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Supplementary Note 1: Three equivalent definitions of TI operations

In this section we review some useful properties of Time-translationally Invariant (TI) operations (See e.g. [1] for further
discussion). We can summarize these properties in the following theorem.

Theorem 1 Let E be a Completely Positive Trace-Preserving (CPTP) linear map with arbitrary input and output spaces with
Hamiltonians Hin and Hout, respectively. The following three properties are equivalent:

1. Invariance under time-translations: The map E satisfies

∀t ∈ R : E(e−iHintρine
iHint) = e−iHouttE(ρin)eiHoutt , (1)

for arbitrary input state ρin.

2. Covariant Stinespring Dilation: The map E can be implemented by coupling the input system to an auxiliary system A
with Hamiltonian HA, whose initial state |η〉 is an eigenstate of HA, via an energy-conserving unitary U , such that

E(ρin) = TrA′
(
U [ρin ⊗ |η〉〈η|A]U†

)
, (2)

where (i)A′ denotes the discarded output auxiliary system which is a closed system with HamiltonianHA′ , (ii) the unitary
U is energy-conserving, i.e.

U(Hin ⊗ IA + Iin ⊗HA) = (Hout ⊗ IA′ + Iout ⊗HA′)U , (3)

where Iin, Iout, IA and IA′ are, the identity operators on the input and output systems, and input and output auxiliary
systems, respectively, and (iii) |η〉 is an eigenstate of HA.

3. Completely incoherence-preserving: E is completely incoherence-preserving, that is for any auxiliary system B with an
arbitrary Hamiltonian HB, and any joint state ρin,B of the input system (denoted by in) and the auxiliary system B, if ρin,B
is incoherent with respect to the total Hamiltonian Hin⊗ IB + Iin⊗HB, then the corresponding output state E ⊗IB(ρin, B)
is also incoherent with respect to the Hamiltonian Hout ⊗ IB + Iout ⊗HB, i.e.

[ρin, B , Hin ⊗ IB + Iin ⊗HB] = 0 =⇒ [E ⊗ IB(ρin, B) , Hout ⊗ IB + Iout ⊗HB] = 0 . (4)

Remark. As we explain later, to check whether a quantum operation is completely-incoherence preserving or not, one only
needs to consider this condition for a system B whose dimension is equal to din, the dimension of the input of E . Also, one
only needs to check this condition for one initial state, namely the maximally entangled state |Ψ〉in,B = 1√

din

∑din
i=1 |ii〉, with the

Hamiltonian of B equal to HB = −HT
A , where the transpose is defined with respect to the basis {|i〉}.

The notion of completely incoherence-preserving operations can be compared with the notion of incoherence-preserving
operations, also known as maximally incoherent operations. These are operations which map incoherent state of the input
system S to incoherent states of the output system [2]. It turns out this set is strictly larger than the set of completely incoherence-
preserving operations, i.e. there are operations which are incoherence-preserving, but not completely incoherence-preserving.
For instance, any unitary transformation which permutes energy eigenstates with different energies, is an incoherence-preserving
but not completely incoherence-preserving operation (The relation between the two sets in analogous to the relation between
positive operations and completely positive operations).

Covariant Stinespring Dilation theorem (Equivalence of statements (1) and (2) in theorem 1)

Equivalence of properties (1) and (2), i.e. Invariance Under Time-Translation and Covariant Stinespring Dilation is proven
before, e.g. in [1]. In fact, theorem 25 of [1] establishes this equivalence for a general symmetry group. For completeness, we
present the proof in the case of time-translation symmetry.

First, it is straightforward to see that the existence of Covariant Stinespring Dilation implies Time-translation symmetry
(Intuitively, covariant Stinespring dilation provides a method for implementing the quantum operation. Since each step in this
method respects the time-translation symmetry, the composition should also respect the symmetry).

To prove statement (1) implies statement (2), we use a result of [3], which shows the Kraus representation of TI operations
can be written in a special canonical form. According to this lemma, by exploiting the unitary freedom in defining the Kraus
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operators of a general quantum operation [4], we can write any TI operation ETI , in the form

ETI(σ) =
∑
E,α

K(E,α)σK
†
(E,α) , (5)

where, in addition to the normalization condition
∑
E,αK

†
(E,α)K(E,α) = Iout, Kraus operators satisfy the condition

e−iHouttK(E,α)e
iHint = e−iEtK(E,α) . (6)

For completeness, we present the proof of this result, originally proven in [3]: Consider an arbitrary Kraus decomposition
ETI(·) =

∑
µ K̃µ(·)K̃†µ, with linearly independent Kraus operators {K̃µ}µ. Then, invariance under time translation implies

for arbitrary t ∈ R, the set {e−iHouttK̃µe
iHint}µ also defines a valid Kraus representation of ETI. But, two sets of linearly

independent Kraus operators describe the same quantum operation, if and only if they are related via a unitary, i.e. there exists a
unitary transformation V (t) such that, e−iHouttK̃µe

iHint =
∑
µ′ Vµµ′(t)K̃µ′ .

This equation together with the fact that {K̃µ} are linearly independent implies that V (t1)V (t2) = V (t1 + t2) (indeed, it
implies that the unitary V (t) is itself a representation of the time-translation symmetry).

We conclude that there exists a unitary S which simultaneously diagonalizes all unitaries V (t) for all t ∈ R and decom-
poses this representation to irreducible 1-dimensional representation, as SV (t)S† =

∑
(E,α) e

−iEt|E,α〉〈E,α|, where α is a
multiplicity index. Define the new Kraus operators

K(E,α) ≡
∑
µ

S(E,α),µK̃µ , (7)

which implies

K̃µ =
∑

(E,α)

S∗(E,α),µK(E,α) , (8)

The unitarity of S guarantees that
∑
E,αK

†
(E,α)K(E,α) =

∑
µK

†
µKµ = Iout. Furthermore,

e−iHouttK(E,α)e
iHint =

∑
µ

S(E,α),µ e
−iHouttK̃µe

iHint (9)

=
∑
µ

S(E,α),µ
∑
µ′

Vµµ′(t)K̃µ′ (10)

=
∑
µ

S(E,α),µ
∑
µ′

Vµµ′(t)
∑

(E′,α′)

S∗(E′,α′),µ′K(E′,α′) (11)

=
∑

(E′,α′)

K(E′,α′)
∑
µ,µ′

S(E,α),µVµµ′(t)S∗(E′,α′),µ′ (12)

=
∑

(E′,α′)

K(E′,α′)e
−iEt δE,E′δα,α′ (13)

= K(E,α)e
−iEt , (14)

where, we have used Supplementary Eq.(7) to get the first line, and Supplementary Eq.(8) to get the third line.
Next, we use this result to construct an energy-conserving unitary which implements ETI. Define the operator

W =
∑

(E,α)

K(E,α) ⊗ |E,α〉〈η| , (15)

where {|E,α〉} is an arbitrary set of orthogonal states of system A′, and |η〉 is an arbitrary state of A. Then, one can easily see
that:

• Using the fact that
∑
E,αK

†
(E,α)K(E,α) = Iin, we find W is an isometry, i.e.

W †W = Iin ⊗ |η〉〈η|A , (16)
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• Isometry W is an Stinespring dilation of ETI, i.e.

ETI(ρ) = TrA′(W [ρ⊗ |η〉〈η|A]W †) . (17)

• Suppose we define HA, the Hamiltonian of A, to be a Hermitian operator with state |η〉 as its eigenvector with eigenvalue
zero, such that HA|η〉 = 0, and HA′ as a Hermitian operator with eigenvectors |E,α〉, such that HA′ |E,α〉 = −E|E,α〉,
then

(e−iHoutt ⊗ e−iHA′ t)W (eiHint ⊗ eiHAt) =
∑
(µ,α)

e−iHouttK(E,α)e
iHint ⊗ e−iHA′ t|E,α〉〈η|eiHAt (18)

=
∑
(µ,α)

e−iEtK(E,α) ⊗ |E,α〉〈η|eiEt (19)

= W , (20)

where to get the second line we have used Supplementary Eq.(6). Equivalently, this implies

(e−iHoutt ⊗ e−iHA′ t)W = W (eiHint ⊗ eiHAt) . (21)

Taking the derivative with respect to t this implies,

W (Hin ⊗ IA + Iin ⊗HA) = (Hout ⊗ IA′ + Iout ⊗HA′)W . (22)

It can be easily shown that the isometry W can always be extended to a unitary which is also energy-conserving (See [1]).
This completes the proof that (1) implies (2).

Completely Incoherence-Preserving operations (Equivalence of statements (1) and (3) in theorem 1)

The fact that any TI operation is completely incoherence-preserving, follows immediately from the covariance condition in
Supplementary Eq.(1). In the following we prove any completely incoherence-preserving operation is TI. To prove this we
consider an auxiliary system with dimension equal to the input space of E , and with the Hamiltonian HB = −HT

in , where T
denotes transpose in an orthonormal basis {|i〉}. Then, consider maximally entangled state

|Ψ〉in,B = 1√
din

din∑
i=1
|ii〉 , (23)

where din is the dimension of the input space of E .
It can be easily seen that this state is incoherent with respect to the total Hamiltonian

Htot = Hin ⊗ IB + Iin ⊗HB = Hin ⊗ IA − Iin ⊗HT
in (24)

This can be seen, for instance, by noting that

e−iHtott|Ψ〉in,B = (e−iHint ⊗ eiH
T
in t)|Ψ〉in,B = (e−iHint ⊗ eiH

T
in t) 1√

din

din∑
i=1
|ii〉in,B = (eiHinte−iHint ⊗ I)|Ψ〉in,B = |Ψ〉in,B , (25)

where we have used the fact that for any operator X , (I ⊗X)
∑din
i=1 |ii〉 = (XT ⊗ I)

∑din
i=1 |ii〉.

Therefore, since state |Ψ〉in,B is incoherent and the quantum operation E is, by assumption, completely incoherence-preserving,
then state E ⊗ IB(|Ψ〉〈Ψ|in,B) is also incoherent, i.e.

[Hout ⊗ IB + Iout ⊗HB , E ⊗ IB(|Ψ〉〈Ψ|in,B)] = 0 , (26)

where IB is the identity operation on system B. This implies

[e−iHoutt ⊗ e−iHBt]E ⊗ IB(|Ψ〉〈Ψ|in,B)[eiHoutt ⊗ eiHBt] = [e−iHoutt ⊗ eiH
T
in t]E ⊗ IB(|Ψ〉〈Ψ|in,B)[eiHoutt ⊗ e−iH

T
in t] (27a)

= E ⊗ IB(|Ψ〉〈Ψ|in,B) , (27b)
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for all t ∈ R. Recall that IB is the identity operation on system B, and therefore, the left-hand side can be written as

[e−iHoutt ⊗ IB]E ⊗ IB
(
[Iin ⊗ e−iHBt]|Ψ〉〈Ψ|in,B[Iin ⊗ eiHBt]

)
[eiHoutt ⊗ IB] . (28)

Then, using the fact that HB = −HT
in and the identity (I ⊗X)

∑din
i=1 |ii〉 = (XT ⊗ I)

∑din
i=1 |ii〉, we find that the left-hand side

of Supplementary Eq.(27) can be rewritten as

[e−iHoutt ⊗ I]E ⊗ I
(
[eiHint ⊗ I]|Ψ〉〈Ψ|in,B[e−iHint ⊗ I]

)
[eiHoutt ⊗ I] = Et ⊗ IB(|Ψ〉〈Ψ|in,B) , (29)

where we have defined the quantum operation Et to be the time-translated version of E , i.e.

Et(σ) ≡ e−iHouttE
(
eiHintσe−iHint)eiHoutt . (30)

Then, Supplementary Eq.(27) can be rewritten as

∀t ∈ R : Et ⊗ IB(|Ψ〉〈Ψ|in,B) = E ⊗ IB(|Ψ〉〈Ψ|in,B) . (31)

In other words, the Choi matrix of quantum operations Et is independent of t. It is well-known that the Choi matrix uniquely
determines the quantum operation. This immediately implies that

∀t ∈ R : Et = E , (32)

which means E is a TI operation. This completes the proof.

General symmetries: Completely symmetry-preserving operations

In this paper, we study the notion of coherence as asymmetry with respect to time-translation symmetry. This is a specific
type of asymmetry. The resource theory of asymmetry studies asymmetry with respect to am arbitrary symmetry group G. In
this recourse theory, one studies the consequences of restriction to quantum operations which satisfy the following covariance
condition

∀g ∈ G : UB(g)(E(·)U†B(g) = E(UA(g)(·)U†A(g)) , (33)

where E be a quantum operation from the input system A to the output system B with the unitary representationG 3 g → UA,B(g)
on the input A and output B.

Any operation E which satisfies this condition is called a covariant or symmetric operation. This definition is a natural
generalization of the notion of TI operations.

Similarly, we can define a generalization of the notion of completely incoherence-preserving operations: Let C be an arbitrary
auxiliary system with arbitrary representation of symmetry, G 3 g → UC(g). We say quantum operation E from A to B is a
completely symmetry-preserving (with respect to group G), if for all such auxiliary systems, and for all symmetric input states
ρAC, it holds that

∀g ∈ G : [ρAC, UA(g)⊗ UC(g)] = 0, =⇒ ∀g ∈ G : [E ⊗ IC(ρAC), UB(g)⊗ UC(g)] = 0 , (34)

where IC is the identity quantum operation on system C. This condition means that any symmetric input state of systems A and
C is mapped to a symmetric state of systems B and C.

Proposition An operation is completely symmetry-preserving if and only if it is covariant.

Proof. Obviously any covariant operation is non-asymmetry-generating. To see the other direction, suppose the auxiliary system
C has dimension equal to the dimension of the input system A, and the representation of symmetry on C is the complex conjugate
of the representation of symmetry on A, i.e. ∀g ∈ G : UC(g) = UA(g). Consider the singlet state

|Ψ〉AC = 1√
dA

dA∑
i=1
|ii〉AC . (35)

This state is invariant under the action of symmetry, i.e.

[UA(g)⊗ UC(g)]|Ψ〉AC = [UA(g)⊗ UA(g)]|Ψ〉AC = |Ψ〉AC . (36)
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Now for the initial state |Ψ〉AC, suppose we act on system A with quantum operation E and obtain state

σBC = E ⊗ IC(|Ψ〉〈Ψ|AC) . (37)

Then, the fact that E is non-asymmetry-generating, implies σBC does not break the symmetry, i.e.

∀g ∈ G : [UB(g)⊗ UC(g)]σBC[U†B(g)⊗ U†C(g)] = σBC . (38)

This implies

∀g ∈ G : E ⊗ IC(|Ψ〉〈Ψ|AC) = [UB(g)⊗ UC(g)]E ⊗ IC(|Ψ〉〈Ψ|AC)[U†B(g)⊗ U†C(g)] (39)

= [UB(g)⊗ IC]E ⊗ IC([IA ⊗ UC(g)]|Ψ〉〈Ψ|AC[IA ⊗ U†C(g)])[U†B(g)⊗ IC] (40)

= [UB(g)⊗ IC]E ⊗ IC([U†A(g)⊗ IC]|Ψ〉〈Ψ|AC[UA(g)⊗ IC])[U†B(g)⊗ IC] (41)
= Eg ⊗ IC(|Ψ〉〈Ψ|AC) (42)

where we have defined the map Eg to be the rotated the version of E , such that

Eg(ρ) = UB(g)E(U†A(g)ρUA(g))U†B(g) (43)

for all ρ. But, because |Ψ〉AC is a maximally entangled state, this implies that

∀g ∈ G : Eg = E . (44)

which implies E is a covariant map.
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Supplementary Note 2: Purity of Coherence

In this paper we introduce a new measure of asymmetry, which we call it Purity of Coherence. The purity of coherence, with
respect to the eigenbasis of an observable H , is defined by

PH(ρ) ≡ Tr(Hρ2Hρ−1)− Tr(ρH2) (45)

if sup(HρH) ⊆ sup(ρ), and PH(ρ) =∞ otherwise (Note that sup(HρH) = sup(Hρ2H)).
Equivalently,

PH(ρ) = fH(ρ)− fH(D(ρ)) , (46)

where for any state σ

fH(σ) ≡ Tr(Hσ2Hσ−1) , (47)

and

D(ρ) =
∑
n

PnρPn = lim
T→∞

1
T

∫ T

0
dt e−iHtρeiHt , (48)

is the map that dephases ρ in the eigen-basis of H =
∑
nEnPn (also known as the resource-destroying map [5]).

Using the spectral decomposition of state ρ, as ρ =
∑
j pj |ψj〉〈ψj |, we can rewrite the formula for the purity of coherence as

PH(ρ) =
∑
j,k

p2
k − p2

j

pj
|〈ψk|H|ψj〉|2 . (49)

Properties of purity of coherence

The important properties of purity of coherence, such as monotonicity under TI operations and convexity, follow from the
properties of the function

Q2(ρ‖σ) ≡ Tr(ρ2σ−1), (50)

if sup(ρ) ⊆ sup(σ), and Q2(ρ‖σ) = ∞ otherwise. As we will discuss later, the logarithm of this function is the Petz-Rényi
relative entropy for α = 2.

In particular, this function satisfies the following properties (See [6] for further discussions and proofs of these properties):

• Unitary invariance: It is invariant under any unitary transformation U , i.e. Q2(UρU†‖UσU†) = Q2(ρ‖σ).

• Joint convexity: For any 0 ≤ p ≤ 1:

p Q2(ρ1‖σ1) + (1− p)Q2(ρ2‖σ2) ≥ Q2

(
[pρ1 + (1− p)ρ2]

∥∥∥∥[pσ1 + (1− p)σ2]
)

(51)

• Information-processing inequality: For any completely positive trace-preserving map E ,

Q2(E(ρ)‖E(σ)) ≤ Q2(ρ‖σ) . (52)

This follows from the Stinespring dilation theorem, together with unitary invariance and joint convexity.

Using these properties, it can be easily seen that for any time t ∈ R, the function B(ρ) ≡ Q2(ρ‖e−itHρeitH) is monotone
under any TI operation ETI:

B(ρ) = Q2(ρ‖e−itHρeitH) ≥ Q2(ETI(ρ)‖ETI(e−itHρeitH)) (53)

= Q2(ETI(ρ)‖e−itHETI(ρ)eitH) (54)
= B(ETI(ρ)) , (55)
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where the inequality follows from the information processing inequality for Q2, and the second line follows from the fact that
ETI is a TI operation.

The connection between this function and the purity of coherence follows from the fact that for small ∆t,

Q2(ρ‖e−i∆tHρei∆tH) = Tr(ρ2(e−i∆tHρei∆tH)−1) (56)

= Tr(ρ2e−i∆tHρ−1ei∆tH) (57)

=
[
1 + ∆t2Tr(ρ2Hρ−1H)−∆t2Tr(ρ2H2ρ−1)/2−∆t2Tr(ρ2ρ−1H2)/2 +O(∆t4)

]
= 1 + ∆t2PH(ρ) +O(∆t4) . (58)

In other words, PH(ρ) is 2 time the second derivative of function Q2(ρ‖e−itHρeitH) with respect to the parameter t, at t = 0.
Then, it follows from the joint convexity of Q2 in Supplementary Eq.(51), and information processing inequality in Supple-

mentary Eq.(52), that function PH is

• Convex: For any 0 ≤ p ≤ 1, and any pair of states ρ1, ρ2 :

pPH(ρ1) + (1− p)PH(ρ2) ≥ PH([pρ1 + (1− p)ρ2]) . (59)

• Monotone: For any TI operation ETI

PH(ETI(ρ)) ≤ PH(ρ). (60)

Furthermore, it turns out that the purity of coherence has the following useful properties:

• Additive: For a composite non-interacting system with the total Hamiltonian Htot = H1 ⊗ I2 + I1 ⊗ H2, the purity of
coherence is additive for uncorrelated states, i.e. FHtot(ρ1 ⊗ ρ2) = PH1(ρ1) + PH2(ρ2). This follows from the fact that
Q2(ρ1 ⊗ ρ2‖σ1 ⊗ σ2) = Q2(ρ1‖σ1) +Q2(ρ2‖σ2).

• Faithful: It is non-negative, and is zero if, and only if, state is incoherent, i.e. diagonal in the energy eigenbasis.

To see this consider the spectral decomposition of state ρ as ρ =
∑
j pj |ψj〉〈ψj |. Then, we obtain the formula

PH(ρ) =
∑
j,k

p2
k − p2

j

pj
|〈ψk|H|ψj〉|2 (61a)

=
∑
j,k

pk − pj
pj

(pk + pj)|〈ψk|H|ψj〉|2, (61b)

=
∑
j,k

(pj − pk)2

2pjpk
(pj + pk)|〈ψk|H|ψj〉|2 , (61c)

where to get the third line we have used the fact that (pj + pk)|〈ψk|H|ψj〉|2 is symmetric with respect to k and j.
The immediately implies that PH(ρ) ≥ 0. Furthermore, since all the terms in the summation are non-negative, the
sum will be zero iff all the individual terms are zero. That is (pj − pk)2|〈ψk|H|ψj〉|2 = 0 for all j, k, or equivalently
(pj − pk)〈ψk|H|ψj〉 = 0. Multiplying both sides in |ψk〉〈ψj |, and summing over j and k this implies [ρ,H] = 0 and
completes the proof.

Connection with Petz-Rényi relative entropy

Similar to QFI, function PH(ρ) also determines how fast state ρ becomes distinguishable from its time evolved version
e−iHtρeiHt and is closely related to the Petz-Rényi relative entropies. For α ∈ (0, 1) ∪ (1, 2] The Petz-Rényi relative entropy
for is defined as

Dα(ρ‖σ) = 1
α− 1 log Tr(ρασ1−α), supp(ρ) ⊆ supp(σ), or α ∈ (0, 1) (62)

Dα(ρ‖σ) =∞, otherwise (63)

Note that the in the special case of α = 2, we have D2(ρ‖σ) = logQ2(ρ‖σ).
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The relative Rényi entropy can be interpreted as a measure of distinguishability of states. In particular, it is non-negative and
Dα(ρ‖σ) is zero if and only if ρ = σ. Furthermore, it satisfies information processing inequality for α ∈ [0, 2]/{1} [6, 7], that
is for any CPTP map E , it holds that Dα(ρ‖σ) ≥ Dα(E(ρ)‖E(σ)) .

It can be easily seen that for small time ∆t,

Dα(ρ‖e−i∆tHρei∆tH) = 1
α− 1∆t2[Tr(ραHρ1−αH)− Tr(ρH2)] +O(∆t4) . (64)

Then, using the arguments we used in the case of the purity of coherence, we can see that all functions in the family

Tr(ραHρ1−αH)− Tr(ρH2) , 1 < α ≤ 2 (65)

satisfy all the essential properties of the purity of coherence, such as monotonicity under TI operations, additivity, and convexity.
The reason that in this paper we focus on the case of α = 2, is that for higher values of α, monotonicity under TI operations,

which follows from the monotonicity of Petz-Rényi relative entropy under data processing, does not hold. On the other hand,
for lower values of α, as a mixed state ρ converges to a pure state, function Tr(ραHρ1−αH)− Tr(ρH2), has slower divergence.
Therefore, to see the unreachability of pure coherent states, α = 2 is the optimal choice.

Stochastic state conversions under TI operations (Proof of Eq.5 in the paper)

Suppose there exists a TI operation which transforms n copies of a system with state ρ1 and Hamiltonian H1 to a single copy
of a system with state ρ2 and Hamiltonian H2, with probability of success p > 0.

First, assume the transformation is deterministic, i.e. the probability of success p is equal to one. Then, the monotonicity of
the purity of coherence under TI operations implies the purity of coherence at the output is less than or equal to the purity of
coherence at the input. Using the additivity of purity of coherence, we find the purity of coherence at the input is n× PH1(ρ1).
Therefore, we conclude

n ≥ PH2(ρ2)
PH1(ρ1) . (66)

Next, consider the case where the transformation is stochastic, i.e p ≤ 1. This means that there exists a completely positive TI
map Ẽ , which is not necessarily trace-preserving, such that

Ẽ(ρ⊗n1 ) = pρ2 . (67)

Then, define

F(·) ≡ |0〉〈0| ⊗ Ẽ(·) + [1− Tr(Ẽ(·))](|1〉〈1| ⊗ σincoh) , (68)

where σincoh is an incoherent state (e.g. the totally mixed state), {|0〉, |1〉} are orthonormal states of a register qubit with
Hamiltonian zero. In other words, the Hamiltonian of the output is I ⊗H2, where I is the identity operator on the register.

It can be easily shown that map F is (i) trace-preserving and completely positive, (ii) it is a TI operation, and (iii) implements
the transformation

F(ρ⊗n1 ) = p|0〉〈0| ⊗ ρ2 + (1− p)(|1〉〈1| ⊗ σincoh) . (69)

Using definition PH(ρ) ≡ Tr(Hρ2Hρ−1)− Tr(ρH2), it can be easily shown that the purity of coherence of this output state is

pPH2(ρ2) + (1− p)PH2(σincoh) = p× PH2(ρ2) , (70)

Since F is a TI operation, the purity of coherence of its output is less than or equal to the purity of coherence of its input ρ⊗n1 ,
which is equal to n× PH1(ρ1). We conclude that

n ≥ p× PH2(ρ2)
PH1(ρ1) . (71)

Thus, to generate a single copy of a pure state ρ2 which contains coherence, we need n =∞ or PH1(ρ1) =∞.



11

States with infinite purity of coherence

The definition of the purity of coherence immediately implies that for any pure state which is not an eigenstate of Hamiltonian
the purity of coherence is infinite. As we saw above, this unboundedness, reflects the fact that given any finite copies of a
generic mixed state (with full-rank density operator) it is impossible to create a single copy such pure states using TI operations.
More generally,

Lemma 1 For a bounded Hamiltonian H (i.e. ‖H‖∞ < ∞) the purity of coherence PH(ρ) < ∞ if and only if [Πρ, H] = 0,
where Πρ is the projector to the support of ρ. In particular, the purity of coherence is bounded for states with full rank.

Proof. For a bounded Hamiltonian H , PH(ρ) =∞ if, and only if, the operator Hρ2H has support outside the support of ρ. The
support of operatorHρ2H , is equal to the support of operatorHΠρH . Therefore, PH(ρ) <∞ if, and only ifQρHΠρHQρ = 0,
where Qρ = I −Πρ is the projector to the kernel of ρ. The last equality holds only iff QρHΠρ = 0, which means [H,Πρ] = 0.
We conclude that PH(ρ) =∞, if and only if [H,Πρ] 6= 0.

The following proposition follows immediately from this lemma together with the monotonicity of the purity of coherence
under TI operations.

Remark. Let Hin and Hout be the Hamiltonians of the input and output systems, respectively. Suppose under a TI operation the
input state ρ is transformed to the output state σ. Let Πρ and Πσ be the projectors to the supports of ρ and σ, respectively. If
[Πρ, Hin] = 0 then [Πσ, Hout] = 0.

In the following, we present an interpretation and a different proof of this result in terms of the notion of unambiguous state
discrimination [8], which clarifies the physical relevance of condition [H,Πρ] = 0.

Recall that two density operators can be unambiguously discriminated with a non-zero probability iff their supports are not
identical [8]. The support of state e−iHtρeiHt is e−iHtΠρe

iHt, which is equal to Πρ for all t ∈ R, if and only if [H,Πρ] = 0.
Therefore, we conclude that there exists t ∈ R such that two states e−iHtρeiHt and ρ can be unambiguously discriminated with
a non-zero probability, iff [H,Πρ] 6= 0.

Next, we note that if the probability of unambiguous discrimination of two states ρ1 and ρ2 is zero, then this probability
remains zero under any completely positive trace preserving map E , i.e. two states σ1 = E(ρ1) and σ2 = E(ρ2) will also have
the same support. This immediately implies that if the probability of unambiguous discrimination of ρ and e−iHtρeiHt is zero,
then for any TI operation ETI, the probability of unambiguous discrimination of the two states σ = ETI(ρ) and

ETI(e−iHtρeiHt) = e−iHtETI(ρ)eiHt = e−iHtσeiHt (72)

should also be zero. We conclude that if [Πρ, H] = 0, and σ = ETI(ρ) for a TI operation ETI, then [Πσ, H] = 0.

Purity of coherence is lower-bounded by Quantum Fisher Information

In this section we show that the purity of coherence is lower-bounded by the Quantum Fisher Information (QFI). That is for
any state ρ, and Hamiltonian H , PH(ρ) ≥ FH(ρ) .

For state ρ with the spectral decomposition ρ =
∑
j pj |ψj〉〈ψj |, the QFI is given by

FH(ρ) = 2
∑
k,l

(pk − pl)2

pk + pl
|〈ψk|H|ψl〉|2 , (73)

Recall form Supplementary Eq.61 that the purity of coherence can be rewritten as

PH(ρ) =
∑
j,k

p2
k − p2

j

pj
|〈ψk|H|ψj〉|2 =

∑
k,l

(pk − pl)2 × pk + pl
2plpk

|〈ψk|H|ψl〉|2 . (74)

Using the arithmetic-geometric mean inequality applied to pk and pl, we have

pk + pl
2plpk

≥ 2
pk + pl

. (75)
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This implies that

PH(ρ) =
∑
k,l

(pk − pl)2 (pk + pl)
2plpk

|〈ψk|H|ψl〉|2 ≥
∑
k,l

(pk − pl)2 2
pk + pl

|〈ψk|H|ψl〉|2 = FH(ρ) , (76)

where in the last step we have used Supplementary Eq.73 for QFI. Therefore, the inequality PH(ρ) ≥ FH(ρ) basically follows
from arithmetic-geometric mean inequality [24].

Note that the arithmetic-geometric mean inequality holds as equality only if pk = pl. This means that, if (pk − pl)〈ψk|H|ψl〉
is non-zero for some l, k, then PH(ρ) > FH(ρ). Equivalently, this means that PH(ρ) = FH(ρ), only if

(pk − pl)〈ψk|H|ψl〉 = 0 : ∀k, l . (77)

Multiplying both sides in |ψk〉〈ψl| and summing over l, k, this equation is equivalent to∑
k

pk|ψk〉〈ψk|H
∑
l

|ψl〉〈ψl| =
∑
k

|ψk〉〈ψk|H
∑
l

pl|ψl〉〈ψl| , (78)

which is equivalent to ρH = Hρ. I.e. the equality holds iff ρ is incoherent, in which case both quantities FH(ρ) and PH(ρ) are
zero.

Purity of coherence for Qubits

Consider a general qubit state ρ with the spectral decomposition

ρ = p|ψ〉〈ψ|+ (1− p)|ψ⊥〉〈ψ⊥| (79)

where 〈ψ⊥|ψ〉 = 0. Then,

ρ−1 = 1
p
|ψ〉〈ψ|+ 1

1− p |ψ
⊥〉〈ψ⊥| , (80)

and

ρ2 = p2|ψ〉〈ψ|+ (1− p)2|ψ⊥〉〈ψ⊥|. (81)

This implies

Tr(ρ2Hρ−1H) = pTr(H|ψ〉〈ψ|H|ψ〉〈ψ|) + p2

1− pTr(H|ψ〉〈ψ|H|ψ⊥〉〈ψ⊥|) (82)

+ (1− p)2

p
Tr(H|ψ⊥〉〈ψ⊥|H|ψ〉〈ψ|) + (1− p)Tr(H|ψ⊥〉〈ψ⊥|H|ψ⊥〉〈ψ⊥|) . (83)

Using the fact that

Tr(H|ψ〉〈ψ|H|ψ⊥〉〈ψ⊥|) = VH(ψ) = VH(ψ⊥) , (84)

we find

Tr(ρ2Hρ−1H) =
( p2

1− p + (1− p)2

p

)
× V (ψ) + p|〈ψ|H|ψ〉|2 + (1− p)|〈ψ⊥|H|ψ⊥〉|2 . (85)

Then, we find

PH(ρ) = Tr(ρ2Hρ−1H)− Tr(ρH2) =
( p2

1− p + (1− p)2

p
− 1
)
× V (ψ) (86)

= (1− 2p)2

p(1− p) × V (ψ) . (87)
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Next, using the formula for Quantum Fisher information for the family of states e−iHtρeiHt with parameter t,

FH(ρ) = 2
∑
i,j

(pi − pj)2

pi + pj
|〈ψi|HS |ψj〉|2 . (88)

where
∑
i pi|ψi〉〈ψi| is the spectral decomposition of ρ. Applying this to ρ = p|ψ〉〈ψ|+ (1− p)|ψ⊥〉〈ψ⊥|, we find

FH(ρ) = 4(1− 2p)2 × VH(ψ). (89)

Therefore,

PH(ρ) = FH(ρ)
4p(1− p) . (90)

Finally, note that

1− Tr(ρ2) = 1− [p2 + (1− p)2] = 2p− 2p2 = 2p(1− p). (91)

Therefore,

PH(ρ) = FH(ρ)
2[1− Tr(ρ2)] . (92)

Purity of coherence for states close to the totally mixed state

Any general state ρ whose trace distance from the totally mixed state is ‖ρ− I/d‖1 = ε ≥ 0 can be written as

ρ = I

d
+ εA , (93)

where A is a Hermitian operator with Tr(A) = 0 and ‖A‖1 = 1.
In the following we calculate PH(ρ) and FH(ρ) in the limit of ε� 1.
First, recall that

PH(ρ) = Tr(Hρ2Hρ−1)− Tr(ρH2) . (94)

For ρ = I
d + εA we find

Tr(ρH2) = 1
d

Tr(H2) + εTr(H2A) (95)

Then,

Tr(Hρ2Hρ−1) = Tr(H[ I
d2 + 2

d
εA+ ε2A2]H[I

d
+ εA]−1) (96)

= dTr(H[ I
d2 + 2

d
εA+ ε2A2]H 1

I + εdA
) (97)

= dTr(H[ I
d2 + 2

d
εA+ ε2A2]H[I − εdA+ (εdA)2 +O(ε3)]) (98)

= 1
d

Tr(H2) + dTr(H[ 2
d
εA]HI) + dTr(H[ I

d2 ]H[−εdA]) (99)

+ dTr(H[ 2
d
εA]H[−εdA]) + dTr(H[ε2A2]HI) + dTr(H[ I

d2 ]H[(εdA)2]) +O(ε3) (100)

= 1
d

Tr(H2) + εTr(H2A) + d2ε2[Tr(H2A2)− Tr(HAHA)] +O(ε3) . (101)
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Therefore

PH(ρ) = Tr(Hρ2Hρ−1)− Tr(ρH2) = ε22d[Tr(H2A2)− 2Tr(HAHA)] +O(ε3). (102)

Next, we calculate Quantum Fisher Information for this state. Recall the formula

FH(ρ) = 2
∑
i,j

(pi − pj)2

pi + pj
|〈ψi|HS |ψj〉|2 . (103)

Let A =
∑
i ai|i〉〈i| be the spectral decomposition of A. Then,

ρ = I

d
+ εA =

∑
i

(εai + 1
d

)|i〉〈i| . (104)

This implies

FH(ρ) = 2
∑
i,j

ε2(ai − aj)2

2/d+ ε(ai + aj)
|〈i|H|j〉|2 . (105)

Expanding this we find

FH(ρ) = dε2
∑
i,j

(ai − aj)2

1 + εd(ai + aj)/2
|〈i|H|j〉|2 (106)

= dε2
∑
i,j

(ai − aj)2|〈i|H|j〉|2 +O(ε3) (107)

= dε2
∑
i,j

(a2
i + a2

j − 2aiaj)|〈i|H|j〉|2 +O(ε3) (108)

= 2dε2Tr(A2H2)− 2dε2Tr(HAHA) +O(ε3) (109)

= 2dε2[Tr(A2H2)− Tr(HAHA)] +O(ε3) . (110)

Comparing this with PH(ρ) = ε22d[Tr(H2A2)− 2Tr(HAHA)] +O(ε3) we find

PH(ρ)
FH(ρ) = 1 +O(ε) . (111)

Finally, recall that for any pair of states σ1 and σ2, it holds that

‖σ1 − σ2‖1 ≤ 2
√

1− Fid(σ1, σ2) , (112)

where Fid(σ1, σ2) = ‖√σ1
√
σ2‖21, and 1− Fid(σ1, σ2) is called the infidelity of σ1 and σ2.

Combining this with Supplementary Eq.111, we conclude that if the infidelity of state ρ and the maximally mixed state I/d is
δ, then

PH(ρ)
FH(ρ) = 1 +O(

√
δ) . (113)
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Supplementary Note 3: Purity of coherence for a mixed state close to a pure state

In this section we find a useful bound on the purity of coherence for mixed states which are close to a pure state. This bound
will be used later to study coherence distillation.

Lemma 2 Let pmax = ‖σ‖∞ be the largest eigenvalue of σ and |Φ〉 be the corresponding eigenvector. Then,

PH(σ) ≥ VH(Φ)× ( p2
max

1− pmax
− 1) . (114)

Proof. Recall that for any state ρ with the spectral decomposition ρ =
∑
j qj |φj〉〈φj |, purity of coherence is given by

PH(ρ) =
∑
j,k

q2
k − q2

j

qj
|〈φk|H|φj〉|2 . (115)

Consider the spectral decomposition of σ, i.e.

σ = pmax|Φ〉〈Φ|+
∑
j

pj |ψ⊥j 〉〈ψ⊥j | , (116)

where pmax = ‖σ‖∞ is the largest eigenvalue of σ, |Φ〉 is the corresponding eigenvector, and {pj}j are the rest of the eigenvalues,
and {|ψ⊥j 〉} are the corresponding eigenvectors. Then, using the general formula for purity of coherence, in Supplementary
Eq.(115), and using the fact that for any pair of j and k the sum of two terms

(
p2
k − p2

j

pj
+
p2
j − p2

k

pk
)|〈ψ⊥k |H|ψ⊥j 〉|2 = (pj − pk)2

2pjpk
(pj + pk)|〈ψ⊥k |H|ψ⊥j 〉|2 ≥ 0 , (117)

is non-negative, we find

PH(σ) ≥
∑
j

(
p2

max − p2
j

pj
+
p2
j − p2

max

pmax
) |〈Φ|H|ψ⊥j 〉|2 , (118)

where in the summation we have dropped all the terms which do not involve |Φ〉. Then, we find

PH(σ) ≥
∑
j

(
p2

max − p2
j

pj
+
p2
j − p2

max

pmax
) |〈Φ|H|ψ⊥j 〉|2 (119)

≥
∑
j

(p
2
max

pj
− [pmax + pj ]) |〈Φ|H|ψ⊥j 〉|2 (120)

≥
∑
j

(p
2
max

pj
− 1) |〈Φ|H|ψ⊥j 〉|2 (121)

≥ ( p2
max

1− pmax
− 1)

∑
j

|〈Φ|H|ψ⊥j 〉|2 (122)

= ( p2
max

1− pmax
− 1)VH(Φ) , (123)

where to get the third inequality we have used the fact that pmax + pj ≤ 1, to get the fourth inequality we have used the fact that
pj ≤ 1− pmax, and to get the last equality we have used∑

j

|〈Φ|H|ψ⊥j 〉|2 = 〈Φ|H(
∑
j

|ψ⊥j 〉〈ψ⊥j |+ |Φ〉〈Φ|)H|Φ〉 − 〈Φ|H(|Φ〉〈Φ|)H|Φ〉 (124)

= 〈Φ|H2|Φ〉 − 〈Φ|H|Φ〉2 = VH(Φ) . (125)
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This completes the proof of lemma.

This lemma has the following corollary.

Corollary 1 Let δ ≡ 1 − 〈Ψ|σ|Ψ〉 be the infidelity of pure state Ψ and state σ. Let pmax be the largest eigenvalue of σ, and
Φ be the corresponding eigenvector. Then, the fidelity of Ψ and Φ is lower bounded by |〈Ψ|Φ〉|2 ≥ 1 − 2δ, and pmax satisfies
pmax ≥ 1− δ. Furthermore,

PH(σ) ≥ VH(Φ)× ( (1− δ)2

δ
− 1), (126)

FH(σ) ≥ VH(Φ)× 4(1− 2δ)2 . (127)

Assuming the infideliy δ ≤ 1/2, this means that

PH(σ) ≥ VH(Φ)× ( 1
4δ − 1) , (128)

(129)

Proof. Let

σ = pmax|Φ〉〈Φ|+
∑
j

pj |ψ⊥j 〉〈ψ⊥j | , (130)

be the eigen-decomposition of σ, where pmax is the largest eigenvalue and |Φ〉 is the corresponding eigenvector. The fact that
〈Ψ|σ|Ψ〉 = 1− δ implies that

1− δ = 〈Ψ|σ|Ψ〉 = pmax|〈Ψ|Φ〉|2 +
∑
j

pj |〈Ψ|ψ⊥j 〉|2 . (131)

Since |〈Ψ|Φ〉|2 +
∑
j |〈Ψ|ψ⊥j 〉|2 = 1, we can interpret this sum as the average of eigenvalues of σ, weighted by the probability

distribution defined by {|〈Ψ|Φ〉|2, |〈Ψ|ψ⊥j 〉|2}. This average is less than or equal to the maximum eigenvalue, pmax, i.e.

1− δ = pmax|〈Ψ|Φ〉|2 +
∑
j

pj |〈Ψ|ψ⊥j 〉|2 ≤ pmax , (132)

as claimed in the statement of the corollary.
Next, note that ∑

j

pj |〈Ψ|ψ⊥j 〉|2 ≤
∑
j

pj ×
∑
k

|〈Ψ|ψ⊥k 〉|2 = (1− pmax)(1− |〈Ψ|Φ〉|2) , (133)

where we have used the facts that pmax +
∑
j pj = Tr(σ) = 1, and the fact that |〈Ψ|Φ〉|2 +

∑
j |〈Ψ|ψ⊥j 〉|2 = 1, because

{|Φ〉, |ψ⊥j 〉} is an orthonormal basis.
Therefore,

1− δ = 〈Ψ|σ|Ψ〉 (134)

= pmax|〈Ψ|Φ〉|2 +
∑
j

pj |〈Ψ|ψ⊥j 〉|2 (135)

≤ pmax|〈Ψ|Φ〉|2 + (1− pmax)(1− |〈Ψ|Φ〉|2) (136)

≤ pmax|〈Ψ|Φ〉|2 + δ × (1− |〈Ψ|Φ〉|2) , (137)

where to get the third line we have used Supplementary Eq.(133) and to get the fourth line we have used E.(132), which implies
δ ≥ 1− pmax.
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This implies

|〈Ψ|Φ〉|2 ≥ 1− 2δ
pmax − δ

≥ 1− 2δ , (138)

as claimed in the statement of the corollary.
Next, to prove the lower bound on the purity of coherence in Supplementary Eq.126, we use the lower bound in lemma 2

together with Supplementary Eq. 132. This implies

PH(σ) ≥ VH(Φ)× [ p2
max

1− pmax
− 1] (139a)

≥ VH(Φ)× [ (1− δ)
2

δ
− 1] . (139b)

This proves Supplementary Eq.126 in the corollary 1.
Next, we prove Supplementary Eq.127, i.e. the lower bound on QFI. Using the spectral decomposition σ = pmax|Φ〉〈Φ| +∑
j pj |ψ⊥j 〉〈ψ⊥j | , the formula for QFI in Supplementary Eq.73 can be rewritten as

FH(σ) = 4
∑
j

(pmax − pj)2

pmax + pj
|〈Φ|H|ψ⊥j 〉|2 + 2

∑
j,k

(pk − pj)2

pk + pj
|〈ψ⊥k |H|ψ⊥j 〉|2 (140a)

≥ 4
∑
j

(pmax − pj)2

pmax + pj
|〈Φ|H|ψ⊥j 〉|2 (140b)

≥ 4
∑
j

(pmax − pj)2 |〈Φ|H|ψ⊥j 〉|2 , (140c)

where to get the second line we ignore all the terms which do not contain pmax, and to get the third line we have used pj+pmax ≤ 1.
Also, using pj + pmax ≤ 1, or equivalently, pj ≤ 1− pmax, we have

pmax − pj ≥ 2pmax − 1 ≥ 2(1− δ)− 1 = 1− 2δ , (141)

where the second inequality follows from Supplementary Eq.132.
Combining this with Supplementary Eq.140, we find

FH(σ) ≥ 4
∑
j

(pmax − pj)2 |〈Φ|H|ψ⊥j 〉|2 (142)

≥ 4(1− 2δ)2
∑
j

|〈Φ|H|ψ⊥j 〉|2 (143)

= 4(1− 2δ)2 × VH(Φ) . (144)
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Supplementary Note 4: QFI and purity of coherence in the iid regime (Proof of Eq. 10 and Eq. 11 in the paper)

Theorem 2 Consider m non-interacting systems, each with Hamiltonian H , and with the total Hamiltonian Htot =
∑m
i=1H

(i).
Let σm be their joint state. Suppose the fidelity of this state with state |φ〉⊗m is 〈φ|⊗mσm|φ〉⊗m = 1− εm, where |φ〉 is a pure
state with positive energy variance, i.e. VH(φ) > 0. Then, for sufficiently largem, e.g. m ≥ 70 |〈φ|H

3|φ〉|2
V 3
H

(φ) and sufficiently small

εm, e.g. εm ≤ 10−3, the QFI of state σm and its purity of coherence, relative to the total Hamiltonian Htot are lower bounded by

FHtot(σm) ≥ 4× c×m× FH(φ) , (145a)

PHtot(σm) ≥ c×m× FH(φ)× 1
εm

, (145b)

where c is a positive constant, e.g. c = 10−2.

Proof. We use corollary 1. According to this result, the fact that 〈φ|⊗mσm|φ〉⊗m = 1− εm implies that

|〈φ⊗m|Θm〉|2 ≥ 1− 2εm , (146)

where |Θm〉 is the eigenvector of σm with the largest eigenvalue. Furthermore, the corollary implies that

PHtot(σm) ≥ VHtot(|Θm〉)× ( (1− εm)2

εm
− 1) , (147)

Assuming εm ≤ 10−3, this implies

PHtot(σm) ≥ VHtot(|Θm〉)×
1
εm
× (0.997) . (148)

Next, we use the following lemma which is a lower bound on the energy variance of pure states which are close to an iid pure
state (This lemma is proven in Sec.3).

Lemma 3 Consider m copies of a system with Hamiltonian H and pure state φ with positive energy variance, i.e. VH(φ) >
0. Assume m is sufficiently large, e.g. m ≥ 70 |〈φ|H

3|φ〉|2
V 3
H

(φ) . Consider state |Θm〉 whose fidelity with state |φ〉⊗m satisfies

|〈Θm|φ〉⊗m|2 ≥ 1− 2.5× 10−3. Then, the energy variance of |Θm〉 is lower bounded by

VHtot(|Θm〉) ≥ C ×m× VH(φ) , (149)

where C is a positive constant, e.g. C = 0.05.

To apply this lemma, we first note that for εm ≤ 10−3,

|〈φ⊗m|Θm〉|2 ≥ 1− 2εm ≥ 1− 2× 10−3 ≥ 1− 2.5× 10−3 , (150)

where we have used Supplementary Eq.146. Therefore, if m ≥ 70 |〈φ|H
3|φ〉|2

V 3
H

(φ) , then we can apply the lemma, which implies

VHtot(|Θm〉) ≥ C ×m× VH(φ) , (151)
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where C is a positive constant, e.g. C = 0.05. Putting this into Supplementary Eq.148, we find

PHtot(σm) ≥ VHtot(|Θm〉)×
1
εm
× 0.997 (152)

≥ C ×m× VH(φ)× 1
εm
× 0.997 (153)

≥ C × 0.997
4 × m FH(φ)

εm
(154)

≥ c× m FH(φ)
εm

, (155)

where c ≥ 10−2. Here, to get the third line we have used FH(φ) = 4VH(φ). This proves the lower bound PHtot(σm) ≥
10−2× m FH(φ)

εm
, stated in theorem 2. The lower bound on QFI in this theorem can also be proven in a similar way by combining

lemma 3 above and the lower bound on fidelity in corollary 1. In particular, using this corollary we have

FHtot(σm) ≥ VHtot(|Θm〉)× 4(1− 2εm)2 , (156)

which together with Supplementary Eq.149 implies

FHtot(σm) ≥ C ×m× VH(φ)× 4(1− 2εm)2 (157)

= C ×m× FH(φ)× (1− 2εm)2 (158)
≥ 4c×m× FH(φ) , (159)

where c ≥ 10−2 (Note that εm ≤ 10−3, and therefore (1 − 2εm)2 ≥ 0.996, and C ≥ 0.05) . Therefore, to complete the proof
of theorem 2, we only need to prove lemma 3.

Proof of lemma 3 (A lower bound on the energy variance of pure states which are close to an iid pure state)

Let

Htot =
m∑
i=1

H(i) =
∑

E∈spec(Htot)

E ΠE (160)

be the spectral decomposition of Hamiltonian Htot, where spec(Htot) is the set of eigenvalues, and ΠE is the projector to the
subspace with eigenvalue E. Let

pm(E) = 〈φ|⊗mΠE |φ〉⊗m , (161)
qm(E) = 〈Θm|ΠE |Θm〉 , (162)

be, respectively, the energy distributions of states |φ〉⊗m and |Θm〉, relative to Hamiltonian Htot.
Note that pm, i.e. the energy distribution for state |φ〉⊗m, corresponds to the distribution of sum of m independent and

identically distributed random variables, each with non-zero variance VH(φ). Therefore, the variance of the distribution pm is
m × VH(φ). On the other hand, the variance of distribution qm is equal to VHtot(|Θm〉). Next, we argue that the assumption
|〈Θm|φ〉⊗m|2 ≥ 1− 2.5× 10−3 in the statement of lemma implies an upper bound on the total variation distance of pm and qm,
and then use this to find a lower bound on the variance of distribution qm, or equivalently, a lower bound on VHtot(|Θm〉).

The total variation distance between pm and qm is upper bounded by

dTV(pm, qm) ≡ 1
2

∑
E∈spec(Htot)

|pm(E)− qm(E)| (163)

≤ 1
2

∥∥∥|φ〉〈φ|⊗m − |Θm〉〈Θm|
∥∥∥

1
(164)

=
√

1− |〈Θm|φ〉⊗m|2 , (165)

where to get the second line we have used the monotonicity of l1−norm under CPTP maps, and the fact that measurement in the
energy basis is a CPTP map. The equality in the third line holds for any general pair of normalized pure states. This implies that
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if |〈Θm|φ〉⊗m|2 ≥ 1− (0.05)2 = 1− 2.5× 10−3, then

dTV(pm, qm) ≤ 0.05 . (166)

Next, we use the following lemma proven at the end of this section, using Berry-Esséen’s theorem.

Lemma 4 LetX1, · · · , XM beM independent identically distributed random variables, each with variance σ2
X > 0 and bounded

third moment ξ = E(X3) < ∞. Let ZM = 1√
M

∑M
i=1Xi. Suppose M is sufficiently large, e.g. M ≥ 70×|ξ|2

σ6
X

. Then, any

random variable YM whose total variation distance from ZM is sufficiently small, e.g. dTV(ZM , YM ) ≤ 0.05, has variance σ2
YM

which is lower bounded by

σ2
YM ≥ C × σ

2
X , (167)

where C is a positive constant, e.g. C = 0.05.

To apply the lemma, we assume X is the random variable which takes values in the set of eigenvalues of H , with the
distribution defined by the weight of state |φ〉 in the energy eigen-subspaces of H . This means that the distribution of the
random variable Z̃m =

∑m
i=1Xi =

√
mZm is given by pm and its variance is m× VH(φ).

Now suppose the energy distribution of state |Θm〉 is described by the random variable Ỹm, which has distribution qm. This
means that its variance is equal to

σ2
Ỹm

= VHtot(|Θm〉) . (168)

Define

Ym ≡
Ỹm√
m
. (169)

Lemma 4 implies that if dTV(pm, qm) ≤ 0.05, then

σ2
Ym ≥ Cσ

2
X = CVH(φ) , (170)

which in turn implies

VHtot(|Θm〉) = σ2
Ỹm

= m× σ2
Ym ≥ Cmσ

2
X = CmVH(φ) . (171)

This proves lemma 3. Therefore, to complete the proof of lemma 3 and theorem 2, we only need to prove lemma 4.

Proof of lemma 4

Without loss of generality we assume the expectation of the random variable X is zero, i.e. E(X) = 0 (Otherwise, we can
always add a constant to the random variable and make its expectation zero).

Let pM and qM be, respectively, the probability distributions associated to the random variables ZM = 1√
M

∑M
i=1Xi and

YM . To simplify the notation, we assume they have discrete supports. Suppose their total variation distance is δ, i.e.

1
2
∑
y

|pM (y)− qM (y)| = δ . (172)

It follows that for any set S, ∑
y∈S

qM (y) ≥
∑
y∈S

pM (y)− δ . (173)



21

In particular, for both sets S+ ≡ {y : y > σX} and S− ≡ {y : y < −σX}, we have∑
y∈S+

qM (y) ≥
∑
y∈S+

pM (y)− δ , (174a)

∑
y∈S−

qM (y) ≥
∑
y∈S−

pM (y)− δ . (174b)

Let

µYM = E(YM ) =
∑
y

qM (y)y , (175)

be the expectation of the random variable YM . Then, the variance of this random variable is

σ2
YM =

∑
y

qM (y)(y − µYM )2 (176)

≥
∑
y∈S+

qM (y)(y − µYM )2 +
∑
y∈S−

qM (y)(y − µYM )2 , (177)

where the bound follows from the fact that all the terms in the summation are non-negative. Given that the sets S+ = {y : y >
σX} and S− = {y : y < −σX} are separated by, at least, 2 × σX , we can easily see that for any value of µYM , at least, one of
the followings holds:

∀y ∈ S+ : |y − µYM | > σX ,

or

∀y ∈ S− : |y − µYM | > σX .

Therefore,

σ2
YM ≥

∑
y∈S+

qM (y)(y − µYM )2 +
∑
y∈S−

qM (y)(y − µYM )2 (178)

≥ σ2
X ×min

{ ∑
y∈S+

qM (y) ,
∑
y∈S−

qM (y)
}
. (179)

Combining this with Eqs.174 we find

σ2
YM ≥ σ

2
X ×min

{ ∑
y∈S+

pM (y) ,
∑
y∈S−

pM (y)
}
− σ2

X × δ . (180)

Next, we find a lower bound on
∑
y∈S+

pM (y), and
∑
y∈S− pM (y). Recall that pM is the distribution of the random variable

ZM = 1√
M

∑M
i=1Xi. For sufficiently large M , this distribution converges to the Gaussian distribution, and we can use

Berry-Esséen’s theorem to find lower bounds on the tails of this distribution.

Berry-Esséen’s theorem [9, 10]: Let X1, · · ·XM be independent and identically distributed random variables, with means 0, i.e.
E(Xi) = 0 and variance σ2

X = E(X2
i ) > 0, and finite third moment ξ = E(X3

i ) <∞. Let WM = 1
σX
√
M

∑M
i=1Xi. Then, for

any a ∈ R, the probability that WM < a, denoted by P(WM < a), satisfies∣∣∣P(WM < a)− P(N < a)
∣∣∣ < c

|ξ|
σ3
X

√
M

, (181)

where N is the random variable with the standard Normal distribution, i.e. with mean zero and variance one, P(N < a) is the
corresponding cumulative distribution, and c is an order one positive constant (E.g. we can choose c = 1/2).
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Recall that pM is the distribution associated to the random variable

ZM = 1√
M

M∑
i=1

Xi = σX ×WM , (182)

which means ∑
y∈S−

pM (y) =
∑

y<−σX

pM (y) = P(ZM < −σX) = P(WM < −1) (183)

and ∑
y∈S+

pM (y) =
∑
y>σX

pM (y) = P(ZM > σX) = P(WM > 1) . (184)

Then, applying Berry-Esséen theorem, we find∣∣∣ ∑
y∈S−

pM (y)− P(N < −1)
∣∣∣ =

∣∣∣( ∑
y<−σX

pM (y)
)
− P(N < −1)

∣∣∣ < c
|ξ|

σ3
X

√
M

, (185)

and ∣∣∣ ∑
y∈S+

pM (y)− P(N > 1)
∣∣∣ =

∣∣∣( ∑
y>σX

pM (y)
)
− P(N > 1)

∣∣∣ < c
|ξ|

σ3
√
M

. (186)

Given that for the normal distribution N with mean zero and variance one, P (N > 1) = P (N < −1) > 0.16, we find∑
y∈S−

pM (y) =
∑

y<−σX

pM (y) ≥ 0.16− c |ξ|
σ3
X

√
M

, (187a)

∑
y∈S+

pM (y) =
∑
y>σX

pM (y) ≥ 0.16− c |ξ|
σ3
X

√
M

. (187b)

Now assume M is sufficiently large, e.g.

M ≥ 70× |ξ|2

σ6
X

. (188)

Since c = 1/2, this guarantees that c× |ξ|
σ3
X

√
M
≤ 0.06. Putting this in Supplementary Eq.(187), we find

∑
y∈S−

pM (y) =
∑

y<−σX

pM (y) ≥ 0.1 , and
∑
y∈S+

pM (y) =
∑
y>σX

pM (y) ≥ 0.1 . (189)

Putting this back into Supplementary Eq.(180), we find

σ2
YM ≥ σ

2
X ×min

{ ∑
y∈S+

pM (y) ,
∑
y∈S−

pM (y)
}
− σ2

Xδ (190)

≥ σ2
X × 0.1 − σ2

Xδ . (191)

Assuming the total variation distance δ = 1
2
∑
y |pM (y)− qM (y)| ≤ 0.05, we find

σ2
YM ≥ 0.05× σ2

X . (192)

This proves lemma 4, and completes the proof of lemma 3 and theorem 2.
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Supplementary Note 5: Extension of the main theorem: Finite helper systems do not help

It turns out that our no-go theorem on coherence distillation can be extended to the case where one is allowed to use a finite
helper system at the input to implement the transformation

ρ⊗n ⊗ χ TI−−→≈ ψ⊗dRne, (193)

where χ is the state of the helper system, in a finite-dimensional Hilbert space with a bounded Hamiltonian. The helper system
can be in a pure state, in which case the purity of coherence of the input can be∞, even for finite n. Therefore, in this case it
is not clear that how we can put a restriction on the output based on the purity of coherence of the input. Nevertheless, we can
overcome this issue, and prove an extension of our no-go theorem, which implies distillable coherence remains zero for states
with bounded purity of coherence, even if one allows a finite helper system at the input. This result follows from the following
lemma together with an argument similar to the one which proved our no-go theorem.

Lemma 5 Suppose there exists a TI operation En which transforms n copies of system with state ρ and Hamiltonian H and a
helper system in state χ and Hamiltonian Hhelp, to m copies of a system with Hamiltonian H and state ψ with error εn in trace
distance, such that ∥∥∥En(ρ⊗n ⊗ χ)− ψ⊗m

∥∥∥
1
≤ εn . (194)

Then, there exists a pure state |Θn〉 (namely the eigenstate of En(ρ⊗n ⊗ χ) with the largest eigenvalue) whose overlap with the
desired state ψ⊗m is

|〈Θn|ψ〉⊗m|2 ≥ 1− 4εn, (195)

and satisfies

εnPH(ρ) + 2(dχ − 1) 1
n
VHhelp(χ) ≥ 1

n
VHtot(|Θn〉)× ((1− εn)2 − εn) , (196)

where dχ is the dimension of the Hilbert space of the helper system, and Htot =
∑m
i=1H

(i) is the sum of the Hamiltonians of
the output systems.

Suppose in the limit n goes to ∞, error εn goes to zero. If PH(ρ) is bounded, then the left-hand side of the above bound
vanishes, which implies

lim
n→∞

1
n
VHtot(|Θn〉) = 0 . (197)

Recall that |Θn〉 is the eigenvector of the output state En(ρ⊗n ⊗ χ). But, applying lemma 3 we know that for sufficiently large
m and sufficiently small εm,

VHtot(|Θn〉) ≥ C ×m× VH(ψ) , (198)

where C is a positive constant, e.g. C = 0.05. Combining this with Supplementary Eq.197, we conclude that

VH(ψ)× lim
n→∞

m

n
= 0 . (199)

Therefore, assuming PH(ρ) is bounded and VH(ψ) > 0, then to have a vanishing error εn → 0, we also need to have a vanishing
rate. In conclusion, the distillable coherence of states with finite purity of coherence remains zero, even at the presence of
finite-dimensional helper systems.

Proof of lemma 5

In general, at the presence of the helper state, the purity of coherence of the input can be∞ for a finite n, in which case we
cannot put any constraint on the output based on its purity of coherence. To rectify this issue we use the following trick, which
can be used more generally when one deals with the purity of coherence for pure states: assume instead of using the helper state
in the pure state χ, we use τχ, a noisy version of χ obtained by mixing χ with the totally mixed state, with a ratio such that
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the trace distance between χ and τχ is exactly εn. Now suppose in the process ρ⊗n ⊗ χ TI−→ ψ⊗m, we use τχ instead of χ.
Then, we introduce an additional error in the process. Using the fact that the trace distance satisfies the triangle inequality, and
is non-increasing under CPTP maps, this additional error can be bounded by εn. Therefore, the total error at the output will be
bounded by 2εn. To summarize, if ∥∥∥En(ρ⊗n ⊗ χ)− ψ⊗m

∥∥∥
1
≤ εn , (200)

then, ∥∥∥En(ρ⊗n ⊗ τχ)− ψ⊗m
∥∥∥

1
≤ 2εn . (201)

In this transformation, the purity of coherence for the input is nPH(ρ) + PHhelp(τχ). Later, we show that PHhelp(τχ) is upper
bounded by

PHhelp(τχ) ≤ 2(dχ − 1)
εn

VHhelp(χ) , (202)

where dχ is the dimension of the Hilbert space of χ. Therefore, the total purity of coherence for the input ρ⊗n ⊗ τχ is upper
bounded by

nPH(ρ) + 2(dχ − 1)
εn

VHhelp(χ) . (203)

Next, we focus on the purity of coherence of the output, and use corollary 1, which provides a lower bound on the purity of
coherence for mixed states close to pure states. Let σ = En(ρ⊗n⊗τχ) be the actual output state. By assumption, ‖ψ⊗m−σ‖1 ≤
2εn. Using the standard relation between the trace distance and fidelity [11], ‖ψ⊗m − σ‖1 ≤ 2εn implies that the infidelity
1 − 〈ψ|⊗mσ|ψ〉⊗m ≤ εn. Then, according to the corollary 1, there exists a pure state |Θn〉 (namely the eigenvector of σ with
the largest eigenvalue) which satisfies both inequalities

|〈Θn|ψ〉⊗m|2 ≥ 1− 2εn , (204)

and

PHtot(σ) ≥ VHtot(|Θn〉)× ( (1− εn)2

εn
− 1) , (205)

where Htot =
∑m
i=1H

(i) is the sum of the Hamiltonians of the output systems.
Therefore, using the monotonicity of the purity of coherence, we conclude

VHtot(|Θn〉)× ( (1− εn)2

εn
− 1) ≤ PHtot(σ) ≤ nPH(ρ) + 2(dχ − 1)

εn
VHhelp(χ) , (206)

or, equivalently,

εnPH(ρ) + 2(dχ − 1) 1
n
VHhelp(χ) ≥ 1

n
VHtot(|Θn〉)× ((1− εn)2 − εn) . (207)

To complete the proof, in the following we prove Supplementary Eq.(202): Let τχ be the state obtained by mixing the pure state
χ and the totally mixed state I/dχ, such that the trace distance between τχ and χ is ε. Then,

τχ = (1− ε

2)|χ〉〈χ|+ ε

2(dχ − 1)(I − |χ〉〈χ|) . (208)

Recall that for any Hamiltonian H and state ρ with spectral decomposition ρ =
∑
j pj |ψj〉〈ψj |, we have PH(ρ) =∑

k,l
p2
k−p

2
l

pl
|〈ψk|H|ψl〉|2 . Therefore, for any j and k whose corresponding eigenvalues are equal, the corresponding term
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p2
k−p

2
l

pl
|〈ψk|H|ψl〉|2 does not contribute in the summation. Using this for state τχ in Supplementary Eq.(208), we find

PHhelp(τχ) ≤
(1− ε

2 )2 − ( ε
2(dχ−1) )2

ε
2(dχ−1)

∑
l:ψl 6=χ

|〈χ|Hhelp|ψl〉|2 (209)

≤ 2(dχ − 1)
ε

VHhelp(χ) . (210)

This proves Supplementary Eq.(202) and completes the proof of the lemma.
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Supplementary Note 6: Mixed states with distillable coherence

In this section we study examples of mixed states for which the distillable coherence is non-zero.
First, we consider states in the form

ρ = p|ψ〉〈ψ|+ (1− p)σ , (211)

where 0 < p < 1. We assume the support of σ is limited to a proper subspace of the Hilbert space, and the pure state ψ does not
belong to this subspace.

Consider the subspace spanned by all the energy levels {|Ei〉 : 〈Ei|σ|Ei〉 > 0}, i.e. energy levels in which σ has a non-zero
probability. Let Pσ be the projector to this subspace, and P⊥σ = I −Pσ be the projector to the orthogonal subspace. This means
that

[P⊥σ , H] = 0, and, P⊥σ σ = σP⊥σ = 0 . (212)

Then, the two-outcome projective measurement {P⊥σ , Pσ} is a TI operation. By performing this TI operation on the input
state ρ, we project the system to the pure state

|ψ̃〉 = P⊥σ |ψ〉√
〈ψ|P⊥σ |ψ〉

, (213)

with probability

Tr(ρP⊥σ ) = p× 〈ψ|P⊥σ |ψ〉 . (214)

From results of [3, 12–14] we know that copies of state |ψ̃〉 can be transformed to copies of any other pure state φcoh, which has
the same period, with the optimal rate VH(ψ̃)/VH(φcoh), where VH(ψ̃) = 〈ψ̃|H2|ψ̃〉 − 〈ψ̃|H|ψ̃〉2 , is the energy variance.

It follows that using this strategy, we obtain copies of state φcoh from states ρ with the rate

R = p× 〈ψ|P⊥σ |ψ〉 ×
VH(ψ̃)
VH(φcoh) . (215)

In the special case where σ is incoherent, i.e. [σ,H] = 0, it turns out that this rate can be written nicely in terms of the function

QH(ρ) ≡ Tr(HρHΠ⊥ρ ) , (216)

where Π⊥ρ = I − Πρ is the projector to the kernel of ρ. As we show later, QH(ρ) is closely related to Petz-Rényi relative
entropies. Also, note that for any pure state φ, this function is equal to energy variance, i.e. QH(φ) = VH(φ). In the following,
we show that if σ is incoherent, then for state ρ = p|ψ〉〈ψ|+ (1− p)σ,

QH(ρ) = p× 〈ψ|P⊥σ |ψ〉 × VH(ψ̃) , (217)

and therefore, the above rate R can be rewritten as

R = p× 〈ψ|P⊥σ |ψ〉 ×
VH(ψ̃)
VH(φcoh) (218)

= QH(ρ)
VH(φcoh) (219)

= QH(ρ)
QH(φcoh) . (220)

To see Supplementary Eq.217, note that if σ is incoherent, then it can be diagonalized in the energy eigenbasis, as

σ =
∑
i∈S

qi|Ei〉〈Ei| , (221)

where the summation is over all energy eigenstates with non-zero probability, i.e. qi > 0. Then, the support of ρ = p|ψ〉〈ψ| +



27

(1− p)σ is the subspace spanned by {|Ei〉 : i ∈ S} ∪ {|ψ〉}. Since,

Pσ =
∑
i∈S
|Ei〉〈Ei| . (222)

and P⊥σ = I−Pσ , the subspace spanned by {|Ei〉 : i ∈ S}∪{|ψ〉} is equal to the subspace spanned by {|Ei〉 : i ∈ S}∪{P⊥σ |ψ〉}.
Therefore, the projector to the support of ρ is

Πρ = Pσ + |ψ̃〉〈ψ̃| , (223)

and the projector to its kernel is

Π⊥ρ = I −Πρ = P⊥σ − |ψ̃〉〈ψ̃|. (224)

Note that

Π⊥ρ = P⊥σ Π⊥ρ P⊥σ . (225)

Using this formula we have

QH(ρ) ≡ Tr(HρHΠ⊥ρ ) = Tr
(
H[p|ψ〉〈ψ|+ (1− p)σ]H[P⊥σ Π⊥ρ P⊥σ ]

)
(226)

= pTr
(
H|ψ〉〈ψ|H[P⊥σ Π⊥ρ P⊥σ ]

)
+ (1− p)Tr

(
H2σ[P⊥σ Π⊥ρ P⊥σ ]

)
(227)

= pTr
(
HP⊥σ |ψ〉〈ψ|P⊥σ HΠ⊥ρ

)
(228)

= p× 〈ψ|P⊥σ |ψ〉 × Tr
(
H|ψ̃〉〈ψ̃|HΠ⊥ρ

)
(229)

= p× 〈ψ|P⊥σ |ψ〉 × Tr
(
H|ψ̃〉〈ψ̃|H[P⊥σ − |ψ̃〉〈ψ̃|]

)
(230)

= p× 〈ψ|P⊥σ |ψ〉 × VH(ψ̃) , (231)

where to get the second line we have used the fact that [H,σ] = 0, to get the third line we have used the fact that P⊥σ σ = σP⊥σ =
0, to get the fourth line we have used the definition |ψ̃〉 = P⊥σ |ψ〉/

√
〈ψ|P⊥σ |ψ〉, to get the fifth line we have used Supplementary

Eq.224, and to get the last line we have the facts that P⊥σ commutes with H , and P⊥σ |ψ̃〉 = |ψ̃〉. This proves Supplementary
Eq.217.

It is worth noting that function QH(ρ) can be obtained from Petz-Rényi relative entropies, in the same way we derived the
purity of coherence: For α = 0, the Petz-Rényi relative entropy can be defined by taking the limit α→ 0 of

Dα(ρ‖σ) = 1
α− 1 log Tr(ρασ1−α) , (232)

which yields

D0(ρ‖σ) = − log Tr(Πρσ) . (233)

Choosing σ = e−iH∆tρeiH∆t, for small ∆t, we find

D0(ρ‖σ) = (∆t)2 × [Tr(ρH2)− Tr(HρHΠρ)] +O(∆t4) = (∆t)2 ×QH(ρ) +O(∆t4) . (234)

In other words,

QH(ρ) = 1
2
d2

dt2
D0(ρ‖e−iH∆tρeiH∆t)

∣∣∣
t=0

. (235)

Then, following the same arguments we used in the case of the purity of coherence, one can easily show that QH(ρ) is additive
and monotone under TI operations. Furthermore, QH(ρ) is zero, iff [Πρ, H] = 0, i.e. iff the purity of coherence of ρ is bounded.
To see this note that QH(ρ) > 0, iff HρH has support in the kernel of ρ. On the other hand, PH(ρ) = Tr(Hρ2Hρ−1) −
Tr(H2ρ) = ∞, iff Hρ2H has support in the kernel of ρ. Because the support of HρH is equal to the support of Hρ2H , then
these two conditions are equivalent.
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Generalization of the above example

The previous example can be generalized extensively. Specifically, suppose the Hilbert space H of the system with Hamilto-
nian H and state ρ can be decomposed to

H =
⊕
µ

Hpure
µ ⊗Hmixed

µ , (236)

such that
(i) Hamiltonian H is block-diagonal with respect to the subspaces {Hpure

µ ⊗Hmixed
µ }µ , i.e.

∀µ : [H,Πµ] = 0 , (237)

where Πµ is the projector to the subspaceHpure
µ ⊗Hmixed

µ .
(ii) Furthermore, the operator ΠµHΠµ does not introduce interactions between subsystems Hpure

µ and Hmixed
µ (i.e. it can be

written as the sum of two terms, each acting non-trivially on, at most, one ofHmixed
µ andHpure

µ ).
(iii) The reduced (unnormalized) state ofHpure

µ , defined by

|ψµ〉〈ψµ| = TrHmixed
µ

(ΠµρΠµ) , (238)

is a pure state, and the reduced (unnormalized) state ofHmixed
µ , defined by

τµ = TrHpure
µ

(ΠµρΠµ) , (239)

is a mixed state. Note that we can always choose Hpure
µ or Hmixed

µ to be one-dimensional subsystems. For one-dimensional
subsystems, the unnormalized reduced state is both pure and mixed.

Suppose for a subspace corresponding to label µ∗, the reduced state of the subsystems Hpure
µ∗ , i.e. state |ψµ∗〉〈ψµ∗ |, contains

coherence, i.e. does not commute with the Hamiltonian induced on Hpure
µ∗ . Then, by performing the projective measurement

corresponding to projectors {Πµ}µ, which is a TI operation, and discarding the subsystemHmixed
µ , we obtain the (unnormalized)

pure state |ψµ∗〉〈ψµ∗ |. Then, because this pure state contains coherence, we can use it to distill coherence. Therefore, in this
case the distillable coherence for state ρ is non-zero.

The question of classifying all states with non-zero distillable coherence remains open. In particular, it is not clear if the above
family of states includes all states with non-zero distillable coherence.
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Supplementary Note 7: Sub-linear distillation with a measure-and-prepare TI process (Proof of Eq. 14 in the paper)

In this section we study a coherence distillation process which works based on a measure-and-prepare TI process.

Covariant estimators

Consider the following parameter estimation problem: Suppose we are given n copies of state e−iHtρeiHt, where t ∈ [0, τ)
is unknown, and τ is the period. By performing a measurement on these systems we can find an estimate test ∈ [0, τ) of t, with
probability density p(test|t). This estimator can be described by the POVM

{Mtestdtest : test ∈ [0, τ)} ,

such that

p(test|t) = Tr(Mtest(e−iHtρeiHt)⊗n) . (240)

Given any such POVM, we can construct a new POVM defined by

M̃test = 1
τ

∫ τ

0
ds (eiHs)⊗nMtest+s(e−iHs)⊗n , (241)

where test + s is mod τ . This POVM describes the estimator which first shifts the received state state by (e−iHs)⊗n, where s is
chosen uniformly at random, then apply the original estimator, and at the end, cancels the shift s at the output.

Such estimators are guaranteed to be invariant under time-translations in the following sense

(eiHr)⊗nM̃test+r(e−iHr)⊗n = M̃test : ∀r ∈ [0, τ) , (242)

where test + r is mod τ . The probability density of outcome test for this POVM, i.e.

p̃(test|t) ≡ Tr(M̃test(e−iHtρeiHt)⊗n) , (243)

satisfies

p̃(test|t) = 1
τ

∫ τ

0
ds p(test + s|t+ s) (244)

and is invariant under time translations, i.e.

p̃(test|t) = p̃(test + r|t+ r) : ∀r ∈ [0, τ) . (245)

Therefore, the Mean Squared Error (MSE) of the new estimator is independent of t, and is equal to

〈δt2〉 =
∫ τ

0
dtest p̃(test|t)(t− test)2 =

∫ τ

0
dtest

1
τ

∫ τ

0
ds p(test + s|t+ s)(t− test)2 (246)

= 1
τ

∫ τ

0
ds

∫ τ

0
dr p(r|t+ s)(t− r + s)2 (247)

= 1
τ

∫ τ

0
ds
[ ∫ τ

0
dr p(r|s)(s− r)2

]
, (248)

which is the average of MSE for the original estimator.
In the following we always assume that the estimator satisfies the covariance condition in Supplementary Eq.242, or equiv-

alently, 245; otherwise, if an estimator does not satisfy this condition we can always construct a new estimator which satisfies
this condition. Then, the MSE for the new estimator is independent of the parameter t, and is equal to the average MSE for the
original estimator.
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A TI measure-and-prepare channel

Next, suppose after estimating t we prepare m copies of state e−iHtest |φ〉. Overall this process implements the state transfor-
mation

(e−iHtρeiHt)⊗n −→
∫ τ

0
dtest p(test|t)

(
e−iHtest |φ〉〈φ|eiHtest

)⊗m
, (249)

and is described by the TI quantum channel ETI, defined by

ETI(σ) =
∫ τ

0
dtest Tr(σMtest)

(
e−iHtest |φ〉〈φ|eiHtest

)⊗m
. (250)

The fact that this channel is TI follows immediately from the covariance condition for POVM in Supplementary Eq.242.
Applying this TI channel to input ρ⊗n, we obtain

ETI(ρ⊗n) =
∫ τ

0
dtest Tr(ρ⊗nMtest)

(
e−iHtest |φ〉〈φ|eiHtest

)⊗m
=
∫ τ

0
dtest p(test|t = 0)

(
e−iHtest |φ〉〈φ|eiHtest

)⊗m
, (251)

where

p(test|t = 0) = Tr(Mtestρ
⊗n) . (252)

The fidelity of this state with |φ〉⊗m is

〈φ|⊗mETI(ρ⊗n)|φ〉⊗m =
∫ τ

0
dtest p(test|t = 0) |〈φ|eiHtest |φ〉|2m . (253)

To bound this fidelity, we use the fact that

|〈φ|eiHr|φ〉|2m ≥ 1− r2m× VH(φ) , (254)

which is proven at the end of this section. Using this bound, we find

〈φ|⊗mETI(ρ⊗n)|φ〉⊗m =
∫ τ

0
dtest p(test|t = 0) |〈φ|eiHtest |φ〉|2m (255)

≥
∫ τ

0
dtest p(test|t = 0)× [1− t2estm× VH(φ)] (256)

= 1−m× VH(φ)× 〈δt2〉 (257)

where 〈δt2〉 =
∫ τ

0 dtest p(test|t)(t− test)2 is the MSE of the estimator and is independent of t (Recall that we have assumed the
estimator is invariant under time translations).

Let

εn = 1− 〈φ|⊗mETI(ρ⊗n)|φ〉⊗m , (258)

be the infidelity between state |φ〉⊗m and ETI(ρ⊗n). Then, the above result means that

m

εn
≥ 1
VH(φ)× 〈δt2〉 . (259)

Diving both sides by n, we find

r(n)
εn
≥ 1
VH(φ)× n× 〈δt2〉 , (260)

where r(n) = m(n)/n is the yield. Finally, using FH(φ) = 4× VH(φ), we find

r(n)
εn
≥ 4
FH(φ)× n× 〈δt2〉 . (261)
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The MSE 〈δt2〉 for any reasonable estimator scales as 1/n. Therefore, as n goes to infinity, the above lower bound remains
a positive non-zero constant. In particular, as shown in [15, 16], there exists an estimator, based on the Maximum Likelihood
(ML) estimator, which achieves MSE equal to

〈δt2〉 = 1
nFH(ρ) + o( 1

n
) , (262)

i.e. saturates the Quantum Cramér-Rao bound [15, 17, 18]. Using this estimator we obtain

r(n)
εn
≥ 4FH(ρ)

FH(φ) × [1− o(1)] , (263)

which is the lower bound on maximum achievable yield in Eq. 13 of the main paper. To complete the proof, we need to prove
the bound in Supplementary Eq.254, which is presented in the following section.

It is worth noting that if the Hamiltonian H is bounded and m is fixed, then the above bound is tight, up to corrections of
o(1/n). In other words, the measure-and-prepare TI process working based on the ML estimator transforms input ρ⊗n to an
output state whose infidelity with |φ〉⊗m is equal to

εn = mVH(φ)× 〈δt2〉+ o( 1
n

) = 1
n
× mFH(φ)

4FH(ρ) + o( 1
n

) . (264)

To see this note that for ML estimator (as well as any other reasonable estimator) the second movement 〈δt2〉 scales as 1/n, and
the higher moments scales as o(1/n). Hence, assuming the HamiltonianH is bounded andm is fixed, the Supplementary Eq.257
holds as equality, up to correction of order o(1/n), i.e. εn = mVH(φ) × 〈δt2〉 + o( 1

n ) (This can be seen by Taylor expanding
|〈φ|eiHtest |φ〉|2m in powers of test). The second equality in Eq.(264) follows from the fact that ML estimator asymptotically
achieves the Quantum Cramér-Rao bound, up to corrections of order o(1/n).

Proof of Supplementary Eq.254

In the following, we show that for any Hamiltonian G, state |η〉, and r ∈ R,

|〈η|eiGr|η〉|2 ≥ 1− r2VG(η) , (265)

where VG(η) = 〈η|G2|η〉 − 〈η|G|η〉2. To see this note that∣∣∣〈η|eiGr|η〉∣∣∣2 = 1 +
∫ r

0
ds1

∫ s1

0
ds2

d2

ds2
2

∣∣∣〈η|eiGs2 |η〉∣∣∣2 (266)

≥ 1 + r2

2 × min
s2∈[0,s]

d2

ds2
2

∣∣∣〈η|eiGs2 |η〉∣∣∣2. (267)

Then, we note that

d

ds
|〈η|eiGs|η〉|2 = d

ds
Tr(|η〉〈η|e−iGs|η〉〈η|eiGs) (268)

= −iTr(|η〉〈η|
[
G, e−iGs|η〉〈η|eiGs

]
) (269)

= −iTr(
[
|η〉〈η|, G

]
e−iGs|η〉〈η|eiGs) . (270)

Therefore,

d2

ds2 |〈η|e
iGs|η〉|2 = −i d

ds
Tr(
[
|η〉〈η|, G

]
e−iGs|η〉〈η|eiGs) (271)

= Tr(
[
|η〉〈η|, G

]
e−iGs

[
|η〉〈η|, G

]
eiGs) (272)
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Therefore, ∣∣∣ d2

ds2 |〈η|e
iGs|η〉|2

∣∣∣ =
∣∣∣Tr(

[
|η〉〈η|, G

]
e−iGs

[
|η〉〈η|, G

]
eiGs)

∣∣∣ (273)

≤
∣∣∣Tr(

[
|η〉〈η|, G

]2
)
∣∣∣ (274)

= 2VG(η) , (275)

where the bound follows from Cauchy-Schwartz inequality. This means that

min
s2∈[0,s]

d2

ds2
2

∣∣∣〈η|eiGs2 |η〉∣∣∣ ≥ −2VG(η) . (276)

Putting this back into Supplementary Eq.267 we find Supplementary Eq.265 .
Now consider m copies of a system with state |φ〉 and Hamiltonian H , i.e. a composite system with the joint state |η〉 =

|φ〉⊗m, and the total Hamiltonian Htot =
∑m
i=1H

(i). Then, the total energy variance with respect to the total Hamiltonian Htot
is m× VH(φ). Therefore, we conclude that

|〈φ|⊗meiHtotr|φ〉⊗m|2 = |〈φ|eiHr|φ〉|2m ≥ 1− r2m× VH(φ) , (277)

which proves Supplementary Eq.254.



33

Supplementary Note 8: Purity of coherence of the output of Measure-and-Prepare TI channels is upper bounded by QFI of the input

Recall that a quantum channel is called a Measure-and-Prepare channel if it can be written as

EMP(ρ) =
∑
x∈X

Tr(Mxρ)σx , (278)

where {Mx : x ∈ X} is a POVM and {σx : x ∈ X} is a set of density operators [11]. Furthermore, assuming the input Hilbert
space is finite-dimensional, the set of outcomes X can be chosen to have finite elements [11]. It turns out that a quantum channel
is Measure-and-Prepare if, and only if, it is entanglement-breaking.

In this section we prove that for any TI Measure-and-Prepare process ETI-MP, and any input ρ it holds that

PHout(ETI-MP(ρ)) ≤ FHin(ρ) ≤ PHin(ρ) , (279)

where Hin and Hout are, respectively, the input and output Hamiltonians. We have shown the inequality FHin(ρ) ≤ PHin(ρ)
before. In the following we prove PHout(ETI-MP(ρ)) ≤ FHin(ρ).

Define the channels

Emeas(·) =
∑
x∈X

Tr(Mx·)|x〉〈x| (280)

and

Eprep(·) =
∑
x∈X

Tr(|x〉〈x|·)σx , (281)

where {|x〉}x is a set of orthonormal states. Then, for any input state ρ, we have

σ = EMP(ρ) = Eprep ◦ Emeas(ρ) =
∑
x∈X

Tr(Mxρ)σx . (282)

For arbitrary time t, define

ρ(t) ≡ e−iHintρeiHint , (283)

ωcl(t) ≡ Emeas(ρ(t)) =
∑
x∈X

pt(x)|x〉〈x| , (284)

σ(t) ≡ e−iHouttσeiHoutt = EMP-TI(ρ(t)) = Eprep(ωcl(t)) , (285)

where

pt(x) = Tr(Mxρ(t)) . (286)

To summarize, we have

∀t : ρ(t) Measurement−−−−−−−→ ωcl(t)
Preperation−−−−−−→ σ(t) . (287)

In the following, we show that

FHin(ρ) ≥ It=0 ≥ PHout(σ) , (288)

where It=0 is the classical Fisher information for the family of distribution pt, corresponding to parameter t, at t = 0. We note
that the bound It=0 ≥ PHout(σ) also follows from the general result of [19]. The bound FHin(ρ) ≥ It=0 is a consequence of the
monotonicity of QFI under data processing. Here, for completeness, we prove this directly using the relation between QFI and
the fidelity.

Before presenting the proof, we note that if the input Hilbert space is finite-dimensional and the Hamiltonian is bounded,
then the output probabilities pt(x) are analytic functions of t. Furthermore, without loss of generality we can assume for any
outcome x ∈ X , outcome probability pt(x) is non-zero for some t; otherwise, we can combine all the POVM elements with
zero probability with a POVM element with non-zero probability, without changing the action of the channel ETI-MP on the
input state ρ. Moreover, we assume for all outcomes x ∈ X , the corresponding probabilities pt(x) are non-zero at t = 0;
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if this is not the case, then we can shift the point t = 0 by a properly chosen s ∈ R, or equivalently, we can replace the
input ρ with its translated version, namely state ρ(s) = e−iHinsρeiHins, where s ∈ R is chosen such that the probabilities
ps(x) = Tr(Mxρ(s)) > 0 for all outcomes x ∈ X (Since all the probabilities {ps(x) : x ∈ X} are non-zero analytic functions
of s, and X is a finite set, there always exists s ∈ R, which satisfies this property). Then, the following argument proves
that PHout(ETI-MP(e−iHoutsρeiHouts)) ≤ FHin(e−iHinsρeiHins), which immediately implies PHout(ETI-MP(ρ)) ≤ FHin(ρ). Therefore,
without loss of generality, in the following we assume

p(x) ≡ pt=0(x) ≡ Tr(Mxρ) > 0, ∀x ∈ X . (289)

Recall that the fidelity between two states ρ1 and ρ2 is defined as[25], Fid(ρ1, ρ2) = ‖√ρ1
√
ρ2‖21 . Then, QFI is equal to

FHin(ρ) = −4 d
2

dt2

√
Fid(ρ, ρ(t))

∣∣∣
t=0

. (290)

Note that the first derivative vanishes at t = 0.
Recall that fidelity is monotone under CPTP maps, i.e. for any quantum channel E ,

Fid(E(ρ1), E(ρ2)) ≥ Fid(ρ1, ρ2) . (291)

It follows that for any quantum channel E ,

FHin(ρ) = −4 d
2

dt2

√
Fid(ρ, ρ(t))

∣∣∣
t=0
≥ −4 d

2

dt2

√
Fid(E(ρ), E(ρ(t)))

∣∣∣
t=0

. (292)

We apply this to channel Emeas. For this channel we have,√
Fid(Emeas(ρ), Emeas(ρ(t))) =

∑
x∈X

√
p(x)pt(x) . (293)

Let ṗt(x) = d
dtpt(x) and p̈t(x) = d2

dt2 pt(x) be, respectively, the first and second derivatives of pt(x) with respect to time t.
Then,

d2

dt2

√
Fid(Emeas(ρ), Emeas(e−iHtρeiHt)) = d2

dt2

∑
x∈X

√
p(x)pt(x) (294)

= d

dt

( d
dt

∑
x∈X

√
p(x)pt(x)

)
(295)

= 1
2
d

dt

(∑
x∈X

√
p(x)ṗt(x)[pt(x)]−1/2

)
(296)

= −1
4
∑
x∈X

√
p(x)ṗ2

t (x)[pt(x)]−3/2 + 1
2
∑
x∈X

√
p(x)p̈t(x)[pt(x)]−1/2 . (297)

At t = 0, we find

d2

dt2

√
Fid(Emeas(ρ), Emeas(e−iHtρeiHt))

∣∣∣
t=0

= −1
4
∑
x∈X

√
p(x)ṗ2

t (x)[pt(x)]−3/2
∣∣∣
t=0

+ 1
2
∑
x∈X

√
p(x)p̈t(x)[pt(x)]−1/2

∣∣∣
t=0

.

(298)

= −1
4
∑
x∈X

ṗ2
t (x)
p(x)

∣∣∣
t=0

+ 1
2
∑
x∈X

p̈t(x)
∣∣∣
t=0

(299)

= −1
4
∑
x∈X

ṗ2
t (x)
p(x)

∣∣∣
t=0

, (300)
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where in the last step we have used the fact that
∑
x∈X pt(x) = 1 for all t, and therefore

∑
x∈X p̈t(x) = 0 . We conclude that

FHin(ρ) = −4 d
2

dt2

√
Fid(ρ, e−iHtρeiHt)

∣∣∣
t=0

(301)

≥ −4 d
2

dt2

√
Fid(Emeas(ρ), Emeas(e−iHtρeiHt))

∣∣∣
t=0

(302)

=
∑
x∈X

ṗ2
t (x)
p(x)

∣∣∣
t=0

. (303)

The quantity in the last line is in fact It=0, the (classical) Fisher information associated to parameter t, for the family of
probability distributions pt, at t = 0. The above calculation basically shows that the classical Fisher information at the output of
Emeas is upper bound by the Quantum Fisher information at the input. To summarize, we explicitly checked that

FHin(ρ) ≥ It=0 ≡
∑
x∈X

ṗ2
t (x)
p(x)

∣∣∣
t=0

. (304)

Next, we prove the bound It=0 ≥ PHout(σ) (See also [19]). First, recall the connection between the purity of coherence and
Petz-Rényi relative entropy. In particular, using Supplementary Eq.56, the purity of coherence of σ = EMP-TI(ρ) is given by

PHout(σ) = 1
2
d2

dt2

[
Q
(
σ‖σ(t)

)]
t=0

= 1
2
d2

dt2

[
Q
(
σ(t)‖σ

)]
t=0

, (305)

where

Q2(ρ1‖ρ2) = Tr(ρ2
1ρ
−1
2 ) , (306)

is monotone under CPTP maps, i.e. for any CPTP map E , we have

Q2(E(ρ1)‖E(ρ2)) ≤ Q2(ρ1‖ρ2) . (307)

Recall that σ(t) = Eprep(ωcl(t)). Applying Supplementary Eq.307 to channel Eprep, and the input states ωcl(t) and ωcl(0), we find

Q2

(
σ(t)‖σ

)
= Q2

(
σ(t)‖σ(0)

)
= Q2

(
Eprep(ωcl(t))‖Eprep(ωcl(0))

)
≤ Q2(ωcl(t)‖ωcl(0)) , (308)

Taking the second derivative of both sides, and using the fact that the first derivatives vanish, we find

PHout(σ) ≤ 1
2
d2

dt2
Q2(ωcl(t)‖ωcl(0))

∣∣∣
t=0

. (309)

Next, we note that for state ωcl(t),

Q2(ωcl(t)‖ωcl(0)) =
∑
x∈X

p2
t (x)
p(x) . (310)

Taking the derivative of both sides with respect to t, we find

d2

dt2
Q2(ωcl(t)‖ωcl(0))

∣∣∣
t=0

= d2

dt2

∑
x∈X

p2
t (x)
p(x)

∣∣∣
t=0

(311)

= 2
∑
x∈X

ṗ2
t (x) + pt(x)p̈t(x)

p(x) )
∣∣∣
t=0

(312)

= 2
∑
x∈X

ṗ2
t (x)
p(x)

∣∣∣
t=0

+ 2
∑
x∈X

p̈t(x)
∣∣∣
t=0

(313)

= 2It=0 , (314)
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where to get the last line we again used the fact that the fact that
∑
x∈X p̈(x) = 1. Therefore, we conclude that

PHout(σ) ≤ 1
2
d2

dt2
Q2(ωcl(t)‖ωcl(0))

∣∣∣
t=0

=
∑
x∈X

ṗ2
t (x)
p(x)

∣∣∣
t=0

= It=0 . (315)

Combining this with Supplementary Eq.304, we find

PHout(σ) ≤
∑
x∈X

ṗ2
t (x)
p(x)

∣∣∣
t=0

= It=0 ≤ FHin(ρ) , (316)

which completes the proof.
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Supplementary Note 9: Distillation in the single-shot regime

Maximum achievable fidelity with a pure state (Proof of Eq.16 in the paper)

In this section, we use the approach of [20], to find a simple formula for the maximum achievable fidelity
maxETI 〈ψ|ETI(ρ⊗n)|ψ〉, in terms of the conditional min-entropy.

Recall the definition of the conditional min-entropy [6, 21, 22], Hmin(B|A)Ω, of a bipartite state ΩAB,

2−Hmin(B|A)Ω = inf
τA≥0
{Tr(τA) : τA ⊗ IB ≥ ΩAB} . (317)

Theorem 3 Let HA and HB be, respectively, the Hamiltonians of the input and output systems A and B. Let σA and be an
arbitrary state of A and |ψ〉B be a pure state of system B. Then,

max
ETI
〈ψ|ETI(σA)|ψ〉B = 2−Hmin(B|A)Ω = 2−Hmin(B|A)Γ , (318)

where the maximization is over the set of all TI operations, and state ΩAB and ΓAB are defined as

ΩAB = lim
T→∞

1
T

∫ T

0
dt e−iHAt ⊗ eiHBt[σA ⊗ |ψ〉〈ψ|B]eiHAt ⊗ e−iHBt =

∑
E

ΠE [σA ⊗ |ψ〉〈ψ|B]ΠE , (319)

ΓAB = lim
T→∞

1
T

∫ T

0
dt e−iHAt ⊗ eiHBt[σA ⊗ |ψ〉〈ψ|B]eiHAt ⊗ e−iHBt =

∑
E

ΠE [σA ⊗ |ψ〉〈ψ|B]ΠE , (320)

where ΠE is the projector to the eigen-subspace of HA ⊗ IB − IA ⊗ HB with energy E, and |ψ〉 =
∑
i 〈Ei|ψ〉|Ei〉 =∑

i〈ψ|Ei〉|Ei〉 is the complex conjugate of |ψ〉 in the eigenbasis of Hamiltonian HB, denoted by {|Ei〉 : i = 1, · · · , dB}, and
dB is the dimension of Hilbert space of B.

In other words, state ΩAB is the state obtained by dephasing σA ⊗ |ψ〉〈ψ|B in the eingenbasis of the Hamiltonian HA ⊗ IB −
IA ⊗HB. Note that if the input system A is n copies of a system with Hamiltonian H and state ρ, then state ΩAB will be given
by ∑

E

ΠE [(ρ⊗n)A ⊗ |ψ〉〈ψ|B]ΠE , (321)

where ΠE is the projector to the eigen-subpaces of Hamiltonian Htot ⊗ IB − Itot ⊗ HB. Here, Htot =
∑
iH

(i) is the total
Hamiltonian of the input systems, H(i) = I⊗(i−1) ⊗ H ⊗ I⊗(n−i−1), and Itot = I⊗n is the identity operator on the input
systems.

Proof. Let B′ be an auxiliary system with dimension equal to dB, the dimension B.Define

|γBB′〉 = 1√
dB

dB∑
i=1
|EiEi〉BB′ (322)

be a maximally entangled state of B and the auxiliary system B′. Then, for any pair of operators X and Y defined on B, we
have Tr(XY ) = dB × 〈γBB′ |[X ⊗ Y T ]|γBB′〉 , where T denotes transpose in the energy eigenbasis, {|Ei〉B : i = 1, · · · , dB}.

This implies that for any quantum channel ETI we have

〈ψ|ETI(σ)|ψ〉 = dB × 〈γBB′ |
[
ETI(σ)⊗ |ψ〉〈ψ|

]
|γBB′〉 , (323)

where |ψ〉 is the complex conjugate of |ψ〉 in the energy eigenbasis.
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Next, we note that

〈ψ|ETI(σ)|ψ〉 = dB × 〈γBB′ |
[
ETI(σ)⊗ |ψ〉〈ψ|

]
|γBB′〉 (324)

= dB × 〈γBB′ |(eiHBt ⊗ e−iHBt)
[
ETI(σ)⊗ |ψ〉〈ψ|

]
(e−iHBt ⊗ eiHBt)|γBB′〉 (325)

= dB × 〈γBB′ |(ETI ⊗ IB′)
(
[eiHAt ⊗ e−iHBt][σ ⊗ |ψ〉〈ψ|][e−iHAt ⊗ eiHBt]

)
|γBB′〉 , (326)

where IB′ is the identity super-operator on B′. Here, to get the second line we have used the fact that

(e−iHBt ⊗ eiHBt)|γBB′〉 = |γBB′〉 , (327)

and to get the last line we have used the fact that ETI satisfies the covariance condition

ETI(e−iHAt(·)eiHAt) = e−iHBtETI(·)eiHBt, ∀t ∈ R. (328)

Then, taking the average over t, we find that

〈ψ|ETI(σ)|ψ〉 = dB × 〈γBB′ |ETI ⊗ IB′(ΓAB′)|γBB′〉 , (329)

where

ΓAB′ ≡ lim
T→∞

1
T

∫ T

0
dt
(
[eiHAt ⊗ e−iHBt][σ ⊗ |ψ〉〈ψ|][e−iHAt ⊗ eiHBt]

)
(330)

=
∑
E

ΠE [σA ⊗ |ψ〉〈ψ|B]ΠE , (331)

where ΠE is the projector to the eigensubspace of HA ⊗ IB − IA ⊗HB with energy E.
Therefore,

max
ETI
〈ψ|ETI(σ)|ψ〉 = dB ×max

ETI
〈γBB′ |ETI ⊗ IB′(ΓAB′)|γBB′〉 . (332)

Next, we argue that in the right-hand side, instead of maximizing over the set of all TI operations from A to B, we can maximize
over the larger set of all quantum operations from A to B (i.e. all CPTP maps) and still the equality remains valid. Let E be an
arbitrary CPTP map from A to B. Using Supplementary Eq.(327) we have

〈γBB′ |E ⊗ IB′(ΓAB′)|γBB′〉 = 〈γBB′ |(eiHBt ⊗ e−iHBt)E ⊗ IB′(ΓAB′)(e−iHBt ⊗ eiHBt)|γBB′〉 . (333)

Next, we note that ΓAB′ has the symmetry,

∀t ∈ R : [e−iHAt ⊗ eiHBt]ΓAB′ [eiHAt ⊗ e−iHBt] = ΓAB′ . (334)

Combining this with Supplementary Eq.(333), we find

〈γBB′ |E ⊗ IB′(ΓAB′)|γBB′〉 = 〈γBB′ |(eiHBt ⊗ e−iHBt)E ⊗ IB′(ΓAB′)(e−iHBt ⊗ eiHBt)|γBB′〉 (335)

= 〈γBB′ |(eiHBt ⊗ e−iHBt)E ⊗ IB′
(
[e−iHAt ⊗ eiHBt]ΓAB′ [eiHAt ⊗ e−iHBt]

)
(e−iHBt ⊗ eiHBt)|γBB′〉

(336)

= 〈γBB′ |(eiHBt ⊗ IB′)E ⊗ IB′
(
[e−iHAt ⊗ IB′ ]ΓAB′ [eiHAt ⊗ IB′ ]

)
(e−iHBt ⊗ IB′)|γBB′〉, (337)

where IB′ is the identity operator on system B′. Taking the average over t, we find

〈γBB′ |E ⊗ IB′(ΓAB′)|γBB′〉 = 〈γBB′ |ẼTI ⊗ IB′(ΓAB′)|γBB′〉, (338)

where we have defined

ẼTI(X) ≡ lim
T→∞

1
T

∫ T

0
dt eiHBtE(e−iHAt(X)eiHAt)e−iHBt , (339)

which is a TI operation.
This implies that in the right-hand side of Supplementary Eq.(332), maximization over TI quantum operations, can be replaced
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by maximization over all quantum operations, i.e.

max
ETI
〈ψ|ETI(σ)|ψ〉 = dB ×max

ETI
〈γBB′ |ETI ⊗ IB′(ΓAB′)|γBB′〉 (340)

= dB ×max
E
〈γBB′ |E ⊗ IB′(ΓAB′)|γBB′〉. (341)

Finally, using the result of [22] we note that

2−Hmin(B′|A)Γ = dB ×max
E
〈γBB′ |E ⊗ IB′(ΓAB′)|γBB′〉 , (342)

where the maximization is over all CPTP maps from system A to system B′. Therefore, we conclude that

2−Hmin(B′|A)Γ = max
ETI
〈ψ|ETI(σ)|ψ〉 . (343)

Next, suppose in definition of state ΓAB′ , we replace |ψ〉〈ψ| with |ψ〉〈ψ|, and define state

ΩAB′ ≡ lim
T→∞

1
T

∫ T

0
dt
(
[eiHAt ⊗ e−iHBt][σ ⊗ |ψ〉〈ψ|][e−iHAt ⊗ eiHBt]

)
(344)

=
∑
E

ΠE [σA ⊗ |ψ〉〈ψ|B]ΠE , (345)

where ΠE is the projector to the eigensubspace of HA ⊗ IB − IA ⊗HB with energy E.
Then, using Supplementary Eq.(343), we know that if we consider Hmin for state ΩAB′ rather than state ΓAB′ , we find

2−Hmin(B′|A)Ω = max
ETI
〈ψ|ETI(σ)|ψ〉 . (346)

Finally, we use the following fact, which is proven later: The maximum achievable fidelity with state |ψ〉 and state |ψ〉 are equal,
i.e.

max
ETI
〈ψ|ETI(σA)|ψ〉B = max

ETI
〈ψ|ETI(σA)|ψ〉B . (347)

This combined with Supplementary Eq.(346) implies

max
ETI
〈ψ|ETI(σA)|ψ〉B = max

ETI
〈ψ|ETI(σA)|ψ〉B = 2−Hmin(B′|A)Ω , (348)

which proves the theorem (Note that in the statement of theorem we have replaced label B′ by B).
To complete the proof, we need to prove Supplementary Eq.(347), which is presented in the following: We use the fact that

for any state |ψ〉 there exists a unitary Vψ , which commutes with HB and transforms |ψ〉 to |ψ〉 = Vψ|ψ〉. In particular, we can
choose

Vψ =
∑
i

〈ψ|Ei〉
〈Ei|ψ〉

|Ei〉〈Ei|, (349)

where we assume 〈ψ|Ei〉〈Ei|ψ〉 = 1 if 〈ψ|Ei〉 = 0 (Note that, in general, this unitary depends on |ψ〉. A transformation which maps

|ψ〉 to |ψ〉 for all |ψ〉 should be anti-linear). Clearly, [Vψ, HB] = 0 and Vψ|ψ〉 ≡ |ψ〉. Let Vψ[·] = Vψ(·)V †ψ be the super-operator
corresponding to the unitary Vψ . Clearly Vψ is a TI operation.

Next, we note that for any TI operation ETI,

〈ψ|ETI(σA)|ψ〉 = 〈ψ|Vψ ◦ ETI(σA)|ψ〉 (350)

〈ψ|V†ψ ◦ ETI(σA)|ψ〉 = 〈ψ|ETI(σA)|ψ〉 . (351)

Since both Vψ and V†ψ are TI operations, and TI operations are closed under composition, we conclude that both V†ψ ◦ ETI and
Vψ ◦ ETI are also TI operation. Therefore, the above equations together imply

max
ETI
〈ψ|ETI(σA)|ψ〉B = max

ETI
〈ψ|ETI(σA)|ψ〉B . (352)
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This proves Supplementary Eq.(347) and completes the proof of the theorem.

Remark. This result can be easily extended to the case of symmetries described by a finite or compact Lie group G. Let
G 3 g → UA/B(g) be the unitary representations of symmetry G on the input system A and the output system B G. Then,

max
Ecov
〈ψ|Ecov(σA)|ψ〉B = 2−Hmin(B|A)Γ , (353)

where the maximization is over the set of covariant operations, i.e. operations satisfying the covariance condition

∀g ∈ G : UB(g)Ecov(·) U†B(g) = Ecov

(
UA(g)(·)U†A(g)

)
, (354)

and state

ΓAB =
∫
dg [UA(g)⊗ UB(g)][ρA ⊗ |ψ〉〈ψ|B][U†A(g)⊗ U†B(g)] . (355)
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Supplementary Note 10: Qubit example (Proof of Eq. 17 in the paper)

The smallest quantum clock is a qubit with two different energy levels. Without loss of generality we assume the Hamiltonian
of this system is H = πσz/τ . Suppose we want to prepare this clock in a state close to the pure state |Φ〉c-bit = (|0〉+ |1〉)/

√
2,

but we have access to the noisy version of this state, i.e. state

ρ = λ|Φ〉〈Φ|c-bit + (1− λ)I/2 , (356)

with 0 < λ < 1. The goal is to obtain a qubit state σ which has higher fidelity with |Φ〉c-bit, by combining n copies of this state
via a TI operation. How close can we get to state |Φ〉c-bit? In other words, what is the maximum achievable fidelity,

max
ETI
〈Φ|ETI(ρ⊗n)|Φ〉c-bit , (357)

where the maximization is over all TI operations.
For any TI operation ETI, let σ = ETI(ρ⊗n) be the actual output state of the transformation. Then, using the monotonicity and

the additivity of the purity of coherence, we find

PH(σ) ≤ PHtot(ρ⊗n) = n× PH(ρ) , (358)

where Htot =
∑
iH

(i), and H(i) = I⊗(i−1) ⊗H ⊗ I⊗(n−i−1).
As we saw in Supplementary Eq.(87), for a general qubit state ρ with the spectral decomposition ρ = p|ψ〉〈ψ| + (1 −

p)|ψ⊥〉〈ψ⊥|, the purity of coherence is given by

PH(ρ) = (1− 2p)2

p(1− p) × VH(ψ) . (359)

For state ρ = λ|Φ〉〈Φ|c-bit + (1− λ)I/2, we have p = (1 + λ)/2, and ψ = Φc-bit. Therefore,

PH(ρ) = 4λ2

1− λ2 × VH(Φc-bit) . (360)

We conclude that for the output state σ, it holds that

PH(σ) ≤ 4nλ2

1− λ2 × VH(Φc-bit) . (361)

Next, we focus on the purity of coherence of the output state σ = ETI(ρ⊗n) and find a lower bound on PH(σ). Define state

σ̃ = 1
2(σ +XσX) , (362)

where X = |0〉〈1|+ |1〉〈0| is the Pauli-x operator. Using the fact that state |Φc-bit〉 = (|0〉+ |1〉)/
√

2 is an eigenvector of X , it
can be easily seen that the fidelity of |Φc-bit〉 with states σ̃ and σ are equal, i.e.

〈Φ|σ̃|Φ〉c-bit = 〈Φ|σ|Φ〉c-bit = 〈Φ|ETI(ρ⊗n)|Φ〉c-bit . (363)

On the other hand, convexity of the purity of coherence implies

PH(σ̃) = PH(1
2 [σ +XσX]) ≤ 1

2PH(σ) + 1
2PH(XσX). (364)

We can easily show that PH(XσX) = PH(σ). This follows, for instance, by noting that PH is an even function of H , i.e.
PH = P−H . Therefore PH(XσX) = P−H(XσX) = PXHX(XσX), where we use the fact that the Pauli operator X , flips
the sign of Hamiltonian H = πσz/τ . Finally, we note that for any unitary U , PUHU†(UσU†). Therefore, we conclude that
PH(XσX) = P−H(XσX) = PXHX(XσX) = PH(σ), which implies

PH(σ̃) = PH(1
2 [σ +XσX]) ≤ 1

2PH(σ) + 1
2PH(XσX) = PH(σ) . (365)
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Next, we note that σ̃ commutes with X , and therefore it can be written as

σ̃ = λ̃|Φ〉〈Φ|c-bit + (1− λ̃)I/2 , (366)

for some 0 ≤ λ̃ ≤ 1. This means that, given a fixed value of the purity of coherence, the state with this purity of coherence,
which has the maximum fidelity with state |Φ〉c-bit is in the form λ̃|Φ〉〈Φ|c-bit + (1− λ̃)I/2.

Applying Supplementary Eq.(360) for state σ̃ = λ̃|Φ〉〈Φ|c-bit + (1− λ̃)I/2, we find

PH(σ̃) = 4λ̃2

1− λ̃2
× VH(Φc-bit) . (367)

Therefore, we conclude that

PH(σ) ≥ PH(σ̃) = 4λ̃2

1− λ̃2
× VH(Φc-bit) . (368)

Putting this into Supplementary Eq.(361) we find

λ̃2

1− λ̃2
≤ n× λ2

1− λ2 . (369)

which implies

λ̃2 ≤ nλ2

1 + (n− 1)λ2 = 1
1 + 1

n ( 1
λ2 − 1)

. (370)

For a fixed λ > 0, in the large n limit this implies

λ̃2 ≤ 1
1 + 1

n ( 1
λ2 − 1)

= 1− 1
n

(1− λ2

λ2 ) +O( 1
n2 ) . (371)

This means that, among all states whose purity of coherence are equal to the purity of coherence of the input, such that PH(σ) =
n× PH(ρ), state σ = λ̃|Φ〉〈Φ|c-bit + (1− λ̃)I/2, with

λ̃ =
√

1− 1− λ2

nλ2 +O( 1
n2 ) = 1− 1− λ2

2nλ2 +O( 1
n2 ) , (372)

has the minimum infidelity with state |Φ〉c-bit . This minimum infidelity is

1− 〈Φ|σ̃|Φ〉c-bit = 1− λ̃
2 = 1− λ2

4nλ2 +O( 1
n2 ) . (373)

Therefore, for any TI process ETI,

1− 〈Φ|ETI(ρ⊗n)|Φ〉c-bit ≥
1− λ2

4nλ2 +O( 1
n2 ) . (374)

Remarkably, this bound is tight (up to a factor of 2). Using [23], we find that there exists a quantum operation ESchur (related
to the Schur transformation) which is covariant with respect to the full unitary group SU(2), for which the infidelity 1 −
〈Φ|ESchur(ρ⊗n)|Φ〉c-bit is equal to 2/(1 + λ) times the right-hand side of this bound, i.e.

1− 〈Φ|ESchur(ρ⊗n)|Φ〉c-bit = 1− λ
2nλ2 +O( 1

n2 ) . (375)

But, since this operation is covariant with respect to the full unitary group, it is also covariant with respect to time translations.
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