)
Taking the derivative of both sides with respect to ¢, we find
&> & o pilx)
e O(wa(t)wa(0)]| =25 > H 311
ap QOO =37 270 s .
.2 .
Z e
22793@) +2Y pil) (13)
= t
reEX p(x) =0 TEX =0

=2I—g, (314)



where to get the last line we again used the fact that the fact that } __ . ji(x) = 1. Therefore, we conclude that

2 =2
Pita(0) < 3 i Q@ea®la)]_ = S 28 —1s

which completes the proof.
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Supplementary Note 9: Distillation in the single-shot regime
Maximum achievable fidelity with a pure state (Proof of Eq.16 in the paper)

In this section, we use the approach of [20], to find a simple formula for the maximum achievable fidelity
maxg, (Y|Em(p®™)[), in terms of the conditional min-entropy.
Recall the definition of the conditional min-entropy [6, 21} 22]], Hy,in(B|A)gq, of a bipartite state Qap,

9= Hun(®BlMa — inf [Tr(rA) : 78 @ 1P > Qup) . (17)

TA>0

Theorem 3 Let Hy and Hg be, respectively, the Hamiltonians of the input and output systems A and B. Let o4 and be an
arbitrary state of A and |¢))g be a pure state of system B. Then,

max (¢[En(oa)[¢)p = 2~ e (BlN)e = 9= B, (318)
TI

where the maximization is over the set of all TI operations, and state {245 and I'sp are defined as

: 1 g —1 % i —1
Qup = lim f/ dt e= 1 @ e [op @ |9) (|ple ™ @ et = Tploa @ )]sl (319)
1T iH, i H, T iH, i H, N
Daw = fim 7 [ dte o oy o ) @lalei ™ 0 M0 = S Tlplon o [0) @lallle . (320

where Il is the projector to the eigen-subspace of Hy ® Iy — In ® Hy with energy E, and [¢) = >, (E;|)|E;) =
> (Y|E;)|E;) is the complex conjugate of [1)) in the eigenbasis of Hamiltonian Hg, denoted by {|E;) : i = 1,--- ,dg}, and
dg is the dimension of Hilbert space of B.

In other words, state Q25p is the state obtained by dephasing oa ® [1)(¢|p in the eingenbasis of the Hamiltonian Hx ® Ig —
I ® Hg. Note that if the input system A is n copies of a system with Hamiltonian H and state p, then state Qg will be given
by

D p[(p®")a @ [¢) (¢ ]s]s (321)
E
where Il is the projector to the eigen-subpaces of Hamiltonian Hy ® Iy — Iior @ Hp. Here, Hiox = Zz H® s the total

Hamiltonian of the input systems, H(?) = I®(-1 @ H @ [®(=i=1) and I,,, = I®" is the identity operator on the input
systems.

Proof. Let B’ be an auxiliary system with dimension equal to dg, the dimension B.Define

dg
1
) = == ; |E;E;)pgr (322)

be a maximally entangled state of B and the auxiliary system B’. Then, for any pair of operators X and Y defined on B, we
have Tr(XY) = dp x (y8p/|[X ® YT ]|ygp’) , where T denotes transpose in the energy eigenbasis, {|E;)p : i = 1,--- ,dg}.
This implies that for any quantum channel Er; we have

(WlEn(o)[Y) = dp x (yeer| [Enl(o) @ [¥) (W] |vee) (323)

where [1) is the complex conjugate of |1)) in the energy eigenbasis.
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Next, we note that

(Yl&n(o)|¥) = dp x (ya| [En(o) @ [¢) (W] |vee) (324)
= dg x (ypp|(e" @ e7Y) [Eqy(0) @ [0) (D[] (e @ e ") |yppy) (325)
= dB X <'YBB’|(8TI ®IB/) ([6iHAt & e_iHBt][O' ® |a> <@|][€_1HAt ® eiHBt]) "YBB’) s (326)

where Zp: is the identity super-operator on B’. Here, to get the second line we have used the fact that
(e7"" @ ") |ygpr) = |yBpr) (327)
and to get the last line we have used the fact that Epy satisfies the covariance condition
Eri(e A () etHnty — g=iHat g (et 'yt ¢ R, (328)

Then, taking the average over ¢, we find that

(¥|€m(o)|h) = dp x (v8e/|E11 @ I/ (LA’ )|1BB) | (329)
where
T
Tap: = lim % / dt ([ ® e ][0 @ [i) (Pl][e™ @ 1)) (330)
—00 0
= Tgloa® [V)(Y]se, (331)
E

where I is the projector to the eigensubspace of Hx ® Iy — I ® Hg with energy F.
Therefore,

H}ax<w|‘€TI(U)|¢> =dp X I%ax<'YBB’|gTI ®Zp (Tap’)|v8B) - (332)

Next, we argue that in the right-hand side, instead of maximizing over the set of all TI operations from A to B, we can maximize
over the larger set of all quantum operations from A to B (i.e. all CPTP maps) and still the equality remains valid. Let £ be an
arbitrary CPTP map from A to B. Using Supplementary Eq.(327) we have

(v8B/|€ ® T (Tap) [yse) = (ymr| (™ @ e ) E @ T/ (Tap ) (™™ @ €' [ypp/) . (333)
Next, we note that I"sp/ has the symmetry,
VteR: [e7tHal @ tHot|D g [etrt @ e 7HBY) = Tpp. (334)

Combining this with Supplementary Eq.(333), we find

(v8B/|€ ® Tp: (Cap) | ymer) = (e |(e" @ e75)E @ Tpps (Capr) (67" @ €5 ) | yppr) (335)
_ <’7BB’|(eiHBt ® e*iHBt)(c/‘ ®IB’ ([efiHAt ® eiHBt]FAB/ [eiHAt ® efiHBtD (efiHBt ® 6iHBt)|7BB’>
(336)

_ <’7BB’|(eiHBt ® IB/)g ®Ip: ([efiHAt ® IB’]FAB’ [eiHAt ® IB’D (efiHBt ® IB’)|'YBB’>7 (337)

where I/ is the identity operator on system B’. Taking the average over ¢, we find

(v88/|€ ® T/ (Tap')|v88) = (887 [ET1 @ L (Dan) | y887 ) (338)
where we have defined
_ 1 [T ) . ) ,
En(X) = lim — / dt et g (e~ HAL (X )giHat)o—iHpt (339)
T—oo T 0

which is a TI operation.
This implies that in the right-hand side of Supplementary Eq.(332), maximization over TI quantum operations, can be replaced
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by maximization over all quantum operations, i.e.
1%2X<¢|5T1(0)|1/J> =dp x I%ET%IXWBB’ |Em @ Zp/ (Cap)|v8B) (340)
=dg X mgmx(fyBB/|€ ® Zp(Cap’)|vBB/)- (341)
Finally, using the result of [22] we note that
27 BN = dy 5 max(ypr|€ © T (Taw) o) (342)
where the maximization is over all CPTP maps from system A to system B’. Therefore, we conclude that

9~ Hmin(B'|A)r _ I%ax<w|gn(g)|¢> . (343)

Next, suppose in definition of state I'sp/, we replace |1 (1| with [1)) (2|, and define state

T
Qpp = lim % / dt ([ @ e ][0 @ [Y) (vl][e~ " @ e']) (34)
—00 0
= Hgloa @ [Y)(]s)lE , (345)
E

where I1 is the projector to the eigensubspace of Hy ® Ig — Ix ® Hp with energy F.
Then, using Supplementary Eq.(@]), we know that if we consider H.;, for state 25p+ rather than state I'pp/, we find

9 Humin(B' M) Hé&X(METI(U)@) . (346)

Finally, we use the following fact, which is proven later: The maximum achievable fidelity with state |+)) and state |¢)) are equal,
ie.
max (Wl€mi(oa)lv)s = Iax (|€ni(oa)|)s - (347)
TI TI
This combined with Supplementary Eq.(346) implies
Héax (W|En(oa)|t)s = Héax <@|5TI(UA)|E>B — 9~ Hmin(B'|A) , (348)
TI TI

which proves the theorem (Note that in the statement of theorem we have replaced label B’ by B).

To complete the proof, we need to prove Supplementary Eq.(347), which is presented in the following: We use the fact that
for any state |¢) there exists a unitary V5, which commutes with Hg and transforms |1) to |¢)) = V,;|¢). In particular, we can
choose

(Y| E;)
Vy = E E)N (B, (349)
where we assume g}g‘:ﬁﬁ; = 11if (¢|E;) = 0 (Note that, in general, this unitary depends on |¢/). A transformation which maps

|¢) to [+) for all |1)) should be anti-linear). Clearly, [Vy;, Hg] = 0 and Vi|y)) = |¢). Let Vy [-] = Vw(~)VJ be the super-operator
corresponding to the unitary V,,. Clearly V,, is a TI operation.
Next, we note that for any TI operation &y,

(Wl€m(oa)ly) = (@Vy o Enloa)|) (350)
(W[V] 0 En(oa)) = (@|En(oa)|¥) . (351)

Since both V), and VL are TT operations, and TI operations are closed under composition, we conclude that both VJL o &rr and
Vy o Erp are also TI operation. Therefore, the above equations together imply

I%?TlIX (Y[€ri(oa)|)s = HngIX (|Eni(oa)|)s - (352)



40

This proves Supplementary Eq.([347) and completes the proof of the theorem.
O

Remark. This result can be easily extended to the case of symmetries described by a finite or compact Lie group G. Let
G > g — Uy, p(g) be the unitary representations of symmetry G on the input system A and the output system B G. Then,

max (Y|Eeov(0a)[))p = 27 AmnBIA (353)

cov

where the maximization is over the set of covariant operations, i.e. operations satisfying the covariance condition

VgEG:  Un(9)n() Ug(9) = Ean (Unl9) WUL(9)) (354)

and state

Tap = / dg [Ua(9) @ Us(9)]lpa @ [0)(@[s][UL(9) ® US(9)] - (355)
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Supplementary Note 10: Qubit example (Proof of Eq. 17 in the paper)

The smallest quantum clock is a qubit with two different energy levels. Without loss of generality we assume the Hamiltonian
of this system is H = 7o /7. Suppose we want to prepare this clock in a state close to the pure state |®)pi = (|0) +|1))/v/2,
but we have access to the noisy version of this state, i.e. state

p = M) (@i + (1 — N)/2, (356)

with 0 < A < 1. The goal is to obtain a qubit state o which has higher fidelity with |®) ., by combining n copies of this state
via a TI operation. How close can we get to state |®).;? In other words, what is the maximum achievable fidelity,

max (®Em(p®™)|P)e-bic 5 (357)

where the maximization is over all TI operations.
For any TI operation &1y, let 0 = Er1(p®™) be the actual output state of the transformation. Then, using the monotonicity and
the additivity of the purity of coherence, we find

Py (o) < Py, (p®") =nx Pu(p), (358)

where Ho = >, HW, and H) = 120~V @ [ @ [®(—i—1),
As we saw in Supplementary Eq.(87), for a general qubit state p with the spectral decomposition p = plo)(¢| + (1 —
p)|+)(1p+|, the purity of coherence is given by

_ (1-2p)?
Pr(p) = i=p) x Vg (y) . (359)

For state p = A|®)(P|cpix + (1 — N\)I/2, we have p = (1 + A)/2, and ¢ = P ;. Therefore,

4)?
Pr(p) = Tz % Vi (Pebit) - (360)
We conclude that for the output state o, it holds that
An)\?
Pi(0) < 15 % Vir(Peic) (361)

Next, we focus on the purity of coherence of the output state o = Et1(p®") and find a lower bound on Py (o). Define state
1
5:§(U+XUX), (362)

where X = |0)(1| + |1)(0| is the Pauli-x operator. Using the fact that state |®.4;) = (|0) + |1))/+/2 is an eigenvector of X, it
can be easily seen that the fidelity of |®..;) with states & and o are equal, i.e.

(®]5]®)cvic = (P[o]@)eic = (P|Er1(p®™)|P)cobic - (363)

On the other hand, convexity of the purity of coherence implies

1 1 1
PH(a'):PH(i[O'—FXUX])§§PH(U)+§PH(XUX). (364)
We can easily show that Py (XoX) = Pg(o). This follows, for instance, by noting that Py is an even function of H, i.e.
Py = P_g. Therefore Py(XoX) = P_yg(XoX) = Pxgx(XoX), where we use the fact that the Pauli operator X, flips
the sign of Hamiltonian = 7o, /7. Finally, we note that for any unitary U, Py g+ (UoUT). Therefore, we conclude that
PH(XO'X) = P,H(XO'X) = PXH)((XO'X) = PH(O'), which 1mphes

PH(&) = PH(%[J +XO’X]) < %PH(O') + %PH(XO'X) = PH(CT) . (365)
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Next, we note that & commutes with X, and therefore it can be written as
G = A®) (@i + (1 — N)I/2, (366)

for some 0 < A < 1. This means that, given a fixed value of the purity of coherence, the state with this purity of coherence,
which has the maximum fidelity with state |®)c.y is in the form \|®)(®]cpi + (1 — A)1/2.
Applying Supplementary Eq.(360) for state & = \|®)(®|ci + (1 — X)I/2, we find

Py(5) = 4N Vg (P 367
w(6) = 5 X Vi (Pebit) - (367)
Therefore, we conclude that
5 42
PH(U) Z PH(U) = 1_ 5\2 X VH((I)c-bil) . (368)
Putting this into Supplementary Eq.(361)) we find
A2 22

nx ——. (369)

which implies

A2 < = : 370
Tl+(m-X 14+ 4L -1 G70)
For a fixed A > 0, in the large n limit this implies
< 1 1,1-X2 1
N — =1 —(— )+ 0(=). 371
_1+%($,1) n( 2 )+ (n2) (371)

This means that, among all states whose purity of coherence are equal to the purity of coherence of the input, such that Py (o) =
n X Pg(p), state 0 = A|P)(P|cpie + (1 — X)I/2, with

~ 1— )2 1 1— )2 1
A_\/l—WJrO(nQ)_l—WJrO(nQ), (372)

has the minimum infidelity with state |®).; . This minimum infidelity is

1-X 1

1 — (P[6|P)cbit = 9 T Il

1
+0(-). (373)

Therefore, for any TI process &y,

1— )2 1
1= (@|En(p®")|®)cbit >

> =5 +0(=). (374)

Remarkably, this bound is tight (up to a factor of 2). Using [23]], we find that there exists a quantum operation Espy, (related
to the Schur transformation) which is covariant with respect to the full unitary group SU(2), for which the infidelity 1 —
(®|Eschur (p®™)|®) it is equal to 2/(1 + A) times the right-hand side of this bound, i.e.

1— )\ 1
_ ®n L
1 — (®|Eschur (™)) cbit 5 +O(n2)' (375)

But, since this operation is covariant with respect to the full unitary group, it is also covariant with respect to time translations.
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